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OI{ GENERALIZED A PRIORI ESTIMATES
FOR QUASI.ELLIPTIC DIFFERENTIAL OPERATORS

VEIKKO T. PURMONEN

fntroduction

Let P be a quasi-elliptic operator and R another operator such that the
principal parts of P and rR are quasi-homogeneous of the same degree, and let
B:(8r,...,8,) and Q:(/r,...,Q*) be operator vectors; here all operators are
linear partial differential operators with constant coefficients.

The present paper is concerned with the validity of the generalized a priori
estimate

u€cf[Ei],
defined by

c"),

sesquilinear forms

In Sections 2-4 we consider the homogeneous case, i.e., the case of the principal
parts, and give sufficient and necessary conditions for the estimate (l) (without
the term llullz, of course) to be fulfilled. Among other things, we make here use
of some results of our previous paper [0] in which we proved a result of Y. G. Maz' ja
and I. V. Gel'man [6] by the methods of M. Schechter [12].

The general non-homogeneous case is then discussed in Sections 5-8. The
result is that (l) holds if and only if the principal parts satisfy the conditions given
in the homogeneous case.

In the last section we shall note that for B:Q the results obtained here imply
a known result (see [6], [10D. As an example of applications of the results, we then
consider certain types of mixed boundary value problems and give sufficient con-
ditions for their coerciveness.

(1) llR(D) ull, = C (il p (D)ullz +s(i,o B(D)u, !oe(D)u) +llullr),

where the function ,S(., . ) connecting the boundary values is

S(t/, V) : I ltr(r, fI, F*V)I ct?, U, V €Cf,(R'- r '

with a function (*s<(.,.) from Rn-'\{0} into the space of
on c*xc*.

koskenoj
Typewritten text
doi:10.5186/aasfm.1978-79.0420
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1. Preliminaries

1.1. We first introduce some notations convJniert for our purposes. Let
Ri:{y:(x,t):(xt,...;xn-ttl)eR'lr>0} and Ri:{y:(x,l)(R'll=0}. By
C;"tRil we denote the space of restrictions to Ri of the functions of Cfr(R).
The trace (restriction) operator 7o: Cf,[Ri]*C;"(R'-) is defined by (7oz)(x):
:u(x,O).Let Z be the complexconjugate of z:Re z*ilmz(C, lzl2:zZ, and,

let ll .ll stand for the norm of the space L'@"*),

ll"ll : I lu')|, dy, u(Lz(R').
x?

Let 9:9y,9*, and 9, denote the Fourier transformations in Rn, R'-',
and R, respectively. The partial Fourier transforms of a suitable function a of
!:(x,l), with respect to x and t, are defined by (cf. l4l, p.24)

(g-u)((, t) : {)G, t) : rcn-r l ,-i(*'€)u(x, t) dx
and

respectively, by the deflnition

O , ,t) - (x, (> + t( : xLh*... + xn-t(n-L+ t (

with the dual variable 4:G,0 of y-(x, t).

... , ffin be positive integers, p-max {*olk -1, ... , fr}, and

Qn-t, Qn) with Q*: plmx.

Qi _ (((),+ lfl*r,t,,

€€-tri-',

rl G, 0€Rn.

We shall consider the polynomial corresponding (via the Fourier transform-
ation) to the linear partial differential operator

p(D) : p(D,, D) : 
*,i=rpoDo 

: 
,.,Zrn,o{or"

with constant coefficients pn€C, i.e., the polynomial

pQi : p(c,0 : 
*,?r=rpnnn 

: 
,o,Z up,(*C".

Here q denotes a multi-index a:(q', ao):(a1, ... > dr_Lto(r)€No, 4":€' (":
ti,...4:-i(", and D":D{Di":Dit...DiiDi" with Do: -i\l\xr for k<n,
D,: - i0l0t.

The principal part Po(fi of P(r), defined by

Po(4): Z Po4o,
la,q): p

(4u)(x, O : rcl [ ,-itcu(x, t) dt,

where frk:Qd-1'/z, other notations being indicated

1.2. Let ffiL,

q-(q',8n):(qt,...,
We set

and

(() - (å,rcoY.)'
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is q-homogeneous with q-degP -p; generally speaking, we say that a function
å in R'\{0} is 4-homogeneous of degree r(R, and write 4-deg h:r, if

h(teq1 : t'h(4), 4(R'\{0},
for all t>0, where

tq4 : (ts' e , f"O : (tor€r, ... , fl.-t(o_r, f^O.

The 4'-homogeneity in ( is defined analogously.
The polynomial P(r) (or the operator P(D)) is called quasi-elliptic of deter-

mined type ](+ > I (cf. [3], [12]) if the following two conditions are satisfied:
(i) Po(r»*O for every f€R'\{0} or, equivalently (see [4], p. 103), we have

with some constant C>.0

IPo(,r)l =_ C(q)u, ,<Rn.

(ii) For each (6R'-1\{0} the equation P0((, z):Q has exactly K+ sol-
utions z:((4) with Im((O=0.

1.3. From now on let P be quasi-elliptic, and suppose that p is q-homo-
geneous, i.e., that P:Po. For each (€R,-t\{O} the differentroots of thepolynomial
P(C,$ are denoted by ("G) and their multiplicities by k,(C), respectively.

We make the following assumption:

Hypothesis (A). f u*8, then

QG) t CoG), (€P-l\{o},
that is to say, k,(() does not depend on (.

Note that (o can be assumed to be continuous in R!-1.

Remark. In [10], p. 334, the reference to Hypothesis (A) is not relevant.

Without loss of generality we may assume that there exist index sets

I : {1, ..., l\, A+ : {1, ..., l*1,,,1- : u{\21+

with some numbers l=),+=)" such that

p(C,0:,II((_("(O)o"

for all (€R'-1\{0} (this means no real restriction; see [2]) and that

Im (,(O > 0 for a(A+,

Im ("(O < 0 for a(A-.
Consequently, the monic polynomial

P*(8,0: 
o!I*G-eG))o"

in ( is of degree deg,P*((, O:kr+...*k,*:K+.
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1.4, Let R(t,$ be an arbitrary 4-homogeneous polynomial with q-deg R:1r,
and let ((R'-1\{0}. lf l,f((,O denotes the greatest conrmon monic divisor of
the polynomials P*((, O and R(C,$ (in O, we set

P;(C,0: P*(€,01M((,o

and assume

Hypothesis (B). The degree of P;(<,O in ( is a positiue constant x for
4// (€R',-1\{0}.

Remark. The assumption t<>0 is a consequence of the nature of our problem.

For the case %:0 we refer to [6].
It can be supposed that there is an index set .11':{1,...,,1'} with l<A'<)'+

such that
P;(4, 0 : ,II ((- 

("(O)"",

where xo=kn and %t*...*tt^,-24-6"ge P;(1,0>1. Further, put xo:ko for
a€21\1' and gn:{0,..., x,-l} for a(1.

1.5. For every ((R'-11{O} tet srl. C'XC'*C be a sesquilinear form and

S(O:(S*(O) the coresponding xx%-matrix. Thus

s6(X, I) : XS(€)Y* : ) Sy(€) X1Y*

for all X:(X) and Y:(Y*) from C", where the symbol + denotes the matrix
transpose. Moreover, let there be set

S(U,v): I ltr(qu, qnld<
for (J, V (Cf (R'-t; C").

The homogeneous case

2. The problem

Theorem 2.1. Suppose that P((,O is a q-homogeneous quasi-elliptic polyto-
mial of determined type and R((, O a q-homogeneous polynomial such that q-deg P:
q-degR:11 and Hypotheses (A) and (B) are satisfied, degrP'*((,O:x.

Let
B(C, 0 : (8,.((, C), ..., B"(t, O)

and

Q(c,0 : (Q,((,O, ...,Q.G,0)

be polynomial uectors such that BiG,$ and Qo({O are q-homogeneous with

q-deg Bi:lri4lr-en and q-deg Q*,:v*1p-q,. The elements of the matrix S(():
(S*(() giuen in 1.5 are assumed to be continuous and q'-homogeneous in ( with

q'-deg S ty:2lt - lti - r*- 8o.



On generalized a priori estimates for quasi-elliptic differential operators

Then the a priori estimate

llA(r) ullT = C(tt P(D)ull'+ S(yo B(D)u, T,Q(DD)(2.1)

and

is ualidfor all u(Cf,fR'+l if and only if for each 1€R'-1\{0} låe following condi-
tions (I)-(III) are satisfied:

(D The matrix S(O ,s regular.
(tI) B((,O:O and QG,$=O modM((,O.
(III) Both the ArG,$ and the QoG,$ are linearly independent modulo

P*((,O.
Note that here, as well as in the sequel, C shall denote a generic positive con-

stant with the dependences permitted each time and is, if necessary, identifled with
a subscript.

The proof of Theorem2.l will be given in the following two sections.

3. The sufficiency of the conditions

3.1. First of all, if
R'(C, O : A(( ,01M(<, o

Q', G, O : 0G, 0 I M(<, O - (Q;G, 0, ...,Q;(C, 0),
we observe that it suffices to prove

Theorem 3.1. Under tlte assuntptions of Theorem 2.1, the coerciueness inequality

(3.1) llrR'(D)ull'z= C(yr'1»1r'll21S(yoB'(D)u,yoQ'(D)u))

holds for all u(Cf,fF'+) if for each €€R'-t\{O} we haue:
(D The matrix S(O is regular.
(IY) Both the Bj{€,O ond the Q;«, O are linearly independent modulo P'*((, O.

3.2. Let (€R'-1\{0} and set

P',"(€, O : ((-("(<))-""P',((, O for a(tl',v tt-,
P;,(C,0 : ((-Q«))-""P;((, O for u(tr"
P-*((, g1 : ((-QG))-."P-(C,0 for q,(t-,

where P-((, O: P (1, 0l P *(€, O.
We first state a result obtained in [0]:
Lemma 3.2. Suppose P(C,$ and R((,O are as in Theorem2.l. Then for

all (€R"-'\{0}
c.

^(3.2) J lR',(( , D,)AG, fi12 dt

: rV v' ((, D,)a((, t)rz il + .å, ,å-l<c>G-- 
P-tt')qnwo''o-e (o l')

231



232 VBr«o T. PunuoNEN

for all a€CflP"+], where

w*(0 : yo(Dr-("(0)."-k rig, D)a(<, t), a€tI' v l-, k : 7, ... , %,.

3.3. Let (€R'-1\{0}. There exist then polynomials B'i*(LO, Bi-(*O and

Q',*G,O, Qo-(€,0 (in O such that

(3.3)

and

(3.4)

Using (3.3),

obtain

(3.5)

and

(3.6)

where

(3.7)

(3.8)

and, respectively,

B'i(C, 0 _ B'i *(C, 0 * Bi -((, ow- P'J€,T*ffi
QiG,0 Qi*G,0 , Qo-G,0
W-WT* PJ(,o'

(3.4), and the Lagrange-sylvester interpolation formula, we thus

yoBj(C, D,) aG, t) : Z Z b i*"BG)W",*-- p(C)
d€Ä' fi€en

+ Z Z bi.p()W.,,--B(1)
a(Ä- 0 €.en

yoQi((, D,)a((, t) : 
,ä, uä,qdraK)wr,*,- 

d(C)

* 
rå_ uå,8in(0wr,xv- 

ö(O,

b!.,(o: #(#ffi) l,: eG), 
a€A', §(Q.,

bi,e(o: iffiffi) l,: uG), 
c€A-, §€Q*,

(3.9)

(3.10) qkra6)- + g Or-G'} )l . y€^-, ö(Q,.ä! (a(, Pir(c,0 )lr:+,G)

Define now matrices b*{(), b-(0, q+(<), q-G) by

b*(0 - (bj;B(O) (acA', fr(s*, i :1, ..., x),

b-(O - (b j"p(O) (a€ 
^-, §€0., i : 1, ... , x),

q*(O - (q{ru(O) (ve Ä', ä€ Qv , k -- t, "' , %),

q-(0 : (qoru(O (y(tL-, ä€ Qy , k : 1, ... , %),



On generalized a priori estimates for quasi-elliptic differential cperators 233

and vectors W+(€)(C" and W-(0«"- (f-:deg, P-((,O) bV

w+(0 : 19t",,,_pG)) (u€a', 0(Q),

w-(O : (w".."_r()) (a(a-, fr<d.

Then (3.5) and (3.6) can be written, taken all together, in the forms

(3.11) yoB'((,D)ö(4, t) : W+(Ob+(0+W-(Ob-(€)

and

(3.12) toQ'((, D)b((, t) : r/+(t)q*G)+W-11)q- (O,

respectively.

3.4.It follows from (IV) that the matrices å+(O and q+(() are regular (cf.

[0]). Then, by (t), the matrix å*(OS(OqTGF is regular, too. Hence

(3.13) arD+(OS(Oq-G)r3 + o for ro€C'\{O}.

In particular, let
Q : (Q op)oe d,,p6 n-€ C"\{0}

and set
a 

"p(() 
: (()<f - * 

"+r 
12)a^ d) aF.

Then by (3.13) we have for @($:(@"pG))

(3.14) lar(Or+(Os(Os-6(o((»l= o.

Now the left side of (3.14) is homogeneous in the Q,u of degree 2 and the coef-

ficient of the term Qnpdya is glhomogeneous in ( of degree 0. In fact, by our

assumption,
q'-deg Sip: 2lt- tti-r*-e,,

and, furthermore, it follows from (3.7) and (3.9) that (cf. [10])

q'-degbi*,p : lti- F*(x,- 0)e,,

q'-deg Zf,ta : vp- 1tl(xr- ö)q,'
Hence, by continuity,

(3.1s) lar(Oå+(Os ()i@rr@l = ciol'
for all (€R'-1\{0} and Q€C". Therefore, taking

Q,p : Qna(O : (()<x "- 
0 -rt')n"W,,,- p(O,

we obtain from (3.15)

(3.16) Z Z l<t>o"-F-Lt2)q^W,,*,_p(Ol' = CrlW+(Oä*(OS(Oir@ffi@\.
d<t' E€0"
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3.5. on the other hand, by (3.11) and (3.12) we have

(3.17) rs(1, B' (C, D,) a ((, t), yoe' {C, D,) a((, t))

: w+ (O b* (O s (O q-\O.re +w + (O b* (O s (O re wW
+w-()b-(t)s(Oc +(O. w+(O* +w-(Oä-(Os(O q-@ w=@.

It follows from (3.8) and (3.10) that

lt4/ - (0 b - (0 s fO i=@ w=@ 
t

we thus get

(3.l8)|W_(()b_(c)s(()rewlcl-|=CrV,G,D,)a((,t)|2dt.

Next, let e>0 be arbitrary. Then

(3.re) lw*()b*(os(() r(o.w@l

because

Likewise,

(3.20) lw-(ob-(os(oq+(o*w+(0*l

= ecg ,2 l<(>(.,-P-rtz)q^wa,xn- p(€)1, + e-, 
" i lr'{<, D),uG, t)12 dt .

0 €e"

Fix now e>0 such that

= ",å_ rZ 
(C>t* "- »qn + @ y- ö qn- q" 

lw,,. 
" 

_ e G)llwr,,, _ o(Ol .

since (cf. [10]) 
o€on aEP'

lw*(ol = c(()-<r"-t,r,"(i v,G, Dt)öG, Dl' d,)'', a(A-,

d(.l'
0 €so

l<c>@,-ä- 
,/Z)qnwr,*,-u(()l' 

= , { V'G, D,)a((, t)lz dt, nt€A- .

,=|ctr(cz+cB)-r.

By (3.18)-(3.20), we then conclude from (3.16) and (3.17) that

(3.21) Z Z l<C>@a-P-Lt2)o"W,.*,-p(Ol,q€A, F€s"

= " l{ v' G, D) A G, 012 dt + lr r(y o a', «, D ) a G, D, y oQ' ((, o,) a g, ))l) .



3.6. Combining (3.2) and (3.21), we thus flnd

(3.22) J lR',(8, D,)A((, t)12 dt
0

= c I F V' G, D) ö (C, t)lz dt +ls6(rrB'((, D) a G, t), y oe' ((,D,) ö((, 0)l) .

\J

Finally, integrate (3.22) over R'-1, with respect to (. By the Parseval formula,

the result is (3.1).

This completes the proof of Theorem 3.1.
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4. The necessity of the conrlitions

4.1. Obviously, it is sufficient to consider the case n:1, that is, to verify the

statement below.

Theorem 4.1. If we haue

(4.1) i l*{o,)rPo, = r( i p(D)ul'dt+ls(roB(D,)u, y,Q@,)Dl)
\0,

for all u(Cf,lR*1, then:
(D The mqtrix 5:(,S;r) conesponding to the form s: C*XC*-C is regular.

(II) B(O:0 and Q($:o mod M(O.
(III) Both the Bt(O and the Q*(O are linearly independent modulo P*(O.
The proof of Theorem4.l will be given in the rest of this section.

4.2. First, we may assume that there exists an integer )"o, 0=)'o=)", such

that (, isaroot of M(O of multiplicity /, precisely for ,[0=a=).'. Define Ao:
{1,...,20} for ,10>0 and lo:0 fot ,10:0. Then

, _ I ko-ro for a(21'\z(o
'" - lk, for a(21+\21'.

Furthermore, set

, I Q, for a€^o
a' : t {t,, ..., k,- l) for a€21'\z1o

and
pi: {0, ...,1*-l} for a(A" : z1+\210.

The general exponential solution of the equation Pa(D,)z:O has now the

representation

z(t) : x(t)+ y(t) : 
.ä, uär*,pz*f(t) 

* ,ä, oärlopzop(t), 
x,p, !,p(.C,

where
znp(t) : (it1o 

"is"'.
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One immediately checks the statements

(4.2) R(D)x:0 precisely for xn6:0, a€A', fr€Q',,

and

(4.3) rR(D)y : Q for all y,r, a(1", F(Q'|.

Moreover, z satisfies (a.1) (cf. [).
4.3. Let us then suppose that

s(70,8(D,)x, ToQ(D) x) : O.

By the Leibniz formula, this relation proves to be equivalent to

(4.4) 
,Z_,,ä,r(B@)(("), Q@{{;1*,ux7ä:0,
f €oL ö<s',

where B(P)- (iD,1o B, QQ):(iD)6Q.
Define matrices T**, B*, and Q* by

[, : (s(B{F)((,), Q@(q))),,p,y.a (a(A', fr(ei; y€Å', 6€oi),

B, : (BQ)(C))*p : (ajp)(())",0,i (qe A', f€el; j : t, ..., x),

Q*: (Q@((r))r,a : (Ql,u)((r))r,u,r (t€A', 6(oi; k : l, ..., x)-

Note that they satisfy

T**: BrSQ!.

Now (4.4) can be rewritten in the form

XT**X* :0
where X:(x,p)€C". By (4.1) this, however, implies X:0.

Hence the matrix [, is regular and, consequently, so are S, B, and Q,.

4.4. Consider next the general solution z:xl!, and put

Y: (yop)ocn,,pcnLeCK' (K' : degtM(0).
Then we have

s (y, B (D,) z, y oQ @ ) r) : X T**x* I X T"yY * + y ry"x * + Y TnnY 
*,

if we define

T,n: B*SQ§, Tr*: B.SQ!, Trr: BrSQj,
where

By : (BG)(€,)),,p : (aj0)(())",0,i (a(Ä", fi(s';; j : t, ..., %),

Qr: (Q@((r))r,a : (Qft((r))r,u,o 1yqL", ö(oii k : l, ..., x).

Thus the relation
s (y o B (D ) z, t oQ (D,) z) : g
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is equivalent to the equation

(4.5) xr"*X* + xr,rY* +YTP*X* +YTrrY* : o.

Let I now be fixed. Then X can always be chosen such that (4.5) holds.

lndeed, recalling that Q, is regular and noting that Tn,TirT*r:Tyy, one can take

X:-YTy*Ti*l. But then we deduce from (4.2) and (4.3) that X:(x,r):0. Con-

sequently,
Yl'rrY* : O for all Y: (y,)QCK"

so that Trr:0.
Furthermore, it follows that

-YT*T;*l : O for all YCCK'
and therefore

BrSatr: Ty*: O.

Hence

(4.6) By :0.

Accordingly, we have

s(yoB(D)2, yoQ(Dr)z) : xr**X* + xr*vr* '

For any I fixed, take here
X* ,= -T;*rT*rY*.

Then (4.2) and (4.3) imply

-T;*LT*.Y* :0.
Hence

B,SAI : 7*y : o
and thus

(4.7) Qy:g.
Finally, we conclude from (4.6) and (4.1),taking the definitions of B, and Q,

into account, that

B(O = 0 mod M(0, Q(0 = 0 mod M(O,

i.e., condition (II) is satisfied, too.

4.5. To show (III), we first observe that (4.1) now holds for all u(Cf,lR.*1
if and only if

(4.8) f B'@)ul,dt = c(i V'<o,1"l,dr+ ls(yo,B( D,)u,yoe@,)ll)

for all u€ Cfr [R*]. In fact, each u(Cf, [R*] can be represented in the form u : M (D,) u

with some u€Cf F+l (see [1]).
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Next, we shall make use of the general solution of the equation P'*(D,)w:O,
given by

,(t) :,ä 
ul.*,ar*o(t), 

w,pQc.

Note that w also satisfies (4.8).

Consider now the relation

s(t o B' (D)w, ^t oQ' (D,) w) : o

or, what is the same thing, the equation

(4.9) Z ) s(n'at6t,Q'@((;)*opwy5:0.
q(Å'Y€tl'
P€0" öeeY

We define matrices T', B', Q' by

T' : (s(B'{f)((),Q'@((r))),,p,r,0 (a(A', §(Q,; y€tl', ö€Qr),

B' : (B'{at16))n,p : (ai$)(("))",0,i (a(tL', §€e*; j : t, ..., %),

e, : (9,{a)1qr))r,a : (gi@(q))r,o,o (y€1,, ö(er; k : 1, ...,2,c),

and have then

T' : B'SA'*,

Thus, if we set 1lt:(wo)(C", (4.9) becomes

(4.10) WT'W+:O.

Now suppose w satisfies (a.9). Therr R'(D,)w:0 and consequently w:0,
because R'(O and P'a(() are relatively prime.

Hence (4.10) can be true only for W:(woo):Q. The matrix T' is therefore
regular. But then B' and Q' are also regular, and it follows that both the B'1G)

and the QiG) arc linearly independent modulo P*(O.
Finally, this implies (III), and thus completes the proof of Theorem 4.1.

Remark 4.2. The constant C in (4.1) satisfies the inequality

lorql'c > slp lml
To see this,let u€Cfl(R), and let a€R such that supp unl--, af,:fi, where

suppu denotes the support of u. If z(Cf,(R*) is defined through u(t):
u(t+a), then

s(yoB(D,)u, !oQ(D,)u) : 0.

By (4.1), we thus flnd that

_! ln{o,)ulzdt < c _[ lP(D,)ulzdt

for all a€Cfr(R), from which the assertion follows, via the Fourier transformation.
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The general case

5. Definitions and lemmas

5.1. We first recall the definitions of some well-known spaces of distributions
(cf. [4], [13], [4], U5D.

Definition 5.1. For s(R, the space ä"(R') is defined by

fI" (R9 : {u ( 9' (R\l (1 + (,r))v' ( g u)€ L' (Ri))

and is prouided with the norm ll .llrrxnr,

ll u llaxrr : ll (1 + (4)')"t2 (fr u)ll a,61,

where ?'(Rn) denotes the space of Schwartz's tempered distributions in R".

Analogously,

ä§ (Rr-l) : {u ( 9' (R -) 
I 
(I + (())" t' (%r)e t' (R?-)}

with the norm 1.1",

Iu l. : ll ull u<r" - 1) : ll (1 * (t)2)t2 (9,u)llz«r"-'r.

Definition 5.2. For ,;(R, let H"(R"*) be the space of restrictions to R"*

of the elements of H"(R'), and prouide it with the norm ll.ll" defined by

llull": IIalla.<rlr: inf {llt/lla"1a";ltl€}/'(n') with Ul*"': u\'

We now have (see [4], [15D

Lemma 5.3. The spaces C;"(R) and Cf,lR'*l are dense in F/"(R') and
H"(Ri), respectiuely, and H"r(R\cH",(N), H',(R"*)cH",(Ro*) alSebraically and

topologically for sr> sz.

For s>q,f2 let /" denote the greatest integer less than slq"-112. If we set

(y i u) (x) : (y 
o Di u) (x) : (Di u) (x, 0), ri ( Co- [Ri],

then we have (see [4])

Lemma 5.4. Let s>qof2. The mapping

u*(you, ...,yuu): Co-[ni] + C06(Rr-l)'s+1

extends by continuity to a continuous linear mapping

t"

u - (you, .. -, y uu) : ä"(Ri) * .[l H "- ia"- s"tz (Rn-\.
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5.2. We shall often employ the following

Lemma 5.5. Let sr>sr>0. Thenfor any e>0 there exists a constant C(e)=0
such that

llull",= ellall",*C(e)llull, u€fl\(Ri).
Proof. For each s>0 there is a linear extension operator ,E' such that

llEullux1.1, = Cllull"
and

llEulla,gl= Cllull

for all u(CtrlR"+) (see [7], [9], [13D. The assertion is therefore implied by the simple

lemma below.

Lemma 5.6. If s1>s2>s31 thenfor any e>0 there exists a constant C(e)>O
such that

llullr",,,, = ellallr",a.5*C(e)llullr",,",r, u(Hst(Rt).

Lemma 5.7. Let a€N", k:(u,Q), and s>k. Then

llD'ull"-*= Cllull", u(Co-[Ri].

Proof. 'Ihe statement follows from Definitions 5.1 and 5.2 by the inequality
(see [14])

,,,rzr=o"" = c(l +(r»')o'

Lemma 5.8. Let s=0, v>0. For any e>O there exists a constant C(e)>O
such that

Z llD"ull" = ellall"*,*C(e)llall, z€Co-[Ri].
(a,q)<v

Proof. According to Lemma 5.7

llD ull 
" = C llull 

" 
* 6, n1.

Hence, putting
r : max {(o, q)l@, q) - v} = v,

we have by Lemma 5.3

,,,2, =,llD" 
ull" = c ll u Il "*''

By Lemma 5.5, this yields the desired inequality.

6. Statement of the result

6.1. We consider a general polynomial of the fcrm

(o,q)=p

with po€C, and decompose it into the sum

P (rD - Po (ri +Poo (ri ,
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where P0(4) is the principal part of PQ) @f. 1.2) and

Poo(n) : 
p,V>-rPnT".

Let
RQt): 

,n,Z *ro4"
be another polynomial with constant coefficients ro€C, and write similarly

-R(ry) : Ro(ry)+A*(,?).

Now we make the assumptions that P(t» is quasi-elliptic and that the 4-homo-
geneous polynomials P0(4)' and -R0(4) satisfy Hypotheses (§ and (B), and put
deg, Poi(1, g1:2q.

Let there also be given two polynomial vectors

BQt): (nrQD, ..., B*@))
and

QQD : (Q,Q», ..., Q,(q)),
where

Bi(q) : Z bioTn, Fi = P- q,, bio€C, i : l, ..., x,
(a,q)=Pt

and

Q.QD : Z 4r,n4', 'tr,= F- 4,, Q*,€C, k : l, "' , ?t '
(e,q)=v*

As above we also decompose

BQ»: BoP)+Boo?t)
and

eeD: eo(d+eoo(D.
Further, suppose that with each (€R'-\{0} there is associated a sesqui-

linear form
s6(', '): C"XC* * C

that has the representation
s6(', '): s8(', ')+s!o(', ')

with the corresponding matrices

s(o : (sro(o)ro,

So(O : (sjotf))r* (the principal part),

soo(o : (sff(o)*,
respectively, such that

(D Slo is a q'-homogeneous continuous function in R'-\{0} with

q'-deg Slo: 2u- ttj-v*- Qni

(ii) sj.[ is (e.g.) such a function that there exist positive constants öjy, ö'j*,

öp:ö'i1,* öix=g, such that

Isif (O I = c (t * (())zu- u'- t*- 4n- ö 1' (€ R'-1\{0}'
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Finally' we define 
s(u,v): I rre(g.u,,q,mde ,
so (u, v) : I lt2(4u,,q.v)l d(,

soo(u, n: I bv(g-u,Tv)ldc
for U,Y€Ctr(R-t).

6.2. We will prove the following result.

Theorem 6.1. Let the assumptions of 6.1 be satisfied. In order that the estimate

(6.1) llR(D)all'z =C(llP(D)ull'z+,S0,08(D)u,yoQ(D)u)+llzll')
be aalid for all u€Cf,lFo*f, it is necessary and sufficient that

(6.2) ll,Ro(D)ull, = c(llP0(D)rll2+,so(yoBo(D)u,yoQo(D)u)),

for all ueCSlR'*1.

Remark 6.2. By Theorem2.l, the inequality (6.1) is therefore fulfilled if and

only if the principal parts satisfy the conditions (I)-(ru) in Theorem 2.1.

7. Proof of Theorem 6.1. Sufficiency

7.1. We first make use of (6.2) to find

(2.1) llÅ(D)ull, = c(llÄ0(D) ull, * 
r,,Vr-ullD,ullr)

= c (ll p0 (D) u ll 
2 + s0 (70 Bo (D) u, y oQo (D) u) + 

r,,zr - ullo, 
rllrl

=_c(llp(D)ullr+,s0(7080(D)u,yoQo(D)u)*r,,ozr=ullD,ullr).
Since

- So(yo Bo(D)u,yoeo(D)u):;[ lsg(y.Bo ((, D,)fr,toeo(€, D,)fr)ld(
and

(7.2) sr(yoB((, D)fr,ysQG, D)A)
: s! (roBp ((, D) fr , y oeo (<, D,) r) + s8(y o B, (1, D,) fr , y rQoo (4, D ) A)

+ s! (toB00 ((, D ) fr , y oQo (4, D ) A) + soa(yo Boo (6, D ) A, y oQoo (€, D) A)

* s!o(yo.B((, D,)fr , y oQ(€, D) fr),

we have here

(7.3) So(yo.Bo(D)2, yrQo(D)u)

= s(yo B (D) u, y oQ (D) u)*,S0 (rs B0 (D) u, y oQ$o (D) u)

* ,s0(70,800 (D) u , yoeo (D)u) + so(yo B0o (D u , yoeoo (D)u)

+ ^soo(to8(D u , yoQ(D)u).
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Let us consider in (7.3) the term

so (lo Bo (D) Lt, T oero (o) 
")

- [ I ås;%(o 
(voBg((, D,)n)(M)l a€ .

If vp>Q (Q*:Qfl for vo:O;, then it foilows from the q,-homogeneity of Sjo
and Lemmas 5.4 and 5.7 that

(7.4) ,f lsf-«xr,4 11, o,1n1@qy11,ffi11a1

= c([l(4),-u,-e.tzyoP.((,D)frl,dl)'''(ll<C>,-,u-olryreo*r(€,D)alzdl)tt2

= c ly o $ @) ul p - p i - q^t zly oe?,o (D) ul u _,k_ qni z

_= Cllullu, Z llD"ullu_"*.
(o, q)=u*

Employing a known inequality (see [14]) and the extension operator (cf. the
proof of Lemma 5.5 and [9]), we easily see that

(7.5) llull, = ,, *,*Z:"llD'ull+crllull, 
u€co-[nil.

Now let e>0 be arbitrary. Then, since we have by (7.5) and Lemma 5.g

. Z llD,ullu_"*= eC, Z llD"ull+CE@)llull,(a,q)=v* l",T:p
it follows from (7.4), again by (7.5), that

{ lsir(o (yo n} «, D,) q(wm)l d(
< 6 

'u ,o,F:rllD.ull'+ 
cu(e) llull''

Hence

(7 .6) ,S0(lo Bo (D)u , ToQoo (D)Li = eCz Z llD,ull, +C-G) llullr.
Likewise, 

(d' q): P

(7 .7) So(yo,B00 (D)u , ToQo (D)u) = eCg Z llD,ull, +Crr(e) llull,
and 

(o' q): p

(7.8) So (yo B0o (D) u , T oQoo (D) u) = e Cr 
<o,F): ullD" 

ull, * Crr(e) ll ull,

Consider then the last term of (7.3), that is, the term

Soo(yo B(D)u, ToQ(O)")

- I l rzrs#(o 
(vo B iG, D,) il)@)l a€.

Due to condition (ii), we have by Lemmas 5.3, 5.4, 5.7

/ Irg(o (yo B iG, D,) n)(ffi)l dt

=' 
ro, F= r,llD" 

ull 
u - tt;' ulu 

<o, A".llD' 
ull r'- vv- ö'ir,

243
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It therefore follows, by use of Lemma 5.5, that

(7.9),S0o(roB(D)a, yoQ(D)u) = rrrr r,,?r:rllD'ullz+Cro(e)llzll'.
7.3. From (7.3), (7.6)-(7.9) we thus obtain, applying Lemma5.8 and (7.5),

(7.10) So(yoBo(D)a, yoQo (D)u)* 
r,,2 ullD.ull'

=,s(yo 
B (D) u, y oQ (D) u) * t 

" 
ru 

r,,V, : rll 
D' ullz * C 6(e) ll u ll 1

Next, note that according to Sections?-A

ll D ull, = c ( 
I I 
p0 (D) u ll 

2 +,s0 (70,8, (D) u, y oQo (D) u))

for every a€N' with (a,q):tt, and consequently

Z llD'ull'= crr(llP(D)ull'zf ,s0(yoBo(D)u,yoQo(D)u)+ . Z llD"ull').
kd:p G,d'u

Hence, if we flx e such that
1

u =- zc'u'cl"'
it follows from (7.10) that

S0(yo,Bo(D)u , yoeo(D)u)+ 
,,,2, rlloull,

= ll P (D) ullz + 2 S (y o B (D) u, y og (D) u) * C llull'.
Finally, combining this with (7.1), we find

ll R (D) u ll'z = c (ll P (D) ull'z +,s(?0,8 (D) u, v sQ (D) u)+ ll u ll')'

8. Proof of Theorem 6.1. Necessity

8.1. Assuming that (6.1) is valid we first have

llR0(D) u ll, = c (ll R(D) u ll, * 
*,vr- rllD" 

ull\

= c (ll p (D) ul l, +,s(?o B (D) u, y o Q (D) u) * 
r,,V, = rll 

D' ull')

= C (ll P0 (D) a ll'z t S(yo B(D) u, y oQ (D) u) * *,i= rll 
D' ull').

By (i), (ii), and (7.2),we therefore obtain the inequality

(s. 1) ll ^R'(D) a ll'z = c, (ll P,(D) u ll'z +,s'(7o,Bo (D) u, v oQo (D) u))

+CrZ( 2 lyoD"ulo-0,-q^12 Z iyoDpuiu-"*-q,12
j,k (a,q):p. - (F'il-v*

* 
r,, oZn u,ly 

o D" u l, - u, - n ^,, 
< u, ?> : " uly 

o D P u l, - 
" 

u - q 

^ 
1 z

* 
r, A u,ly 

o D" ul o - o' - o''' 
<u, ?> = 

" 
*w 

o Df u 
I p - u u - q^r z

* 
r,, rZr = r,ly 

o D" u 
I u -'' - q 

^ 
t 2 - 6'i r' 

o, ?> 
= " 

*ly 
o D P ul p - u u - s 

^ 
t z - a3 u)

*Cz Z llDull'
(r,q)=p

: CJtlCzIz+CBh.



€),

) 0,.
)

the right

u(x, t) : [+).-"'' f (;)ei(*,ä) sc4),

where s eQ)- s((()'"t).
The Leibniz formula yields

Ro (D) u : 
ro,,å= r*[+)t' 

-L)/,*ta't 
@{ f) (;)R,(o') ((, D,) s eu) ei(*,

where d'! _dr! . .. eo-r! and lo'l -dr* ... + dn-L. Hence

(8.2) llRo(D) ufi,: I Vl*,,i=r*H)'"'' 
(r{/)(x)Ä0(o') (€, D,)se4)l'o*

An application o, ln. dominated convergence theorem shows now that
side of (8 .2) tends to

/ ,^' ((, D,) see)l'dt I ttt*ll'dx

as lx* *.
Similarly, if h**, we find

llpo (D)ull, * i lpo(( , D,) s€(t)|, dt I trr*>p d*.

Consider next the term 
o

,so(to Bo (D)u, T oQo (D) u)

- I l?"si'*(o) (.,.oB3(0, D,)fr(o, t))(v mÄ)lae.
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8.2. Let ((R'-\{0} be fixed. Suppose ,f(C;(R'-), sr(cf lE+J, and h=0,
and define a function ueCilR'*l bl

Since

(8.3) fr,(0 , t) : se!)h@-tt t2 (fr* f)(h(0 - (»,

we obtain, substituting r -lt(0 - €),

So(y, Bo (D)u, T oQo (D) u)

: I la,r (c * f) [t, 
ni 

$ + ], a,) r,crr) 
P,or,(c 

* 1, a,) s,oiJ l,ro rr r,rr 
0,,

where the right side tends to

ls!(roBo ((, D ) s EQ), T oe, (8, a) gs (r))l I ll (ip a*
as h*-.

Using (8.3), we have, if h**,

!y, D" ul| * 1 t + (()')" ('"' ly o Df" g el' { lf tl)| a*,
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and consequently

rz*Z(Z + Z +i* [fr,I]=r'. [fr',Zl:r4 [r:

+Z Z (1 +(()1t"-
i'k 

[fr',Z\=r'.

Finally, we see, again by (8.3), that

h -. Z **' i lDi^g,(t)1'z dt ! lf(*)ra*
(o,q)-p o"

when å*-.
8.3. By (8.1) we have thus established the inequality

(8.4) J lR'((, D)g,(t)lzdt
o-

-, ({ lPo (8, D,) s c(t)12 dt + lr8 (yo ro ((, D ) s e, T oQo (C, a; gr)l

+Z( Z + Z + Z )(1*(()21<zu-"-'t'q^\/2
i,k (a,q):p. (a,q)-p, ( t)-pr(A,d-yL G,d:ni (r '-,r

Xl(t + o' 
1 | i o D i" S el lt o t-s ;: " g 

11

+ Z Z (l +16;1«za-Pi-''k-q -öiltzl?L'+B'ltyrD?" g<l',yoDf"gel
i'* (u'q)=t'

(0,q)=ne

+. Z 1*'ilDvg,Q)1'zd4.
k,d't, o

Substitute here

(8.5) (:(()q'0, r:(()q"t,
and divide bv (()zu-a". Then (8.4) becomes

I p1o, D)g(c)l2dr
o-

- 
" 
({ lPo (0, D ) g (r)12 tu * ls$ (7680(0, D ) s (d, t oQo (0, p.) g (r)) 

I

+Z(Z + Z+ Z)(()<"'»-r'*(P's)-Y*
i,k ' .(x,ql:Pt \q,q)-ui \q,|'Pi(P,q)-n]u (A,d:vi \f ,q)-nl

x ((( ) -, * (0)21<z u - u,- v k- s ) t 2 
lqq' 

+ p' 
I iy o Di" s G)1, ly o D p" 

" s k) |

+ Z Z <E><d's>-t'i+<F'4)-tu-67*
i,x la,q)=p,

lF,e)=v;

X ((( ) -, + (0)z)(z u - rr t - v 

"- 
a "- ö') t 2 

l§a' 
+ f ' 

I ly o Di" S k)l ly o D | " S (r)l

+. Z (()z{(xe)-r't6'" I lDi"c(r)f dr)'
(a,q)=r o-

z ) (t + (c7'1<',u-tli-vu-Q)t2
ql-tti
q)<vx

xW'*P'llvoDi"gcl lvo Df ,,sel I lf @)l'ctx
Fi-vu- qn- ö j) 12

xl."" * P'llvoD,"ge 
I ivo D!" scl I lf @)l' d,x .
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tend to infinity, we find

) g(r) l2 dr = , ( i lPo(o , D,) sk)|, d,

I ,rr(yotro (0, D,)g(r) , Treo (o , D)g(r))l)

letting (()
co

^

J lno(o, D
0

Now,

and hence by means of (8.5)

oo
i

J iRo(( , D,) s<(t)12 dt =
0

This

, (i lP, ( -t, D,) scQ)1, dt

+ [r3(votro (c, D,) scQ), ToQo ((, D,)gs(r))[) .

D,)u(t)12 dt

lPo(C, D,)u(t)i'dt+ ir?(yotro (<, D,),*, ToQo(€, D,)41)

{0} and all u(Cf, [R-*].

plete the proof, let u(Cf, tfril and (<R.-'\{0}. Then the [unc-
'oo

0 defined by

u(t) : (%-u)(C, t)

Ro ((

$
-1\

cofi
i*l

\1

)m

tha

Ro(

,d
0

-11

col

[*]

ll

r

,n-
I

Ot

IA

IlES

()<)

n

J
0

<l:\

€R'

Tc
^loo f

'o L

pli

J
0

:

L' F
!\

C;

rp

:

qr

a

im

rll

8.4,

uQ

a

satisfles (8.6), that is, we have

J lRo((, D,)(%u)((, t) 2 dt
o_

- 
" 

( { I 

po (c, D,) (q u) ((, t)lz d t * ls! (ro Bo ((, D ) (s_ u), T oeo ((, o,> (g, D)l) .

Integrating the above inequality over R!-1, we obtain

{ tl rcor^o (D) u)) ((, t1l' a1) at

= " 
( { t t l(4 1r', p1 u1) G,,)|', a C) it t + s o (y o Bo (D) u, y sQo (» u))

and consequently (6.2).

Thus we have proved Theorem 6.1.

t

5r(8.6)

for

tion
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9. Concluding remarks

9.1. The case B:Q. If wehave 3:Q andchoosethematrix S(O:(Sje(O)
such that

Srr(O : (()z{u- ui-e"t z) t' 1

and
S*(O :0 for j * k,

then we obtain as a result (see [6], [10]; cf. also [5]):

Theorem 9.1. Under the assumptions of 6.1 , the estimate

ll R (D) a ll, = c [ll 
p @) ull, + § fi o B i @) ul| _ r, _ r,p* lluv)\" J=--'

is ualid for all ucciffu*) if and only iffor each (ER'-1\{0} råe following condi-

tions are satisfied:
(i) Bo((,O:0 mod Mo(t,O.
(ii) The polynomials Bl(€,O, i:1,...,x, are linearly independent modulo

Po+G,0.
Indeed, by Remark 6.2, the statement follows from the fact that the matrix

S0(O is now regular, and from the trivial inequality (s=0)

c.(1 +((x» = 1 +(()," = c,(t+(())".

9.2. Now we will show that the above results can be used to flnd sufficient
conditions for the validity of coerciveness inequalities for some types of mixed
boundary problems, too (cf. [11]; see also [8]).

A. We first introduce some notations. For s>0, let [.]" be the functional
on Cf,(R'-l) defined by

kt|" : ll(()" (g'u)llr«r?-'>, u( Co- (R'-1).
We set

Co?(R -) : {o(Co-(R'-')lsupp r) 
^ 

Rtr-2X {0} : 0}

and

Ctr tEil : {26 Co- [E[]l yo u ( Co? (R,-1)].

If the extension of w€Ci"(Rfl) by 0 to R'-1 is denoted by wt, then
u1€Cji(R"-r), and we define

[w]*,": [w*]", [w]-," : [w-]"'

Note that every u€Cfi(R'-t) can be represented in the form

n : u++1)_ with un : (uln:- ,)r€Cff(R'-t).



(g.2) llÄ(D)ull = c(rr"(D) ull+ åwrBi@)u)*,t,-t,i-Qnt.j:L

+ I lyoQo(D) ul-,F-,k-e;z+ llrll)
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B. Let there be given polynomials P and Å and polynomial vectors B
and Q as in 6.1 such that their principal parts satisfy (II) and (III) in Theorem 2.1.

Furthermore, suppose that for eäch (€R'-1\{0} there is a sesquilinear form
s4 C"v.C**C, the corresponding matrix S(() being as in Theorem 2.1, such that
(I) and (e.g.) the following two conditions are satisfied:

(i) Each ,S;p(fl is a polynomial in (.
(ii) There exists a positive constant G such that, for every ((Rn-t\{O},

(e.l) lrr(r((, u),Q(€, ul)l = coRe§6(,8((,u),QG,u))

for all (J:([Jo,...,U,-r)(C' (with sufficiently large r=plq), where we have used

the notation
Bi((, u) : 

,,,F=u,binE'uo^, 
etc.

Under the preceding assumptions, we shall verify the estimate

for all ze Cfi[Ri].
Note that the above conditions may certainly be weakened; for instance, on

the right-hand side of (9.1) one can replaoe s, by any suitable sesquilinear form.
C. Accordingly to Theorem 6.1, we first have

(e. 3) |I R (D) a Il' = C (ll p (») ull, + t ls r(r"1y o B (D) u), s-(y oQ (D) u))l a c + wt )

for all ueCilR"*1. If u, w€Cfi(R'-l), we find by (i)

I t u«)(q, )G)(s-w -)(0 d( : o.

Therefore, if accfi[R']1, it follows from (ii) that

I lt r(4O, n (D) u), r,@ 
"Q 

(D) u))l d .t

= GRe (l t*(qt r,(D)u)*, F-(y,Q(D)u))d(

+ I' r(4O o B (D) u), qO oe (D) u) -) d€).

By Hölder's inequality, we obtain

I ls *G) s-(y o B 
1 
(D) u) + s@öl a C

= C [y o B 
1 
(D) ul +, p _ p 1 - q^1 zly rQ *(D) u] r _ y k 

_ qnt z,
and analogously

I ls 
"fO 

s-(y o n, 1o1 u) 4@@Q -l a I
= C fy, B, (D) ul p - w - q 

^t 
zW oQo(D) ul - . u - y u - 6nt 2.
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Now let e=0 be arbitrary. Then we conclude from above, by Lemma 5.7, that

(e.4) I l'r(41on(D)u), s,OoQ(D)u))ldC

= a c rll u llfl + t -' 
", 

( åp o B, (D) u12+, r - r, - o^ p * åly o e *(D) ul'-, r -, * - oil r) .

D. By (7.5) we have

(9.5) llull,*= 
", *,Vr:ullDullz+Collull2,

and, on the other hand, Theorem 6.1 yields

(e.6) Z llD'ull'
(",q):p

= c, ( I I 
P (r) 

"ll' 
+ I ls a(r-@ o B (D) u), e, (y, e (D) u1)l a 1 + p11') .

Choose now e=0 such that
I

, = Z (C,CrCJ-r.

Then it follows from (9.4)-(9.6) that

I lt r(s.(r, o (D) u), n-(y,Q (o) u))l d(

= c(lp@)up + §fuoB/D)u)\,p-pt-qntz. j:,

+ å b reo@) uf?-. p -,o- c^r, + llufir).

Finally, combining this with (9.3), we obtain

ll R (D) a ll, = c (l r {D uv + § p 
o B, (D) ul\,,, _ ur _ cnt 2a ,:,

+ å boQ/al) il12-, p-uu- q^t z+ ttril')

for all u(Cf,olR"*J, which at once implies the desired estimate (9.2).
E. For an example of this type of boundary problem, let n:2, (mr,mr):

(8,4), and consider the polynomial

P((, g : E'+(n-

Then F:8, Q:(h,ttr):(1,2), and x:2. Let R(t,$ be a q-homogeneous
monomial with 4-deg Å:8, and take

and 
Br(4,O:I, Br((,(\:(

Qr(t,0 : (', QrG,0 : *C;
consequently l4:0, ltz:2, rt:2, yz-4.
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Next, define

lf (*0, then §(O is regular and

s r(g.Q, n (D) u), 4(y oQ (D) r)) : U G)r(OU (O.,
where

u(o: (aG,o),(D,DG,O))
and

T(0: (rs(o.

Now the form that corresponds to the matrix f(() is ltermitian and positive

definite. Thus we have even s,:Resa.
Therefore, (ii) is satisfied, too.
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