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ON Fo-NORMALITY AND ADDITIVE AUTOMORPHIC
FUNCTIONS OF THE FIRST KIND

RAUNO AULASKARI

1. Introduction and definitions

1.1. In [1] we defined the notion of an additive automorphic function of the
first kind. There we decomposed the class of additive automorphic functions into
two subclasses, the classes of additive automorphic functions of the first kind and
those of the second kind. For normal meromorphic functions the corresponding
notion was given by Noshiro in [10] (cf. also [12]). We remarked in [1] that the
definition given by Noshiro is not suitable for normal additive automorphic func-
tions provided some period is non-zero. Here, in addition to the above subclasses,
we shall define Fj-normality for additive automorphic functions, which is a weaker
restriction than the usual normality. In Chapter 2 of this paper we proceed with
the study of additive automorphic functions of the first kind. Further we give
certain regularity conditions implying an additive automorphic function to be of
the second kind. Integrable automorphic forms are considered in Chapter 3. In
the final chapters we consider F,-normal additive automorphic functions and their
properties.

Let D be the unit disk {z||z]<1} and Q the totality of all Moebius transfor-
mations of D onto itself. A function f, meromorphic in D, is called normal if the
family {foT|T€Q} is a normal family in the sense of Montel in D (with respect
to the spherical metric). An analytic function f is called a Bloch function if

(1.1) sup (I —[z[)]f"(2)] < e=.
z€D

We denote the hyperbolic distance by d(zy, z,) (z1, Z,€ D) and the spherical distance
by d*(w;, ws) (wy, w,cC). The hyperbolic disk {z|d(z, zo)<r} is denoted by
U (zy, r). The euclidean disk is denoted by D(z,, s). A sequence of points (z,) in
D tending to 9D is said to be a sequence of P-points for a meromorphic function
f if for each r=0, and every infinite subsequence of points (z;) of (z,), f assumes
every value, except perhaps two, infinitely often in the set | J;_, U(z,, r).

Let I" be a Fuchsian group, that is, a discontinuous subgroup of Q. The points
z,z’¢ D are called I'-equivalent if there exists a mapping T¢I such that z/=T(z).
A domain FcD is called a fundamental domain of I' if it does not contain two
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I-equivalent points and if every point in D is I'-equivalent to some point in F.
We fix a fundamental domain F; to be some normal polygon containing the origin
[7, IV. 7]

1.2. Definition. The fundamental domain F; is called thick if there exist
positive constants r, ” such that for each sequence of points (z,)CF, there is
a sequence of points (z;) for which d(z,,z)=r and U(z,,r)CF, for each
n=1,2, ...

1.3. Remark. Suppose that the fundamental domain F; is thick. Let s=0
be fixed. Then by the thickness of fundamental domains T'(F,), T€I', there is a
ny(s)EN such that U(z,s) has common points with at most ny(s) sets
T(F,), T<r.
A function W’ is an automorphic form with respect to I', provided W’ is
meromorphic in D and satisfies
1

(1.2) W’(T(z)):mW’(z) for all zeD, T€T.

If all residues of W’ vanish, then W’ has
(1.3) W(z)= [ W (0)di, zeD,
0

as an integral function and it satisfies
T(z)

1.4) W(T(2)= [ W (t)dt =W(z)+ A4y, TeT,

where Ar is called the period of W with respect to 7. The integral function W will
be called an additive automorphic function with respect to I

1.4. Definition. Let W be an additive automorphic function with respect
to I'. The function W is said to be of the second kind if there exists a sequence of
points (z,) in the closure F, such that the sequence of functions

2,(0) = W[ f;j"g), n=1,2, ...,

tends uniformly to a constant limit in some neighbourhood of {=0. An additive
automorphic function W in D is said to be of the first kind if it is not of the
second kind.

1.5. Definition. An additive automorphic function W is called Fj-normal
if for each sequence of points (z,) in the closure F, the sequence of functions

{+z, ) i

2.0 = W(Tzc n=12,..,

forms a normal family in D.
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An automorphic form W’ is called integrable if
. 1 ,
(1.5) /f1_—|£T2—IW (2)ldo, < oo,
Fo

where do, is the euclidean area element.

2. On additive automorphic functions of the first kind

In the first theorem of this chapter we deal with P-sequences for additive auto-
morphic functions of the first kind.

2.1. Theorem. Let W be an analytic additive automorphic function of the first
kind. If W is not a Bloch function, then each fundamental domain F,=T,(Fy), T,€T,
possesses a sequence of P-points for W.

Proof. Since W is an additive automorphic function, it is sufficient to prove
that there is a sequence of P-points for W in F,. By the assumption there is a sequ-
ence of points (z,)CF, such that (1—|z,/?)| W’ (z,)| > for n—-e. We assert
that (z,) is a sequence of P-points for W. Suppose, on the contrary, that (z,) is not
a sequence of P-points for W. We may then assume that there exists a finite positive
number r such that W omits two finite values in |J;_, U(z, r) where (z,) is a sub-
sequence of (z,). Hence the sequence of functions

{+z

@D gk(é):W[ﬁ], k=12,...,

omits two finite values in U(0, ) and thus forms there a normal family. This implies
that the sequence of functions (2.1) possesses a subsequence (g;) such that
lim, .. £,(0))=g({) uniformly on every compact part of U(0,r). Since W is of
the first kind, g is an analytic function in U(0, r) (and not the constant o). On the
other hand,

(2.2) 12'©)] = lim |g;(0)]
= %1_,1{10 A=1zPIW (z)] =<,
which is a contradiction. Thus the theorem is proved.

We give now a sufficient and necessary condition for an additive automorphic
function to be of the first kind (cf. [10, Theorem 6], [12, Theorem 1]).

2.2. Theorem. Let W be an additive automorphic function with respect to I'.
Then W is of the first kind if and only if

(2.3) lim inf f f (I—L—_%]zdaz ~0

U(a,r)
for any positive number r.
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Proof. Let W be of the first kind. Suppose, on the contrary, that

4 tn [ () a0
Ulzo )

for some sequence of points (z,)CF, and some r=0. Without loss of generality,
it may be supposed that

W’ (z)|
(2.5) 2’ ff (H-IW( )|2] do, < 7.
U(z,,,r)
We consider the functions
_ C+Zn ] _
2.6) g,.(C)—W[lJrE”C Cn=tlo2 .

Now [ fu.r (IgnOl/(1+1g,(D)I2)2 do. is equal to the spherical area of the sur-
face onto which g, maps the disk U(0, r). Hence by (2.5) and the equation

ff () o= L(ff) (rrwie) oo

the family {g,} omits three values in U(0, r) and thus forms there a normal family.
Let (g) be a subsequence of (g,) converging uniformly to a meromorphic function
g on every compact part of U(0, ). Since W is of the first kind, g is non-constant.
By the uniform convergence

@7 2 f/ (e

/f (Hl-glg(i?)v]z"": -0

with O<r’<r. This con‘tradlcts 2.4).

If W is of the second kind, there is a sequence of points (z,)CF, such that
the sequence of functions (g,(0))=(W(({(+z,)/(1+Z,())) converges uniformly to
a constant limit in the hyperbolic disk U(0, r) for some r=0. This implies that
the sequence of real-valued functions (] g({)I/(1 +1g,(0)%)) tends to zero there, too.
Hence, for all 0<r"<r,

() oo

U(o, )
On the other hand, we have
: . . W ()
= i ] (v -
U(z,,r)

- ff (IJT;.(,??)I ] 405

and thus the theorem is proved.
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2.3. Corollary. Let W be an additive automorphic function with respect to
I' and let the fundamental domain F, be non-compact and thick. If
ffFo (W @ (1+|W()?))? do.< <=, then W is of the second kind in D.

Proof. Suppose, on the contrary, that W is of the first kind in D. By the thick-
ness and non-compactness of the fundamental domain F, we are able to choose
the sequence of hyperbolic disks (U(z,,r))cF, such that |z,/—~1 for n—>oo.
Farther, by the boundedness of the integral ffFO(lW’(z)l/(]—l—lW(z)|2))2 do, we
have fo(z,,,r) (W N1+ |W(2)?)* do.~0 for n—eo. This contradicts 2.2, and
thus the corcllary is proved.

2.4. Remark. For proving 2.3 it is sufficient, instead of the thickness of F,
to find a sequence of hyperbolic disks (U(z,.r))c F, such that |z,|~1 for n—-oo.

2.5. Corollary. Let W be an additive automorphic function of the first kind
and let the fundamental domain Fybe thick. If [ [ (IW ()/(1+|W(2)]?))* do. < o,
then [ [ (IW @1 +IW(2)?)* do. <<= for each Gr={z|d(z, F))<R}.

Proof. By 2.3 the fundamental domain F, is compact and hence G is compact,
too. Thus the corollary is proved.

2.6. Corollary. Let W be an additive automorphic function of the first kind.
Then

(2.9) lim inf ff W’ (2)2ds. =0
Ula,r)
for any positive number r.

Proof. Let (z,)cD be any sequence of points and r any positive number.
Choose T,cI' such that T,(z,)=z,¢F, for each n=1,2,.... Then

liminf [ W' (2)]do, =liminf [[ W' (2)]*do,

Uz, 1) UGz, »
. W (z)| \?
= lim inf —————\ do.=m, =0,
ff(lﬂW(z)VJ o
U(z;l, "

where m, depends only on r by 2.2. The corollary follows.

3. On integrable automorphic forms

In the first theorem of this chapter we consider an integrable automorphic
form W’ with respect to I' in the case the fundamental domain F, is thick. This
corresponds to 3.7 Theorem in [4].

3.1. Theorem. Let W’ be an integrable automorphic form with respect to I’
and the fundamental domain F, thick. Then W is a Bloch function in D.
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Proof. Suppose, on the contrary, that W is not a Bloch function in D. Then
there is a sequence of points (z,)C F, such that (1—|z,|?)| W’(z,)| > for n—co.
We consider the hyperbolic disks U(z,,r), n=1,2, ..., for some r=0. There is
a ky¢N such that

D(Zn’ (l/ko)(l ~|Zn|)) = D(Zn’ sn) c U(Z”'l 7')

for each n=1,2,.... By Cauchy’s integral formula we have

ff W’ (z)do,.

n D(z;,, 5)

(3.1 W(z,) =
Let z&D(z,,s,). Then (1—|z,)/(1—]z)=(1—|z,D/((ko+1)/ko) (1 |z,]) =ko/(ko+ 1)
and (1—|z,))7*=((ko+1)/ko)(1—|z])~* for each z€D(z,,s,). Therefore

(3.2) =1z (z) = 2(L=1z)IW’(z,)|

_2"2 //1 W@l do,

D(z,,s,)

4ko(ko+1 1 ,
0(7: ) ff T W’ (2)|do,

D(z,,s,)

kg (ko4 1 1 ,
o(no:, ) ff e ()l do

U(z,, 1)

1A

[IA

and hence [ [y (1/(1—1219)| W' (2)| do,~o= for n—<o. By the boundedness of
the integral [ [ (1/(1—1z[%))|W’(z)l do. TI-equivalent points begin to appear in
an increasing number in U(z,,r), n=1,2,.... This is contradictory to 1.3, and
thus the theorem is proved.

3.2. Remark. If the fundamental domain F, is thick, there is a lower bound
greater than 2 for the traces of the hyperbolic transformations in I' [9, Theorem 2].

3.3. Theorem. Let W’ be an integrable automorphic form with respect to I’
and let (z,)C F, be a sequence of points such that (1—|z,|>)|W’(z,)| > for n—>co.
If U(z,,r,) is the largest hyperbolic disk with center at z, contained in Fy, then
lim,_ ., r,=0.

Proof. Suppose, on the contrary, that there is a subsequence (r;) of (r,) such
that r,=r,=>0 for each k=1,2,.... Then there is a k,¢N such that

D(Zk, (1/kg)(1 "|Zk|)) = D(zy,s) € U(z, 1y),
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k=1,2,.... By the consideration of 3.1 we obtain
(3.3) (I=1zPHW ()
_ 4ko(ko+1) r 1 ,
- T j/ l_lzlg |W (Z)|daz
D(zy, 1)
_ Ako(ko+1) 1 ,
= P /fl_lzlz IW (Z)Ido-z<
FO
for each k=1,2,.... This is a contradiction, and thus the proof of the theorem

is complete.
4. Estimate for the spherical derivative

In this chapter we shall see that the spherical derivative of a F,-normal function
in any hull of F, can be estimated from above in the same way as that of a normal
function in D.

4.1. Theorem. Let W be an additive automorphic function with respect to I.
Then W is a Fy-normal function if and only if there exists for every R=0 a finite
Cr=0 such that

W@l _ Ca
I+ WP~ 1-|z?

for each z€Gp={z|d(z, F))<R}.

(4.1)

Proof. The condition is sufficient, for if W is not a Fj-normal function, there
is a sequence of points (z;)F, such that the family {g,(O)}={W (({+z)/(1 +E,’,C))}
is not normal in D. Therefore there is a sequence of points ({,)c U(0, R), for some
R=0, such that

FAO] e
L+|g(COI?

as k—oo. Denote z;=({,+z)/(1+Zz{). Then

(4.2)

W’ (z)l

L+ W (z)|?

EA(®)

1+]g (Cl*’
where 8(z;, z)=|zi—zl/|l —Zrzi]. Now 1-06(z;, z)?=r=0 for d(z,z)=
d(0,{;)<R. Consequently,

(4.3) (I1=lzl?

=(1-6(z, z)?)

. w’
fim (1= |29 T =

which is a contradiction.
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The condition is also necessary. Indeed, suppose, on the contrary, that there
exists a sequence of points (z,)CGg, for some R=0, such that

W' (z,)l n
@4 W GE T TP
for each n=1,2,.... Choose a sequence of points (z;)CF, such that d(z,, z,)<R

for each n=1,2,.... By the assumption {g,(O)}={W(((+z)/(1+Z,0))} is a nor-
mal family in D. Therefore the family of their spherical derivatives is bounded on
every compact part of D and thus |g,(O)I/(1+|g.(0)|))=M << for each (¢ U(0, R).
Denote {,=(z,—z)/(1—Z,z,). Then d(0,{,)=d(z,,z,)<R for each n=1,2, ....
and hence

lg (Gl 1=Zpz,[* V(@)

- -, _ =M.
I+1g, (DI I—=lz; 2 1+ W ()

It follows that
Wwiz) _ M

. (11— )2
@ TGl = Tz (06 )
_ M
AR
where 6(z,, z)=|z,—z)|/|l —Z,z,|, for each n=1,2,.... This contradicts (4.4),

and thus the theorem is proved.
4.2. Corollary. A Fy-normal automorphic function W is normal in D.
Proof. The assertion follows from the equation
fgg(l =z (1 +IW(2)?) = f?}?ﬂ(l — |z @1+ W (2)]?)
by use of 4.1.

After this, in both theorems of this chapter, we suppose that I' is a finitely
generated Fuchsian group and the additive automorphic function W has a mero-
morphic behaviour at parabolic vertices (this is equivalent to the assumption that
W has angular limits at parabolic vertices [7, V 1C]). We study first the connection
between Fy-normality and poles lying in fundamental domains.

4.3. Theorem. Let W be an additive automorphic function with respect to I',
where I is of the first kind. Then W is a Fy-normal function in D.

Proof. Suppose, on the contrary, that W is not a Fy-normal function in D.
By 4.1 there exist a positive real number R and a sequence of points (z,)CGpg
such that
Wzl
1+ (z,)

Since W is meromorphic in D, we have |z,|~1 for n—e<. Further, the inequality

@6 lim (1=12,?)
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d(z,, F))<R implies that at least some subsequence denoted also by (z,) con-
verges to a parabolic vertex p. By the assumption W has an angular limit at p. Now
(z.)Co where a is a Stolz angle at p. Hence

Wz _
L+ W)l 7

which contradicts (4.6). Thus the theorem is proved.

@.7) lim (1—|z,]2)

4.4, Remark. Generally speaking we may say that poles do not remove Fp-
normality. This is a difference compared to normality for additive automorphic
functions [4, 2.1 Theorem].

4.5. Theorem. Let W be an additive automorphic function with respect to
I' where T is of the second kind. If [ [¢ (IW I/(1+|W(2)))? do, <o, then W
is a Fy-normal function in D.

Proof. Let {A;}/., bethe period set of generating transformations T; of I' cor-
responding to F,. By the boundedness of the integral [ [ (1%’ (2)I/(1+|W(2)]*)*de,
we obtain

8 ff (T o) %o f/ (e 2a) 4o

EFy

for each i=1, ..., m. Hence

Wl \? ' mwl \?
(42 ff () 4o = 2 f/ () 4o =
UL o T MF) " F

with T,=id. Assume that the theorem is false. By 4.1 we can find a sequence of
points (z,)C Gy such that (1——[2,,|2)]W’(z,,)|/(1+]W(z,,)]z)—»oo for n—<o. Thus
(z,) is a sequence of P-points for W. From the meromorphic behaviour of W at
parabolic vertices it follows that (z,) tends to a free side. Without loss of generality,
it may be supposed |, U(z,, VS Uty T (Fo) for some r=>0. Then W assumes
every value, except perhaps two, infinitely often in the set | J,—, U(z,,r). On the
other hand, (4.9) means that W maps the set U], T (F) onto a surface of finite
spherical area. This is a contradiction, and thus the theorem is proved.

5. On properties of F,-normal functions

5.1. We make the following remarks: If an additive automorphic function
W is Fy-normal, then it is T(F,)-normal for every T¢I, i.e. for every sequence
of points (z,)CT(Fo) the family {g.,(0)}={W(((+z)/(1+Z,0)} forms a normal
family in D. Further, if (z,)CGr={z|d(z, F))<R} is any sequence of points, then
{&O}={W(((+2z)/(1+2,0))} forms a normal family in D provided W is a Fo-
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normal function. Noting the latter remark, we can leave certain theorems in this
chapter unproved, since their proof is similar to that of corresponding theorems
in the case of normality. By the above remarks we obtain:

5.2. Theorem. Let W be a Fy-normal but non-normal additive automorphic
function with respect to I' and (z,) a sequence of P-points for W. Then the sequence
(z,) cannot be contained in any Gy and touches infinitely many closures F,, of funda-
mental domains F,=T,,(F,), T,.,cT.

Next we give a non-Fy-normality criterion, which connects with [6, Lemma 3]

5.3. Theorem. Let W be an analytic additive automorphic function with respect
to I'. Suppose that there exist two sequences of points (z,), (z;), both in Ggr=
{zld(z, F))<R}, such that d(z,,z;))<M<o for each n=1,2,..., and
lim, W (z,)=0, lim,__ W(z)=c. Then W is not a Fy-normal function in D.

Proof. The assertion follows from 5.1 and [6, Lemma 3].

5.4. Corollary. Let W be an analytic Fy-normal additive automorphic function
which is not a Bloch function in D. Let (z,)CF, be a sequence of points such that
(1 =1z | W’ (2,)| > oo for n—eo. If(z)) is any sequence of points such that d(z,, z;)<
M<o for each n=1,2,..., then lim,_ _ W(z)=-co.

Denote by z,(x), n=1,2,..., the points where the additive automorphic
function W assumes the value «. Let a=pf.

5.5. Theorem. Let W be a Fy-normal additive automorphic function with
respect to I'. If
nfd(z,@), 2.(0) =0,
m=1,2,...
then both the sequence (z,(«)) and (z,,(B)) touch infinitely many closures F, of funda-
mental domains F,=T,(F,), T,€I', and neither can lie in any Gg.

Proof. Suppose first, on the contrary, that there is a subsequence (z;(®))CF,
for some /h=0,1,2,.... Further, we may assume lim;_, d(z;(«), z;($))=0. By
5.1 the function W is F,-normal, and as in 4.1 we obtain

W) _  Cg
G:D TGO = 117
for all z€Gy,={z|d(z, F,)<R}. By integrating it follows
(5.2) d*(W(Zl)’ W(Zz)) = Crd(zy,20), 71, Zo€Gpy-

Consequently,
0 < d*(a, By = d*(W(z;(@), W(z;(B)))
= Crd(z;(0), z;(B)) = 0
for j-~-o. This is a contradiction, and thus the first assertion is proved.
Since the similar inequality to in (5.1) holds in any hull Gy, the latter assertion
can be proved exactly as above.
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Next we consider F,-normal additive automorphic functions of the first kind.

5.6. Theorem. Let W be an analytic F,-normal additive automorphic function
of the first kind. Then W is bounded in the fundamental domain F,.

Proof. Suppose, one the contrary, that there is a sequence of points (z,)C F,
such that W(z,)—o for n-<. We form the functions

(53) wO=W(FE), n=t2...

By the assumption {g,} is a normal family in D. Hence there is a subsequence (g)
of (g,) such that lim,_ .. gx(0)=g({) uniformly on every compact part of D. Further,
g is an analytic function in D. Therefore

}1_21:) W(z) = ,!Ln}o 2,(0) = g(0) = <=,

which is a contradiction. Thus the proof is complete.

5.7. Remark. If W is an analytic F,-normal additive automorphic function
of the first kind, then W is a Bloch function by [11, Theorem 3].
Compared to 2.2 we obtain:

5.8. Theorem. Let W be a F,-normal additive automorphic function with re-
spect to T'. Then W is of the first kind if and only if

(5.4) lim inf f f ( 12’1/”%)')[2 ]2daz ~0

for any positive number r and any hull Ggr={z|d(z, F))<R}.
Proof. The assertion follows from 2.2 and 5.1.

5.9. Theorem. Let W be an analytic F,-normal additive automorphic function
of the first kind and r any positive number. Then there exists a positive number m,
such that

(5.5) W2 a)=m, in D= U Uz, 7,

where z,(2),n=1,2, ..., denote the a-points of W.

Proof. (Cf. [13, Theorem 1 (ii)].) Suppose, on the contrary, that there exists
a positive number r such that

(5.6) inf d*(W(z), «) =0.

z€D—U;7_ 1 U(z,(2),r)

Then there exists a sequence of points (z) in D—J;2, U(z,(@), r) such that
lim, . W(z)=a. Let z,=T,(z)€F, and put g, (O)=W((+z)/(1+Z)). By the
assumption there is a subsequence denoted also by (g;) converging uniformly to
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a non-constant analytic limiting function g on each compact subset of D. Then
(5.7) g(0) = Jim g(0) = lim W (z{) = lim W(T,(z,)
= klini (W(Zk)_l_ATk) = O(+k1}21° AT;C # oo,

Denote  S(O=(+z0/(1+50)  and  h(Q=W(T (Su0)=W(Su(0) ~ Az, =
gk(C)—ATk. Hence the sequence of functions (/) converges uniformly to a non-
constant analytic function h=g—lim,_ Ay, on every compact part of D and
h(0)=a. By the Hurwitz theorem we may choose a sequence of points ({)C
U@©,r), O<ry<r/2, such that #5h({)=a. Consequently, oc——-gk(Ck)—ATk:
W (Sk(o) —Ar, = W (T M (Se(&)) =W (wi), where wi="T; *(S(()€ Uzk, rq). Hen-
ce w4 U(z,(«), r,) for all k and all n. This is a contradiction, and thus the theorem
is proved.

5.10. Theorem. Let W be an analytic F,-normal additive automorphic func-
tion of the first kind and o, B any two values. Then
inf d(z,), z,(8) = 0
u=12,..

where z,(x) and z,(f) denote the a-points and B-points of W, respectively.

Proof. Suppose, on the contrary, that there are two values o« and B (x=f)
such that
V_ilnzf d(z,(), z,(B)) = 0.

u=12,...
Then there are subsequences (z,) and (z,) of (z,()) and (z,(B)) such that
(5.8) lim d(z;, z;) = 0.

Let T,T' be such that T,(z;)¢F,. We form the functions g,(0)=W(({+ T,(z))/
(1+T,(z;)0)). By the assumption one can find a subsequence (g,) converging uni-
formly to an analytic function g on every compact part of D. Let (.=

(Tk(zllc/)_Tk(Zl,c))/(l—Tk(ZI:) Tk(zr:))' Now  d(0, Ck):d(Tk(Zl/c)’ Tk(ZI/c/)):d(Zl/n ZI,(/)"'O
for k—eo. Thus

(5.9) lim £,(0) = Jim W/(Ty()) = Jim (W (z0)+Ax,)
= O“i‘l%i_{?o Ar, = lzl_f?o g(&) = kl}.IE W(Tk(zl/c/))
= Jim (VG0 +An) = o+ fim

But this is a contradiction, since

(5.10) kll}g Ay, = g(0)—a #Zeo.

The theorem follows.

5.11. Remark. The fact that  is of the first kind is essential unlike in [13,
Theorem 1 (ii)].
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»
-

5.12. Theorem. Let W be a Fy-normal additive automorphic function with
respect to T', and let y be a path in G whose end is a point 2,€dD. If W has the limit
value ¢ along vy, then W has the angular limit ¢ at z,.

Proof. The theorem follows from 5.1 and [8, Theorem 2].

5.13. We close the chapter by giving a sufficient condition for a F,-normal
additive automorphic function to be normal in D.

Let W be an analytic F,-normal additive automorphic function in D. If we
do not allow the normal family {g,,(C)}={W((C +z,,)/(1+2n2,’))} to have the con-
stant o as a limiting function for any sequence of points (z,)CF,, then W is a
normal function in D. In fact, we can prove W to be a Bloch function in D in the
same way as in 5.6.
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