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THE DEVELOPMENT OF THE THEORY
OF DEFICIENT VALUES SINCE NEVANLINNA

W. H. J. FUCHS

1. It is the hallmark of a very great mathematician that he creates concepts
which throw new light on old problems and which give direction to later work.
In this talk I want to pay homage to R. Nevanlinna by tracing the role which his
concept of “deficient value” has played in the recent theory of meromorphic function.

The literature on this subject is enormous. Limitations of time, space and
my own competence force me to concentrate strictly on theorems concerned with
the “fine structure” of meromorphic functions which is revealed by the notion of
deficiency. I have to omit many relevant topics such as Valiron deficiencies or
theorems in the theory of differential equations. 1 shall completely ignore fields
outside classical function theory in whose development the notion of deficiency has
played a crucial part: af Héllstrém’s Nevanlinna theory for multiply connected
regions, mapping of Riemann surfaces (Sario), mapping of complex manifolds into
complex manifolds (Bott, Chern, Griffiths, Stoll). I shall even be silent about the
theory of holomorphic curves created by L. Ahlfors although there are several
recent papers which develop striking analogies of this theory and the classical theory
of deficiencies. The bibliography at least contains some references to this work.
Also, I shall not attempt to trace the historical development.

The books [31], [40], [41] and [29] and the bibliographical analysis [28] give
good introductions to Nevanlinna theory in general. I shall use the standard nota-
tions as given in [31]. The deficiency of the meromorphic function f(z) with respect
to oo is
m@,f) _ = NS

0(= f) =lim 7 T, /)

as (r—oo). For acC
8(a, f) = (e, 1/(f—a)).

A value c€C is deficient, if 8(c, £)=0. It follows from the First Main Theo-
rem of Nevanlinna theory that

(1 0=6(c.f)=1 (c€C)
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and from the Second Main Theorem that there is at most a denumerable set of ¢
with d(c, f)=0 and
(2 3 5e, f) =2

ceC

( Deficiency Relation or Defect Relation.) For a Picard value a (=value not assumed
by f) N(a,f)=0, d(a,f)=1; the defect relation implies Picard’s Theorem, but
asserts much more.

2. Closer analysis of the notion of deficiency. From the definition of deficient
value we see that a value, c=-<o, say, is deficient, if and only if

m(r, ) == [ log* |/(re)] d0

is of the order of magnitude of T'(r,f) on all large circles. This might conceivably
happen, if log | f(re®)| is very large compared to T in a very small set on all large
circles |z|=const. Indeed, this can be the case, if f(z) is of infinite order. But for
meromorphic functions of finite order ¢ or even of finite lower order

A(=limlog T(r, /)/log r)

one has
Theorem 1 (V. P. Petrenko 1969 [43], [44]).
log* M(r, f) Si:j;/l [Oé}'é%}
. lo r,
3) Bes, f) = lim =5 ~00 )
e I(r, f) , ( 1 )
A 5 < A].

This relation was conjectured by Paley in 1932, a proof for entire functions was
given by N. V. Govorov shortly before Petrenko’s proof (1969 [30]). Petrenko
has studied the ’deviations’

1
@ pa.f) = (==
in detail (summarized in [45]).
Let
% E(r,f) = {0: | f(re®) > 1},

where we think of 6 as a point of the unit circle,

|E(r, )| = Lebesgue measure of E(r, f),
and

©) o(f) = Tm [EC, f)]

(“The spread of ).
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Then
0(ee, ) =lim m(r/f)/T(r, £) = Lim |E(r, /)| M(r, /)T (¥, f)

=0(f)B(=.1)

and (3) implies that for a meromorphic function with lower order A< and with
d(e=, f)=0, o(f) has a lower bound which depends on A and J(e, ) only. The
best value of this lower bound is given by

Theorem 2 (A. Baernstein 1973 [6]).

7 o(f) = min {27':, %arc cos (1 —5(oo,f))} = 6(4, 6(=0)).

(This inequality is known as the “‘spread relation”.)

Remark. There is a sequence r, tending to o such that for all acC

o(1/(f—a)=lim,_ .. |E(r, 1/(f—a)|-
The proof of Theorem 2 uses the properties of the T* function which was
introduced by Baernstein in this connection. Its definition is as follows. Let

m*(ré®) = sup 5 [log|/(re")] do,
E

|E|=2¢
where E varies over all measurable sets in (0, 27) of Lebesgue measure 2¢. Then
T*(re', f) = m*(ré®)+ N(r, f).

This function has found many other applications, some in fields far removed from
value distribution theory (see [7]). One of these is

Theorem 3 (Baernstein 1974 [8]). Let f(z) be an entire function and let the
real numbers . and B satisfy

0<,{<oo, 0<ﬂ<7[, ﬂ}L<TE
Then, either the set
{0: log|f(re)| = cos BAlog M(r, )}

contains an interval of length =2 for some arbitrarily large r or

lim, _r~*logM(r,f)=L
exists and
0<L = o,

Another application of the T* function is a result of Anderson and Baernstein
(1978 [3]) which gives the exact lower bound of

o(x, f) = Iim [{0: log|f(re”)| = aT (r, 1)}| (2= 0)

as f runs through all meromorphic functions of lower order 4.
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Theorem 3 raises the problem of determining
o*(f) = Tim,_ _ {length of largest interval C E(r, f)}

(E@, f) asin (5), f of lower order 4, d(<e, f)=0).

This problem is open for d(ee, f)<1, A. Weitsman (1977 [53]) has shown
the existence of a positive lower bound for ¢* depending only on A and §(<s, f);
also, if (e, f)=1, ¢*(f)=min (2%, n/4), and this bound is best possible.

3. Properties of the set {J (a, /)}

(a) Theinverse problem. From the early days of Nevanlinna Theory the problem
of finding functions with assigned deficiencies attracted much attention. Apart
from its intrinsic interest this problem was of great importance, because the attempts
to solve it led to many advances and new questions in the theory of Riemann sur-
faces (see [29] and [41] for accounts of early work). A definitive solution to the
inverse problem is given by the following theorem (we quote only the part referring
to the deficiencies, Drasin also shows that the ramifications can be assigned).

Theorem 4 (Drasin 1977 [12]). Given {a;}} (ajeé, a; distinct) and {8}y,
0<d;=1, 3V 6,=2, N=co. Then one can find a meromorphic function f(z) whose
deficient values are exactly the a; and for all a; 6(a;, f)=0;. Further, if Y(r)is a
function tending to <« as r—o one can choose f(z) so that

log T'(r, f)/logr < y(r) (r=>roy).

The proof of the theorcm uses the theory of quasi-conformal mappings in a
clever way. Let us call a function w=g(z) “quasi-meromorphic”, if it is a quasi-
conformal mapping g: C—C, thatis to say (i) the distributional partial derivatives
of g or 1/g are locally integrable and (ii) the “complex dilatation”

_ dg / g
ﬂg(Z) = '52:(2) 3—2(2)
satisfies
(Dl =k<1 ae. in C

For quasi-meromorphic functions the usual definitions of m(r, 1/(g—a)),
N(r,1/(g—a)), T(r,g) and d(a,g) make sense. To prove his theorem Drasin
first constructs a quasi-meromorphic g with the prescribed deficiencies for which
1,(2) tends to zero as z-—co in a fairly regular fashion. He then uses the theorem
that the equation

o o

ke
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has a solution w=y(z) which is a quasi-conformal homeomorphism y: C—C.
The function f=goy~! is a quasi-conformal map C—~C with u,=0 ae., ie. f
is meromorphic. (See [1] for the quasi-conformal background.)

Finally one deduces from the fact that p (z) is very small for large z that f(z)
has the right deficient values and the right deficiencies.

(b) Restrictions on the deficiencies of meromorphic functions of finite order. The
function f(z) in Drasin’s theorem has usually infinite order. If we require that f(z)
is of finite order, it is no longer true that deficiencies can be assigned arbitrarily,
subject only to (1) and (2). A complete set of conditions for the existence of a mero-
morphic function of order ¢=0 with deficient values a; and assigned deficiencies
d(a;) is not known.

One condition is given by

Theorem 5 (A. Weitsman 1972 [52]). If f(z) is a meromorphic function of
lower order p-<oo, then

2 51/3(‘1’ f) = .

Earlier Hayman [31] had proved
2 0%a,f) < e (a< —;7]

Recently G. A. Barsegjan [10] announced another proof of Theorem 4 which
seems to follow the line of Hayman’s proof. Barsegjan’s method also yields

Theorem 6 (G. A. Barsegjan [10]). If f(2) is a meromorphic function of finite
lower order, then

Zﬁllz(a’ f) = 9
where f(a,f) is defined by (4) and (3).

The exponent 1/3 in Theorem 5 is best possible. Hayman [31], refining a
construction of A. A. Gol’dberg, has examples of functions of finite order with

So@n == [x<3).

In particular this construction can be used to show that there are meromorphic
functions of every positive order with infinitely many deficient values.
By using methods of approximation theory Arakeljan could prove

Theorem 7 (N. U. Arakeljan 1966 [5]). There are entire functions of any
finite order ¢=1/2 with infinitely many deficient values.
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The deficiencies in Arakeljan’s example are very small. He conjectures that for
entire functions of finite order

> (log (1/8(a, £))) ™t < =
These results make the following theorem especially noteworthy.

Theorem 8 (Weitsman 1972 [51]). If f(z) is a meromorphic function of finite
lower order A and

s(f) = 3 o(a, f) =2,
then f(z) has at most 2J. deficient values.

For other conditions which ensure that the number of deficient values is finite
see §4.

(c) Functions of lower order less than one. Valiron proved in 1950 [50] that a
function of order zero cannot have more than one deficient value. Edrei and Fuchs
showed that this remains true for functions of lower order zero [17].

Several deficient values can occur as soon as the lower order is positive, but the
values of the deficiencies are subject to restrictions.

Theorem 9 (Edrei 1969 [15]; with ¢ in place of A, Edrei and Fuchs 1960 [19]).
Let f(z) be a meromorphic function of lower order 4 (0<A<1). Let a, b€ C, a=b.

u=1-6(a,f) v=1-=68(,f).
Then
(i) sin?nd = u?+0v2—2uv cos mA.
(i) v=cosnd implies u=1.

This is an easy consequence of the “spread relation”. We may assume a=0,
b=oo. With the notations (5) and (6) and using the remark after Theorem 2 we have

[E(re, HDI+IE@r, 1) = 2n

o(f)+a(lff) = 2x.

Replacing ¢ by its bound ¢, from Theorem 2 we obtain Theorem 9.
In 1978 V. P. Petrenko and A. V. Krytov [46] proved

and so, letting k—>co

Theorem 10. Let f(z) be meromorphic, of order ¢, 0<p<1. If
6(ay, ) = 6(as, f) = d(as, f),

then
2sin o/2

o(ay, /) = 1220
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The proof of Theorem 10 uses the theory of holomorphic curves. For small
values of ¢ this bound is better than that obtained by application of the spread rela-
tion and the inequality o(c/( f—as))=2n/3.

(d) Sum of deficiencies. By a refinement of the idea used in the proof of Theo-
rem 9 it is possible to prove

Theorem 11 (Edrei 1973 [16], see also Fuchs 1969 [22]). If f(z) is a mero-
morphic function of lower order 2, then

@ s(¢f) =2d@a,f)=1—cosnk 0<i=1/2),
unless f(z) has only one deficient value, in which case the deficiency can have any value
in [0, 1].

(i) s(f)=2-sinnt (I2=i<1)

and equality can hold if and only if f(z) has exactly two deficient values with
deficiencies
dé(a;)) =1, d(ay) = 1—sinndl.

A precise upper bound of s(f) for functions of order ¢=1 is not known.
Drasin and Weitsman have given good arguments for their

Conjecture (1975 [14]). If f(z) is a meromorphic function of order @, then
S(f) = max {Al’ A2}a

. T
2 sin > {20}

Al == 2— . B
[20]+2sin o) {20}

2 cos % {20}
[2o]+1 ~°
where [x]=largest integer=x, {x}=x—[x]. Drasin and Weitsman showed that
this bound cannot be replaced by a smaller one, if f(z) has at least three deficient
values.
For entire functions the well known inequality

> 6(a, /) =50, f)

aoco

Ay=2—

relates the sum of deficiencies problem to the problem of the least upper bound of
0(0, f)+3(eo, f) for functions f of a given order. Since

N D = NS

30, /) +8(==, f) = 2T ——rees 0

=2-K(f),
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where
N(r, 1f)+N(r, f)
T(r, f) ’

this problem is closely related to the problem of finding

x(@) = inf K(f)

as f runs through all meromorphic functions of order g.

R. Nevanlinna made a conjecture about the precise value of »(¢) and proved
that »x(9)=0, if ¢ is not an integer (1929 [40]). This conjecture has been verified
for entire functions of completely regular growth by A. A. Gol’dberg [27]. It is
still open in the general case.

J. Miles and D. F. Shea considered a variant of the »x(g¢) problem: Let

K(f) =Tim

1/2

matr, 1) = {5 [ logt ey an)
Ko(f) = T (NG )+ N DY )

Theorem 12 (Miles and Shea 1973 [36]). For meromorphic functions of lower
order A

sinmd| (1 sin2mA)!
K () = l A I(EJ'_ 47A *]

and this bound is best possible.
For a refinement see [37].
4. Relations between deficiencies and other properties of meromorphic functions

(a) Does the existence of deficient values have implications for the growth prop-
erties of a function?

If f(z) is an entire function with a finite deficient value, then 2>1/2. (By the
second part of Theorem 9 with b=, 1=1/2.) A. A. Gol’dberg [23, 24] has shown
that there is an entire function f with 6(0, f)=0 and assigned values of / and g,
1/2<A=g<oo. Butif the deficiency sum of f(z) is sufficiently close to 2, then
restrictions on A and ¢ are known.

(b) Functions with s(f) = > 6(a, f) = 2.

Theorem 13 (Edrei and Fuchs 1959 [17]). If f(2) is an entire function of finite
order with s(f)=26(a,f)=2, then

A = ¢ = integer = 1.

Many other properties of these functions are known.
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Theorem 14 (Pfluger 1946 [47]). Let f(z) be an entire function of finite order
o If

then (1) g is a positive integer.
(ii) Each deficiency is an integral multiple of 1/¢. In particular f(z) can not have
more than ¢ finite deficient values.

Edrei and Fuchs [18] added in 1959

s(f) =2,

(iii) Each deficient value is asymptotic. [A value c is asymptotic, if f(z)—~c as
z—oo along a path L in C.] In the same paper they also showed that there is a con-
stant &(¢)=0 such that for meromorphic f(z) of order ¢, s(f)>2—e&(0), (s, f)>
1—e&(o) implies the existence of a set of at most p asymptotic deficient values where
p is the integer closest to ¢. The question whether there are any non-asymptotic
deficient values under these circumstances is unsolved.

A recent extension of Theorem 14 is

Theorem 15 (Yang Lo and Chang Kuan-heo 1979 [53]). If f(z) is an entire
function of lower order A and

oo

> 3 e f9) =1
J= =0 a0,
then the number of deficient values of fY(z) is at most A+2. Every finite deficient
value is asymptotic and every deficiency is a multiple of 1/A. Also
>z 83 (a, fW) < oo,
Jj a0,
F. Nevanlinna [39] gave examples of meromorphic functions whose order is
an integral multiple of 1/2=1 for which s(f)=2. He made the

Conjecture. If f(z) is a meromorphic function of order ¢ with sum of defi-
ciencies equal to two, then g is an integral multiple of 1/2=1, the number of defi-
cient values is =2¢ and each deficiency is a multiple of 1/o.

Part of this conjecture is now proved:

Theorem 16 (A. Weitsman 1969 [51]). A meromorphic function of lower order
/. and deficiency sum s(f)=2 has at most [21] deficient values.

Theorem 17 (D. Drasin 1980 [13]). If f(z) is a meromorphic function of
order ¢ with s(f)=2, then all deficiencies are integer multiples of 1/k, when k is
an integer =g.

(c) Functions with extremal spread. Entire functions with s(f)=2 give an
example of a class of functions whose value distribution is very much determined
by a condition on the deficiencies.
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Another example of such a class are the “functions of extremal spread”, that
is to say functions for which equality holds in the spread relation (7).
As a special case of a more general theorem Baernstein proved

Theorem 18 (Baernstein 1977 [9]). If f(z) is a function of finite order with
extremal spread, then A= .

Examples of functions of given finite order ¢>0 with extremal spread can
be written down explicitly in terms of Lindeldf functions. In these examples fis
large in a sector and small in the complementary sector. Edrei and Fuchs [20, 21]
have shown that every function of extremal spread must have a behavior very sim-
ilar to the functions of these examples, at least in certain annuli 4,<|z|<B,, A, o,
B,JA, .

(d) Deficient values and asymptotic values. R. Nevanlinna conjectured that a
deficient value of f(z) must be an asymptotic value. The first counterexample was
given by O. Teichmiiller [49] in 1937. Theorem 7 combined with the Denjoy—
Ahlfors—Carleman theorem proves the existence of entire functions of finite order
with infinitely many non-asymptotic deficiencies. A. A. Gol’dberg [25] has shown
that there are meromorphic functions of order ¢>1 with non-asymptotic deficient
value 0 and 6(0, f)=1. He also proved [26] that there are entire functions of infinite
order with zero as non-asymptotic deficient value and (0, f)=1. (This can not
happen for functions of finite order by Theorem 14 (iii).)

Conditions under which a deficient value is asymptotic are given by the fol-
lowing theorems. (See also [2].)

Theorem 19 (Anderson and Clunie 1966 [4]). If f(z) is a meromorphic func-
tion with
T(r, f) = O(log*r)

and 6(a, f)=0, then ais an asymptotic value.

Hayman has constructed examples of meromorphic functions with a non-
asymptotic deficient value and T'(r, /)=0()(r)log?r) where  is any function
increasing to < as r—o [33].

Theorem 20 (Hayman 1978 [33]). The meromorphic function f(z) has the
asymptotic value a, if

T, f) —% ri? f N(t,a)t =32 dt — oo (1 - o).

r

Corollary 1. If T(2r, f)/T(r, f)—1 (r— <), then every deficient value is asymp-
totic.
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Corollary 2. If f(z) is of order 9, O<g@<1/2 and if d(a,f)=20, then a
is an asymptotic value.

In the opposite direction one has

Theorem 21 (Sunyer i Balaguer 1953 [48]). Let f(z) be an entire function of
finite order with proximate order o(r). If a < is an asymptotic value of f(z) with
asymptotic path L and if

log|f(z)—al <—4A|z]e=D  (z€L, |z = ry),
then
o(a, f) = 0.

() Deficient values and angular distribution of values. The definition of d(a, f)
only takes into account the radial distribution of a-points of f(z). It is therefore
surprising that there are relations between deficiency and angular distribution of
values. Here are some examples.

Theorem 22 (Hellerstein and Shea 1978 [34]). Let f(z) be an entire function
of finite genus q, whose zeros lie on m (<eo) rays argz=const.

Then one can find constants K and B(q) depending only on the location of the
rays and (in the case of B) on g such that

0(0,f) = B(q)
whenever q=K. As q—<, B(q)—1.

Theorem 23 (Hellerstein and Shea [34]). Let f(z) be a meromorphic func-
tion of finite order, with zeros {a,} and poles {b,} in the sectors

larga,| = nlargb,—n| =n (0 =n = n/6).
Denote by q the least integer such that

a7 3 by 71 < e
Then
= N, )+ N(r, 1/f)
Iim
T, f)

<A@, q)

where

, c , )
A(n, q)<menlog(l/n)(l+qlog q) (g=1).

Since the constant B(g) in Theorem 22 tends to | as ¢—<, it is natural to
conjecture that an entire function of infinite order whose zeros lie on a finite num-
ber of rays argz=const. must have d(e)=1, ie., N, 1//)/T(r,f)—~0. How-
ever, one has
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Theorem 24 (J. Miles 1979 [35]). (i) Let f(2) be an entire function of infinite
order whose zeros lie on a finite number of rays. Then there is a set EC[l, =) of
logarithmic density zero such that

Ne D
T f)
as r—o quoiding E.

(ii) Given x(r)—~oo as r-—-co, there is an entire function of infinite order with

positive zeros such that 6(0, f)=0 and

log T'(r, f)

oz 7 <x(r) (r=ry).

Definition. One says that the zeros of the entire function f(z) have an angular
density with respect to the proximate order ¢(r), if given & one can find arguments
®15 Pay ovs Ops Prr1=@1+27 such that 0<¢;,,—¢@;<e and

hm n(r5 (pja (pj+1)r_e(r)
r—»oo
exists for j=1, 2,3, ..., k, where n(r, a, ) is the number of zeros of f(z) in
O<lzl=r, a=argz=p.

Theorem 25 (Oum 1969 [42]). Let o(r) be a proximate order of the entire
Sfunction f(2) of order ¢. If the zeros of f(z) have an angular density with respect to
o(r) then f(z) has at most 29+ 1 deficient values. If 29 is an integer, this bound can
be replaced by 2g.

Yang Lo and Chang Kuan-heo have investigated the relations between the
number of deficient values and the number of Julia and Borel directions. A typical
result is

Theorem 26 (Chang Kuan-heo 1978 [11]). Let f(z) be an entire function of
lower order i<-oo. If f(z) has q Julia directions, p finite deficient values and s asymp-
totic values of which s’ are also deficient values, then 2p+s—s'=q. If equality holds
and q<eoo, then f(z) has order A and all deficient values are asymptotic.

(f) Deficiencies and Taylor coefficients. The upper (lower) density of a sequence
{c,} is defined as lim sup C(n)/n (lim inf C(n)/n), where C(n) is the number of
non-zero ¢, with k=n.

Theorem 27 (Edrei and Fuchs 1959 [18]). Let

f(Z) = ? C,,Z"

be an entire function of lower order i.. Let p be the integer satisfying

L,y
—_— =A< _—
Pm—5 =+=PT5
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There are constants A and g, such that

Aeg
(p+ D[l +log(p+1)]

0 <=¢e<gy)

26, f)=2—

implies that the upper and lower densities D and D of {c,} satisfy

s —
—(1—g)<D=D=—.
P( ) =D p
Here s is an integer, 1=s=p.

Theorem 28 (Murai 1980 [38]). Let

f(z) = k;”o ez (|z] < 1),

where n,.,/n,=q=>1 and
lif,? sup |¢;| = 0.
Then

é(a,f)=0
for all acC.

Theorem 29 (Hayman 1972, consequence of Theorem 3 [32]). If f(z) is
entire, A<oo and the density of non-vanishing Taylor coefficients of f(z) is zero,
then 6(a, f)=0 for all acC.
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