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ON TYPES OF LIMIT DISTRIBUTIONS FOR
SOME CLASS OF STATISTICS

R. Mukhamedkhanova

For statistical applications it is necessary to investigate the limit distributions
of the functions of statistics based on a random sample from a general population
(cf. [1], [2], [3]). All of these authors consider this problem under the condition
that the distribution function of the population random variable does not depend
on the sample size N.

For the first time Zubkov ([6]) has given sufficient conditions for the conver-
gence to the normal and x? distributions, in the case of a concrete function of the
parameters (statistical estimation of entropy in the multinomial scheme), under
the assumption that the sampling probabilities depend on N.

We shall now determine the class of all the limit distributions of the distribu-
tion of a function H(-) depending on the frequencies of the occurences of outcomes
in a multinomial scheme when the probabilities of the outcomes may depend on
N.

Let p;, 2 =1,...,s, be the frequencies of the occurences of the outcomes in a
multinomial scheme, p; = p;(N) the true probabilities of the outcomes satisfying
the conditions: the limits in (1) and (2) exist and have the following properties
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Let us consider a function H(:) on an s-dimensional simplex S and let us
define the function H(-) by
H(j)=H(z) for z=(z1,...,z,),
3) .
z,=1-— in, g=(22,...,Z4).
=2

Let us assume that H () satisfies the following conditions:
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the derivatives = H{(y), ———— = H;;(¥),
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5) {iffor somek=1,...,s—1, Hiy)=0,i=1,...,k,

then Hi(g) #0,1=1,...,k.

Definition 1. We shall say that a function H(-) belongs to the class X, if
the function H(-) satisfies the conditions (4) and (5).

Below we shall consider the following statistics: B==H (P1y-.-,Ps), where
p = (P1,...,Ps) is the vector of the observed frequencies in the multinomial scheme

under the conditions (1), (2) and H(-) € K,.
Let us denote

E=H(I§)a Hi=Hi(Q), i=17"'a3'_17 §=(P2,---,Ps)

6) 0 0y -0 0 0
Hi = Hi(q ) g4 = (Pz,---,Ps)-
Let ®,(-) be the distribution function of the normal law with the parameters
(0,0?).
Let
xa(a"lz;a), a>0,

~2
z;a,0) =
Xn(;9,0) { 1-x%(a"'z;0), a<0,

where x2%(-;a) is the x2-distribution function with n degrees of freedom (for
a =0 it is central, for @ # 0 it is non-central),

o) {HA(b"lx), b >0,
Z; 0, = s
1—\(b~'z +0), ifb<0,

where II5(+) is the distribution function of a Poisson random variable with param-
eter )\, and
I%(z;m,B, ) = P{#AB7' <z}, m>1,

where n = (91,...,7m) is a vector of independent Poisson distributed random
variables with the parameters p;, ¢ = 1,...,m, and B is a symmetric m x m
matrix. Finally, we denote

%=E@), w)={y I20

i.e., ®¢ is the degenerate distribution function at the origin.
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Definition 2. Let us define F, as the class of following distribution functions:

Po(z+c), Poy *X2,(-5a1,a1) %% )?fm(a: + ¢;ak,, ak, ),

@, #T0(- 3b1, ) %+ Tz + 0500, 11,),

Doy * X, (- 5a1,00) % - % X0, (- $ kg Qi) * TI(- by, ) % -+ D1 + ¢ by, ),
ﬁ2(x+c;m,B,ﬁ), c>0, 0120, k;>1, 1;>1,

under the following conditions

plo)+ni+--+n,, <s—1, o)+l <s—1,
p(o3)+ni+ - +ng, +12<s -1

Theorem 1. F, is the class of all non-degenerate limit distribution func-
tions for Cny(H — dy), where H = H(py,...,Ps), H(-) € Ky, Cn and dy are
normalizing constants.

Remark 1. For specific functions in F, necessary and sufficient conditions
for the convergence may be obtained in terms of the following characteristics:

u=max{i =0,...,s —1:p,; >0},
v=max{i =0,...,s—1: Npj4; — oo},
w=max{i =0,...,s —v—1:Um Npj4,4; > 0},

{min{i:O,...,s—l:H?;EO}, if (H))2 +---+(HL 240,
s, ifH)=---=H) , =0.

As an example let us formulate the following theorem about the convergence
to the normal law.

Theorem 2. For H = H(p,,...,p,), with H(-) € K,, the conditions
1) v>0, and

2) VNoy — o when t<v+4+w ,

VNon/pN — 00  whent > v+ w,
are necessary and sufficient for the convergence

P{CN(H — dy) < z} = &(z + ¢).
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Here Cy ~/N/on, dy = H — Bn + [c + o(1)]on/VN,

- ND[EHi(ﬁ.‘+1-Pi+1)], v>0
UN— =1

0, fo=0
S
ST Hipiyr, fv+w<s—1
i=v+w+l

0, fo+w=s8-1,

BN

PN =p2t - +Ps-

These results have been extended also to the case of a non-homogeneous
multinomial scheme, i.e., when we consider a sequence of independent experiments
in a “triangular array”’scheme (N experiments in the series number N) with s
outcomes in each, and the probability of outcomes depends not only on N but
also on the number of the experiment in each series.

To derive these results for schemes with dependent events let us consider the
case when the events are connected to a Markov chain. For example when the
Markov chain has two states we can describe the class of all limit distributions for
functions of the statistics of its parameters.
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