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ON THE JULIA SET OF THE POLYNOMIAL
f (r): pz + z* WITH p REAL

Jiu-Yi Cheng

1. Introduction
Let f (z) be a rational function of a complex variable z with d"S(/) 2 2 and

lo(r) : r, f '+'(r) : l (l"Q», n: 0, 1, 2,. . . .

According to Blanchard [3], the Julia set J(f) f.or f (z) is the set of those points

z e e : C U {oo} where {f"(r)} is not a normal family in the sense of Montel.

The following general properties are classical [5]:

1. J(f) is a nonempty perfect set.

2. J(f"): J(f) for any integer n ) 1.
3. J(il 'is 

completely invariant under the mappinE z å f (z), i.e., /(/(/)) :
/-'(/(/)) : r(f).

Certainly, the structure of "r(/) depends on the function /(z) ' If /(z) is

a polynomial, J(f) depends on the coefficients of. f (z) in a very complicated
manner. Myrberg [6-10], Brolin [4], and Bhattacharyya and Arumaraj [1-2] have

considered the cases where f(z) is a polynomial of deg(/) :2,3 and 4 with real

coefficients.
In this note we investigate the structure of "f(/) where f (r) : pz I z^ with

p real.
We need the following definitions.

Deffnition 1. If the equation l"Q) - c: 0 has a multiple root, then c is
called a critical point of the inverse function f-"(r).

Deffnition 2. a €C itufixpoint of f(z) if /(a) : a, and o isanattractive
fixpoint if l/'(0)l < 1. The immediate attractive set A.(o) of an attractive

fixpoint a is the maximal domain of normality ot {f"(z)} which contains a.
The attractive set A(a) of o is defined by

A(a): {, I JT1 f"(,):o}.
Deffnition 3. Two polynomials f (z) arrd g(z) are conjugate if there exist

constants a,b e C such that f(az * b) : ag(z) a b.

Clearly, zo e A(a) if andonlyif lim,*- g"(azo+å): aalb (i.e., azslbe
A'(aa + å) if A'(B) denotes the attractive set of. B for g(z) ).

We shall refer the reader to [3] and [a] for the results needed for our proofs.
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2. Results and their proofs

Let f(z): pz+z^,where p is real, m) 2 being apositive integer. Then
/(z) has rn finite fixpoints

gr : 0, qz : (7 - p)tl@-r), gs : Qz@t g+ : g2@2, ... tem : g2u*-2

ar,d f -1(z) has rn - L finite critical points

(*-l)pr pt,r/(n-r)
", 

: YiL?iltt*t* t, 
) c2 : ctu)) ca : cl,)2, ... tcm_t : ct,r*-2,

where c.r is one of the complex (rn - 1)th roots of unity.
Flom now on lc, p means a positive integer and a real number, respectively.

Lemma t. If lpl ( 1, fåen cl e A*(0), i:7,2,...,m-7.
This can be proved in the same way as Lemma 1 of [2].

Lemma 2. The polynomial equation

(1) s(t):fk-r11zk-r -2k)2h-r +Qk -t1zk-t1zkt -2k+ 1):0
has only one negative real root.

Proof. Since 9(0) : -(2k - 1)zt ( 0 and S(-m): *oo, there is at least
one negative real root. If there are more than one negative roots, g"(t):0 must
have at least one negative root. But

g"(t):4k2(2k -t)tak-3112k-r - 1)(1zr-t -2k)zx-z ((2e + 1)rzt-t - 8& + 2) > 0

for t ( 0. Thus the lemma is proved.

Lemma 3. 1) Tåe polynomial equation

(2) hr(t) : t'k + zkt - (2k - 1) : 0

has only one negative rcaJ root. frtrthermore, if we denote the only negative real
root of (1), (2) by -00, -0r (00 ) 0, 01) 0), respectively, then 01) 0s; thus
hr(t) <0 for -0s <, < 0.

2) The polynomial equation

hz(t) : *k+r - Qk + l)t * 2k : o

has only one negative real root. frnthermore, if we denote this root by -02
(0, > 0), then h2(t) < 0 if and only if t < -02.

3) 02 is the only positive real root of the polynomial equation

fu(t) : tzk+t - Qk + t)t - 2lc : o.

Furthermore, hs(t) > 0 if and only if t > 02.
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Proof. 1) As in the proof of Lemma 2, by ä1(0) : -(2k - 7)

hr(-*) : *oo a^nd ä"(t) :2k(2k-1)tzx-r ) 0 for f ( 0, (2) has

negative real root. Furthermore, note that h ) 1 (since hr(-1) : -4lc
and we have

s e 0 ) : 0!k -' (070 -t + 2b)2 k -' - (2k - t)2 k -t (2k0 t + 2k - 7)

: 0?k (h1(-0) + 4ket + 2k - t)2k-r - Qk - t)2k-t(2k0, + zk

> (4k0r + 2k - 1)z't-t - Qk - 7)2k-t(2k0r +2k - 1')

> (2k - t)(2o2k-2(2kh + 2k - 1) - (2k - 7)2k-1(2kil + 2k -
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only one

+2 < o),

- 1)

1)>0.

Hence -h I -0s, that is, 01 ) 0s.
2) Since hz(-l):4lc ) 0 and hr(-*): -oo and h'(t) : (2k+1xr2e-1) >

0 for t ( -1, there is only one root -02 € (-*,-1) ( 0, > 0) and ä2(t) < 0

for t < -02. Oa the other hand, the minimum value of h2(t) oa [-dr,1oo) is
h2(1):0. So we have hr(t) > 0 when -02 4t ( *m. Hence the conclusion
follows.

3) This proof is similar to the proof of 2).

Lemma 4. l) Let f (z) : pz ! 22k+r , -(2k + 1)0212k 1p <-0. Tåen

l/(")l < qz: (1- p)tt2k ir lrl3 sr.

2) Let f(r): pz - szk+r, 0 I p < (2k +1)0zl2k. Then

f(") - q, - r(*'k -1 +p) + r - qz< 0.

So we have f (*) S Qz . On
2) of Lemma 3, /(( -plQk
minimum value of f (*) on
obtain l/(r) I I q, .

f(*) + qz : a(x2k - t +p) * r .1- ez ) 0.

So we have f (*) > -82. Oathe other hand, analogously, f (-GplQk+t11r/zx]t <
qz, But f (-GplQk+1))1/2k) is the maximum ralue of /(r) on (-oo,0l . Hence

f @) a q2 for -Qz 1r ( 0. We also obtain lf (*)l S cr.
2) BV 3) of Lemma 3, we can prove this in the same way as 1).
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Lemma 5. Let f(r) : pz * zzk. If -zk1olQk -l) I p 4 0, then

(3) ;1(cr)l 3 qz: (t - rlrt(:x-t'1

a,nd

(4) lf,(,)l3 c, if lf (dl < s,.

Proof. We first consider (3). Now

(2k-l)P / P\t/(2k-t)
"': - 2k \2k)

So, by p 10, we have "f("r) > 0. On the other hand, by Lemma2, g(t) < 0
for -0s< r < 0. Hence s((2k -t)elzk) < 0 if -2kqolQk- 1) < p ( 0, i.e.

f ("t) < q2 if -2k9slpk - 1) S p ( 0. Thus (3) is proved.
Next we prove (4). If 0 < f(*) 3 92, then

fr(") - sz : f(r)(f(*)ro-, - 1 + p) + f(r) - qz 1 0,

and we have f2(a) 1q2. On the other hand, by -zkeo/Qk - 1) < p < 0 and 1)

of Lemma 3,

f (_H,,,,o-,,)r0,.
But

f (_ (*)1/('e_1))

is the minimum value of /(o) on [0,Cr]. Hence f'(*) > -Sr. So we obtain

lf'(dl < s,.
If -q, < f (*) ( 0, then

f'(") + cz: pf(r) + f(r)'o * qz ) 0,

and we have f2(a) ) -qz. On the other hand, c1 is the minimum value of /(r);
thus /(c) ) c1 for any o € (-*,**). Hence, by -qz ( c1 ( 0 and (3) and

f'(*) < 0 when -gz 1r ( 0, we have

f'(*)3f(")<s.r.
We also obtain lf'@)l ( 92. Thus Lemma 5 is proved.

Lemma 6. Let f(r):pz+z2k+r. Thenci/A(a) (i:7,2,...,2k)if and
only if lpl 3 (zk + 1)0zl2k.
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Proof. Now
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2kP ( P \1/(2k)ct:ffi\-X+r;
Suppose first that p < 0. Then l/(o)l > l"l for lol ) qz: (L-p)'/'b. Thus
r e ,4(m) for lrl ) qz.By 2) of LemmaS, lcll ) s2 when p < -(2k+1)e2l2k.
So we have c1 e A(oo). Since

l/"("')l : lf"("2)l: r' r : lf"("ru)l

for any positive integer n, it follows that c; e A(m) (i:1,2,...,2,t) when
p < -(2k+7)0212k. If -(2e+1)0zlzk < p I 0,then lcll S sr. By 1) of Lemma4,

l/"("r)l 1 q2 for any positive integer n. Thus c; / A(a) (i :1,2,...,2fr) when

-Ok +7\0,12k ( e ( 0.
Suppose now that p > 0. Since /(z) ar,,d f*(z): pz - z2k*r are conjugate

(since "f(r) -- f*(or) where o: exp(-nil2h)), and

2kp( p \l/(zt) /"i\q: m \% + 1/ "*, \2k/ ,

we consider the behavior of ci : exp(-ril2k)'c; (i : 7,2,...,2fr) under the
iterates of. f.(z):pz-zzk+r. Since l/.(r)l > lrl for ;rl > (1+r)t/zx, f?(r) ---+ oo

as n -+ *m for l"l > (1 + p)'l'b. But, bv (3) of Lemma 3,

pit: b (+) 1/(2k) 
> (t + dtlzk't'- 2k+1\2/,+1/

when p > (2k+1)0212k. So we have /i(ci) -* oo (n --+ foo) and /f(ci) --, oo

(n * +oo) (f :1,2,...,2b). Hence ci € ,4(m) (i : 1,2,...,2,t) when p >
(2k+1.)0zl2k. If 0 1p1(2k+7)0zl2lc,ther l"il < (t+p1rtzx. By (2) of
Lemma 4, l/f("i)l < (1 + p)t/zk for any positive integer n. Thus f?(") f *
(, -* +*) (i:7,2,...,2k). Hence c;/ A(a) when 0< p< (2k+1)0212k.
Thus the proof of Lemma 6 is completed.

Lemma 7. Let f(r):pz*zzk. Then ci/ A(a) (i:1,2,...,2k-l) if
and only if -2k0ol(2k - 1) 1p 1 (2klQk - 1))(2k)r/(2k-t) .

Proof. By Lemma 2 and Lemma 5, we can prove this lemma in the same way
as Lemma 3 of [2].

Theorem 1. Let f(z) - pz + z2k+1 , where p is real and k is a positive
integer. If lpl < Qk + 7)0212k , then J(f) is connected. Otherwise J(f ) is totally
disconnected, m2J :0 (where m2J denotes the pla,na,r measure of J(f)) and jl1
is isomorphic to the one-sided shift on 2k +1 symbols (cf. [3, pp. 12a]).
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Theorem 2. Let f (r) : pz I z2k , where p is real a,nd Ic is a positive integer.
If -2k0ol(2k - 1,) I p I (zklQk - t))(2k)1/(2k-t) , then J(f) is connected.
Otherwise J(l) it totdly discorutected, m2J : 0 and llt it isomorphic to the
one-sided shift on 2le symbols.

By Lemmas 6 and 7, Theorems 1 and 2 immediately follow from Theo-
rems LL.2 and 1,1.4 of [4] and Theorem 9.9 of [3].

Theorem 3. Let f(r) : pz * zn, where p is real and rn) 3 is a positive
integer. Then

1) /(/) is a Jordan curve if and only if lpl < 1.

2) J(f) c {, I l,l S (r + lpp)l/t--trr.
Proof. 1) As in [2], sufficiency immediately follows from Lemma 1 and Theo-

rem 11.3 of [a].
Considering the rays z: r.expas, where a": (2sri)l@- 1), 0 < r < +oo

(s : 0, 1,2,...)rn - 2) when p 2 7, and the tays z - r.exp 8", where B":
((Zs + t)ri)l@- 1), 0 < r < *oo (s:0,1,2,...,rn-2) when p ( -1, we can
prove the necessity in the same way as ii) of Theorem 1 of [2].

2) This proof is similar to the proof of iii) of Theorem 1 of [2].
Since /(z) and P(z) : z2-ip(p-2) areconjugatewhen,t:1inTheorem2,

we have the following known result (cf. [4, Theorem 12.1]).

Corollary. Let P(z): 22 -r, where r is real. If -i Sr <-2, then J(P) is
connected. Otherwise /(P) is totally disconnected and m2J :0.
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