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AN ESTIMATE FOR PSEUDOCONFORMAL
CAPACITIES ON THE SPHERE

H.M. Reimann

The group SU(1,n) acts as a group of pseudoconformal transformations on
the sphere § = {w € C" : |w| = 1}, (n > 2). Each element g € SU(1,n)
preserves both the contact structure given by the differential form

9 =10 (—@;dw; +w; div)
j=1

and the pseudoconformal structure determined by the Leviform L.

There is a notion of capacity for condensers (S, Cy,C;) on the sphere, which
is invariant under biholomorphic mappings (cf. [6] or [4]). If Cy and C; are two
disjoint non empty compact subsets of S, then the class of admissible functions

F = F(Cy,C}) is defined as
F={feC>®S): flo, <0,fle, >1}.
The horizontal gradient Vf of f € C°(S) is the unique tangent vector in
PS={X € TS : ¥(z) = 0}

such that LS(Vf, X) = X f for all X € PS. The capacity of the condenser is now
defined by

cap(S,Co,Cr) = iat, [ [V"do
where |Vf|2 = L5(Vf,Vf).

In particular, the capacity is invariant under the action of SU(1,n). In fact
any g € SU(1,n) is a contact transformation. Therefore

g*0 = 0

and
g*dd|ps = A dd|ps
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for some real valued function A. The Leviform L is determined by d¢ and the
complex structure J of the underlying space

g9 _9 o __9° ._.
Oz; Oy, dy; Oz; J L

L5(X,Y)=d¥(X,JY) X,Y €PS.

Since g is the restriction to S of a biholomorphic mapping, it follows that

L5(9.X,9:Y) = d9(guX, Jg.Y) = d(gu X, g JY)
= (g*d9)(X,JY) = M\dI(X,JY) = ALS(X,Y).

The volume element do is equal to 272"+19 A (d9)"~! and the (real) Jacobian
determinant of g: S — S is thus

det g. = A",

The admissible functions for the condenser (S, gCy,gC}) are the functions f with
ng € F(CO,CI).

From the relation
|V(fog)|=AY*Vflog
it then follows that

$,9Co,gCy)=  inf v fI2nd
cap($,9Co, 9C1) feF(;rcl'o,gcl)/l fi™de

V(fo ~" det g,d
ngGF(Co,CI)/| (f g)' et g do

1 2n
hEF(Co,Cl)/ |VA|*"do = cap(S, Co, Cy).

The U(n)-invariant distance on the sphere S C C" which will be used in the
sequel is

d(z,w) = 21/2|1 - (z,w)|1/2

with

n

(z,w) = Z ZjW;.

Jj=1

In particular, the diameter of a set in S is defined in terms of this distance.



An estimate for pseudoconformal capacities on the sphere 317
Theorem. There exists a positive constant K (depending on the dimension
only) with the following property: If Co and C) are disjoint compact continua,
each of diameter > 6, then
cap(S,Co,Cy) > Kbé.

The Cayley transform -~y

2; Ttw, j=1...,n-1
B -—zl_w"
" 14wy,

maps the unit ball B C C™ biholomorphically onto the domain
D = {(z,2,) €C" ' x C : Imz, — |z|* > 0}.

It is a pseudoconformal mapping of S \ {—e,} onto §D. This boundary is a
realisation of the Heisenberg group H = H"™! (n > 2).  Expressed in the
coordinates (z,t) € C*"! x R (t = Rez,) the contact structure is determined by

the differential form )
n—

w= iz(—fjdzj + z;dz;) + dt

J=1

and the Leviform on PH = {z € TH : w(z) =0} is
LE(X,Y) = dw(X,JY).

The Cayley transform v, restricted to S\ {—e,} satisfies

1
w=— g,
T T+ wal?
1
LA X, 7Y) = do(X, J7.Y) = mn—lzLS(X’Y)-

The pseudoconformal capacity for a condenser (H,Cjy,C;) on the Heisenberg
group can now be defined as before:

cap(H, Co, C1) = jnf /H IV £ dv

with
dv =dzy Ndyy A+ Adyn Adt = 27220 A (dw)™ 72,
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F= {fECOO(H) : flC’o <0’f|Cl >1}'

The norm of the horizontal gradient V f is of course defined with respect to the
Leviform LY.

Since the Cayley transform 4 is a pseudoconformal transformation ~:
S\ {—en} — H, it follows that

cap(H,7Co,7C1) = 2cap(S, Co, C1).
The factor 2 has its origin in the volume relations
y*dv = 2722w A (yrdw)" T = 272 \RY A (d9)PT = 20" do.

In addition to the preceding considerations, the proof requires a standard approx-
imation argument, showing that functions f in C*(S\ {—e,}) with [¢[Vf[*"
< oo can be suitably approximated by functions in C*(S). With these observa-
tions, the theorem can be reformulated for the Heisenberg group. The following
corollary is then a special case.

Corollary. If Cy and C; are closed disjoint continua, if Cy connects the
origin to the unit sphere

U={(zt)€H : |[(zt)] = (|2* +#)"/* =1}
and if Cy connects the unit sphere to the point co (i.e. C; is unbounded), then
cap(H,Cy,C1) > 2KV2.

For the proof, observe that U is the image of the sphere E = {w € § :
Rew, = 0} under the Cayley transform . Therefore, diam 7‘iCj > /2 for
7=12.

For the theory of quasiconformal mappings on the Heisenberg group, this es-
timate is crucial in establishing the passage from the “analytic” to the “metric”
definition of quasiconformality. Also, local Holder estimates and various results on
normal families of quasiconformal mappings are intimately related to this inequal-
ity. The corresponding capacity estimate for rings in R™ is based on symmetriza-
tion (Gehring [2]) or on modulus estimates for curve families on hypersurfaces
(Véisdla [9]). So far, neither of these methods could be transferred to the analysis
on the Heisenberg group. On the other hand, the proof of the theorem, which is
stated here for the Heisenberg group, simplifies on R". It provides a direct access
to the basic capacity estimate for the theory of quasiconformal mappings in R™.

The remainder of this paper contains the complete proof for the theorem.
Various auxiliary results, which are of an elementary nature, are assembled in the
following lemmata.
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Lemmal. If f € C*°(S) then

2n—1
[ew) = St=en) < 0= anes [ 910 qremamrey)

with a,_y =247 "(T'(}(n - 1)))2.

For the proof, consider a function v € C®(H""!) with compact support.
The fundamental solution of the sublaplacian

L=- ileV=—% (Zij-l-ZjZ_j)

is given by

—_ _ 1-\2 ln
9= any, @ =277 52_1)

(see Folland-Stein [1]). Therefore

u(0)=/ gLudv = ta,_ 1/ (Vu,Vg)dv.
Hrn-1 Hn-1

If one uses the fact that ([4, p. 15])

IV IICz, 1)l =

el
GOl

this leads to the estimate
|u(0)] < Lan— / [Vu|(2n - 2) ||(z,8)]| 2"t dv.
Hr-1
The Cayley transform permits the transfer of this inequality to the sphere. Set
f =uo~v and observe that f(—e,)=0. From the relations
d(w,en) )
14 =
Gl = ool it () = o),
Y'w = NI, A =4d(w,e,)?,
|Vu| = X2 |V £,
dv = 2\"do
it then follows that

—2n+1
[flen) = e < (= Dancy [ (07032 (02 ) T g

== tees [V (qrim)

This proves the lemma for functions f € C*°(S) with f = 0 in a neighbourhood
of —e,. The general case follows by approximation.
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Lemma 2. For any f € C*(S) we have
|f(z) = f()] < (n = Van_ 27 /5|Vf(z)| (d(z,2)72"+ + d(y, 2)72"*1) do ().

For fixed z, y € S choose an automorphism g € SU(1,n) with g(z) = e,,
9(y) = —en, 9(z) = w and set a = g71(0). The following identities will be applied
(see Rudin [8, p. 28]).

1—(9(2),9(=))

_ (1—{(a, a)) (1 — (z,z))
) (1~ {a,2))

B (1_(2"1) ( ’
1—{(a,a)
Mz =—73:
Ty
It follows that
1 (s |1—(a,:c)”1—(a,y)l
T (el (o] O (@ali= (5o = (9]

1—(37’3/) .
(z,m)”l — (z,y)l

= %A_I(Z) |1 —
The change of variables w = g(z) in the integral of Lemma 1 then gives
|(fog)(@) = (fog)W)| = |f(en) = f(~en)|
_ d(z,y) \*"7
= (n - l)an_l L‘V(f (o] g)(z)| (W) dO'(Z).

Together with the relation

<%) - = (d(zl, z) * d(zl, y))zn_l

S 22n—l (d(z, x)—2n+l + d(z, y)—2n+1)

this shows that
l(f og)(z)—(fo g)(y)l < K/JV(f o g)(z),(d(z, z)7I L L d(z, y)_2"+l)da(z)

with K = (n — 1)ap—; 22" 1.
For the following consideration a volume estimate for the balls

B(z,r) = {yES 2 d(z,y) <r} cS



An estimate for pseudoconformal capacities on the sphere
is required. From the equation

00 = gk, () = 2(e),

it can be concluded that
| B(en, )| =/ do(w)
d(w,en)<r
is of the order 72" for small r. There exists a constant ¢ such that

¢ 'r?* < |B(z,7)| < er®?, r € (0,2].

The integral in Lemma 2 can then be evaluated in the form

/S|Vf(z)ld(m, 2)" 1 do(2) = /02 po2ntl (/;(z’z)=r|Vf(z)| dg) dr

where do = dpdr. Partial integration leads to the inequality

] IV £(2)|d(z, 2) 2"+ do(z)
S
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<(2n-— 1)/027'_2“ (]B r)|Vf(z)|da(z))dr+2'2“+1/S|Vf(z)|da(z).

(:’

Lemma 3. For fixed f € C*(S) and for any o > 0 set

F, = {a: €S
B(z,r)

There exist constants K1, K, depending on n only such that
K,
[f(@) = fW) £ — + K2 [V,

forall z, y € Fy.

Holder’s inequality and the volume estimate give the inequality

1/2n
/ |V fldo < ct—(1/2n) 201 (/ ]Vf|2"d0> .
B(Z,'I’) B(Z,T)

IVf|*"do < a™2"r for allT € (0,2]}.
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With the assumption z € F,, this implies
/ Ivfldo, < Cl—(1/2n)r2n—1+(1/2n)a—1.
B(z,r)

The previous evaluation of the integral in Lemma 2 then shows that

|f(z) = f(v)]
_ ? —Zn( ) —2n+2 o
< (2n 1)/0 r /B(N) |Vf|da+/B(y,r) IV f|do ) dr +2 /S|Vf|d

2
<2(2n — 1)/ et (1/2n)  —14(1/20) o ~1 g,
0

1—(1/2n) 1/2n
+ 2722 ( / da> ( / |Vf|2"da)
S S

= EKia™ + K3 |V {ll,,

provided that z,y € F,.
The following covering lemma is taken from Koranyi-Vagi (3].

Lemma4. Given any function r: A — (0,2] defined on a subset A C S, there
exists a (finite or infinite) sequence {z,} C A such that the balls B(zn,r(zn)) C S
are mutually disjoint and such that

AC U B(zn,3r(zn)).
n
The approximating linear Hausdorff measure of a set A C S is defined by
A(4) = inf{Zrn CAC UB(zn,rn)}.
n n
The covering lemma shows that

A(S\ F,) < 3a°" |V £|2"

if Fy is the set defined in Lemma 3. In fact, for any point z € S \ F, there exists
r(z) with

/ |Vf|2" > a_Q"r(:z:).
B(z,r(z))

Choose mutually disjoint balls B((z;,r(z;)) with

(S\ Fa) € {J B(25,3r(z))
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then

AMS\F) £ Yara) <30y [ Vsndo < st [ (91
J J

(zj,r(z5))

With these preliminaries, the main result can now easily be proved. Given
a condenser (S, Cy,C4) consisting of disjoint compact sets C; C S, j = 1,2 and
given ¢ > 0, there exists an admissible function f € F(Cy,C;) with

cap(S, Co, C1) 2 [[Vfllz, .
If the inequality ||V f||,, > (2K2)™! holds, then
cap(S, Co,Cy) > (2K2)'2“ — €.

Otherwise Lemma 3 will be applied with o = 2K, showing that

F@) = @) < 2+ Ka [V Sl <1

for all z, y € F,. Since f is admissible, at most one of the sets C; can contain
points of F,
CiNFy=10 forj=0o0rj=1.

But this implies in view of the covering lemma

A(C) S A(S\ Fa) < 32" ||V fll3,

2n

A(C;)) < 3(2K1)*™(cap(S, Co,C1) +€).
In any case, this shows that the smallest of the numbers
(2K,)™?", 371(2K1)72"A(Cy), 371 (2K1)?"A(Cy)

is a lower bound for cap(S,Cy,C;) and establishes the existence of a positive
constant K such that

J= bl

The observation that diam C; < 2A(C;) for any compact continuum C; then
completes the proof of the theorem.

Remark. The method used in deriving this capacity estimate goes back to
Reshetnjak [7]. As has been shown by Martio [5], various generalizations can be
obtained, if approximating Hausdorflf measures of any dimension are considered.
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