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soME CoNDITIONS FOR QUASICONFORMALITY
Mihai Cristea

It is known that if D, D' are domains in E" and /: D + D' is a home-
omorphism such that the linear dilatation H(r,f) < H for every , € D, then
/ is quasiconformal. The linear dilatation H(*,f) is defined in a point a € D
such that a * o and /(c) * * by limsup,*s(t(*,f,r)l(l(a,f,r)), where
L(*,f ,r) : max;r-,1=,1.f(u) - f@|, l(*,f ,r) : minls-,1=,lf@) - /(o)1. For
0 < a ( 1 we define Lo(r,f,r) : max;r-,1:",1f@) - /(r)l ar,d Ho(r,f) :
limsup"*o (L.(r,f ,r)/(l(a,f ,r)), and it is obvious that Ho(x,f) < H(*,/). W"
shall show that if there exist 0 ( a < 1 and H > 0 such that Ho(a, f) < H
for every u € D, then / is K-quasiconformal, with K(o, H,n):Hn-tot-n.
We shall follow the classical proof of the fact that the metric definition of quasi-
conformality implies the analytic definition of the quasiconformality, and we shall
give a detailed proof for the salce of completeness. We shall use this result to
prove that if. f: D --+ D' is a homeomorphism for which there exist e ) 0 and
6 > 0 suchthat M(t') < 6 foreveryring Aira D with M(Ia) ( ", then /
is K-quasiconformal with .I((e, 6,n) : (exp(a.,,-1e-\L/(n-l) 19(6))"-', where g
is a determined function. Therefore / is quasiconformal if and only if / carries
rings of small modulus into rings whose modulus is dominated by a constant 6.
P. Caraman [1], generalizing a result of Renggli, proved that if f : D + D' is a
homeomorphism with / carrying path families I from D such that M(l) : oo
into path families I' such that M(I'): oo, then / is quasiconformal. We shall
prove that if. f : D --+ D' is a homeomorphism such that there exists a constant
6 > 0 suchthat M(l') > 6 foreverypathfamily I from D with M(l): oo, then
/ is quasiconformal. These results (Theorem 2, Theorem 3 and Theorem 4 from
our paper) can easily be deduced from Lemma 1 [1], but we give an alternative
proof which permits us to evaluate the quasiconformality constant K, too.

I wish to thank the referee for his careful reading of the manuscript and his
advice. The final form of the present paper was substantially improved by his
suggestions.

Throughout the paper, D, D' will be domains in E" and /: D --+ D' a
homeomorphism. We shall use the notations and the results from [2]. We denote
by L(r) the set of all rings A: R(Co,C1) in E" with the following properties:
1) Cs contains the origin and a point a such that lol :1. 2) C1 contains oo and
a point ä such that lål : r. 'We denote h(r): inf M(la) over all rings .4 e A(r).
Then ä: (0, *) --+ (0, oo) is a decreasing function such that lim,*o h(r) : m and
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lim,*oo ä(r) : 0 (see [2, Theorem 11.7, p. 34]), and we define g: (0, m) --+ (0, oo),
C(c) : ä-'(r) for every r € (0, m). Also, if A : R(Cy,C1) is a ring such that
c, oo € Ct, a,b e Co, then M(l e) > n((1" - "D/lb - "l)) (see [2, Theorem 11.9,
p. 36]). For every set X C Rn , we denote by mr(X) the p-dimensional Hausdorff
measure of X. We denote by Vn : mn(B") and by u)n-r : mn-r(Sn-l), where
B' is the unit ball from .E" and ,9"-r is the boundary of Bn. We also set
L(*,, f) : Iim supa*o l/(, + h) - f@)lllhl.

Lemmal. Let f: D -+ D',0 < o < 1 and h> 0 besuchthat Ho(*,f) < H
for every s € D. Then f is ACL.

Proof. Let Q : {c € R"lo ( s ( ä;} be a cube in D \ {*,.f-'(-)}
and consider the projection P: Rn - fto-l : RX-' . For each Borel set A C
intPQ, we set Et: QnP-l(A). Setting V(A): *(f(EA)) we obtain a set
function p in int PQ. By the Lebesgue theorem, g has a finite derivative rp'(y)
for almost every y € int PQ. We shall prove that / is absolutely continuous on
the segment, J : Ey. Let .F be a compact subset of "I fl int Q and let Fp :
{t e FlLo(*,f,r) < Hl(a,f,r) forevery0 < r < llk};for k € N. Since /
is continuous, each .F,; is a compact set, .F,1 C Ft+r and F : U[r fi. We
now choose k e N such that 7 < kd(F,prQ), we fix å and we choose e > 0
and t > 0. By [2, Lemma 31.1, p. 106], there exists 6 ) 0 such that for every
r € (0,6/a) there exists a finite covering of Fy. with open intervals A1 , Ä2 ,
. . ., Äo such that rn(Ä;) - 2ar, the centre of each A; belongs to .F6, each
point of ,.I belongs to at most two A;, i:7,2r,,.,p and por < *(F*)+e.
We now choose r < min(6/a,1lk) such that if lc - zl 12ar, u,z e Q, it
follows ttrat l/(o) - fQ)l < t. Let Ai be the open n-balls whose diameter
is A;, c; be the center of Ä; and B; the open n-balls centered at r; and of
radius r, i : 7,2,...,p. Then B; C En, where B - B"-r(y,r), and we denote
L;: Lo(r;,f,r) and I; : l(x;,frr), i:1,2,...,p. Since c; € Fx, we have
L;1Hl;, i:\,2,...,p.Then.F7, C U1:, Ai, d(f(Ai)) . r, i:7,2,...,p;
hence

p

i:1

By Hölder's inequality we obtain

*iu(ril)"

<z(å L')

<2n(å r,)" <2n(å1) "'(å 
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pp

- 2npn-L D tr < 2" Hnpn-' D',
i:\ i:L

S 2" Hn cl-n rl-n (*r(Fo) + ,)"-'

p

< 2n g n ot - " 11 - " (m 1(F1,1 + e)" -' v*-' D - (/(r, )) .

i=1

Let q - lt/a)+ 1. Then qa ) 'J.., and every point from E6 belongs to at most 6q
balls B;. Indeed, let I € EB be such that g e B(ai,r). If B(r;,r)nB(ri,r) t'
0, then l*; - *il < 2rl hence y may belong only to a batl B(a;,r) such that
l*;- *il < 2r. Suppose that we have more than 69 points x; in J fiB(ai,2r).
Let I: {le zl*ne JfiB(xi,2r)}. Then D;er-(A;) ) !2qar>!2r. Since
*(Uorrlr) a 6r, it follows that there exists a point o e J such that r belongs
to at least 3 sets A;, which represents a contradiction. Then y may belong to at
most 69 balls B(r;,r);hence every point of. Ee may belong to at most 6q balls
B;. Sinceeverypoint of. f(Ee) belongstoatmost 6Cl(B;), wehave

p

» *(f(s;))
i:1

p

D,r
i:L

Since Fx C F, w€ have

16qm(f (or)) -

(V,an-7m(B)) -'

Letting first r + 0, then € + 0 and then t --+ 0,
C ?' (y)*r(f,) n-r, where C - 2n+3' Hnv"-tqar-nV;'

see that f is absolutely continuous on J .

Lemma2. Let f: D -+ D',01a<-1, H )0,suchthat Ho(x,f) <H for
every a e D. Then f is a.e. differentiable.

Proof. We have U}@) < oo a.e. (see [2, Theorem 24.2, p. 83]) and, by the
theorem of Rademacher and Stepanov, it suffices to show tlnat L(r,/) < oo a.e.
Let os e D be such that *o * *, "f(ro) f m and U'S@o) ( oo. Then there
exists rs > 0 such that .to(rs, f ,r) < Hl(as,/,r) for r 1rs. For such r we have

VnLo(xs, f ,r) 1V.H"l(rs, f ,r) 1 H"rn(f (B(ro, r))).

Hence we obtain the following inequality:

L(*o, f ,a . r)" - H'm(f (B(r0,.)))--Gl;F- = "";@(,.,,»-'
Letting , -- 0, we see that L(as,f)" < H"a-"p'r(rs).

6qp(B).

. Since f (F*) / f (F), w€
Theorem 30.9, p. 101], w€
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Theorem L. Let f: D --+ D',0<a ( 1, H ) 0, sucå that Ho(a,f) < H
forevery a€D. Then f is K-quasiconformaJ,with K(a,H,n)- H"-rot-".

Proof. Flom Lemma 1 and Lemma 2, f is ACL and a.e. differentiable. Let
a e D be such that / is differentiable at c and l/,(r)l : suplr,l=rl/,{"Xn.)1,
tnx: inflal:rl/'(rXn)1, and let e > 0 be fixed. Then there exisis 6o > 0 such
that for llrl < 6";

lf(* + D - l@)- /'(,Xn)l < elhl,

hence

l/'(*Xn)l -elhl< lf(, +h)-f(,)l s lf't,Xn)l +elhl
for läl < 6". Let, : lhl. Then for r ( 0", (l/,(r)l - e)ar I Lo(a,/,r) and
l(*, f ,r) < (m, * e)r. We have

rn,r * e l(*rf ,r)

for r ( 6o. we see that if m, - 0 and l/'(r)l f 0, then Ho(*,/) must be m;
hence either f'(*) :0 or we have 0 < olf@)llm, I Ho(x,,1) < H. For rn, ) 0
we have

lf'@)1" - lf'1")1"-'
Icd = -^3='-

and

l4(,)l . l/,(,)1"-,
m! i *T-L

(see [2, (11.3), p. 44]). Hence if / is differentiable at o, we obtain l/,{r)1" <Hn-tat-nlJil{l and l//(o)l I l{n-tot-n*n. We now apply Theorem'84.6
from-[2_, p. 115], to conclude that / is K-quasiconformal, with y'((o, H,n) -gn-|O|-n.

Theorem 2. Let f : D - Dt be such that one of the following conditions is
satisfred:

a) There exist e ) 0 and 6 > 0 such that for every ring A in D such that
M(ta) 1e it follows that M(I.'o) < 6.

b) There exist e ) 0 and 6 > 0 sucå that for every ring A in D suclt that
M(l'e) 1 e, it follows that M(l a) < 6 .

Then f is K -quasiconformal, with

("., (rn-, . e ')'/tn-7)) ln(d)) 
n-t

K('',6,n) -
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Proof. Suppose that Condition b) holds. Let o € (0,1) be such that lz(o) :
6, ,\ : exp((ar,-1e-r)1/(n-1)), and suppose that there exists a point c e D \
{oo U /-r(m)} such that Ilo(o,f) > ). Then we can find r ) 0 such that
Lo(*,f ,r) > \t(x,f ,r) and B(f(a),Lo(a,f ,r)) c D'. We abbrevia.te Lo(r,f,r)
to L, a.nd I(o,/,r) to I andlet B: f-l(A(/(r),1)), C:Cf-'(4111c;,.f";),
A: R(B,C). Then M(te) > ä(o) :6 and M(t'e) : tr,,-t (tog(.f,1-r))1-".
Since .to/I > exp((c.,,-16-r;r/(z-r)) if and only if ar,-1(log(.Dol-'))'-" ( 6, we
obtain M(t') ( e and M$e) ) 6, which represents a contradiction. We proved
that Ifo(r,/) S ) for every x e D and that hence, by Theorem l, f is K-
quasiconformal, with K(e,6,n) : (exp(( ro-rr-')'l("-t)/s(a)))"-' . ffCorrdition
a) holds, we prove the same thing for .f-1, md by [2, Corollary 13.3, p. 42], the
theorem is proved.

We remark that we have also proved the following theorem:

Theorern 3. Let f : D --+ D' be such that one of the following conditions is
satisfred:

M$il >6 itfollowsthat M(T'))e.

M(T'o) > 6 , it follows that M(T,q) ) 6.
Then f is K -quasiconformaJ, with

A in D sucå that

A in D sucå that

K(r,6,n)

Theorem 4. Let f: D + Dt be such that tåere exists 6 > 0 sucå that for
every pathfurrily I from D suchthat M(l): oo, it resulfs that M(lt) > 6.
Then f is quasiconformal.

Proof. Suppose that ä(',/) is an unbounded function on D. Then there
exists r* € D such that r- * *, f(r*) * *, H(**,/) > exp(2*). Let
y*: f(a*) forevery m€ N. Thenwecanfind r- > 0 suchthat L(r*,f ,r*)>
exp(2*)l(a*,f,r*) aln'dE(y*,f,r*) C D' for every rn € trfi. We abbreviate
L(**, f ,r^) to L* and l(a^,1,r*) to I- and lel B* : f-'(g(y*,l*)) , C* :
Cf-'(a@*,L^)), A*: R(B*,C*) for every rrl € N. We remark that we

can choose the rings Å- such that the path families la- are separate. Then
M(le^) > ä(1) and

1 wn-r log(exp(2*))L-n I an-12-*

for every m e N. Let p g .lf be such that un-rD*>o2-* < 6. If we take
I : U->r 14- and I' : U*>p lf,- , we see that M(l)-: D-r, M(T A^) : @

and M(f') : D*>pM(I'a)? 6, which represents a contradic-tion.

_ (".r(r,,-, . e ')'/t n-1)) 
lg(6)) 

n-L

M(t1): an-, (," r(*))"-'
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Remark 1. The referee pointed out to me that we can replace Condition a)
of rheorem 2 with a weaker condition, i.e., "There exist e ) 0 and 6 > 0 suchthat
M(t') < 6 for every ring A in D such that M(te) : e". This condition will
imply Condition a). Indeed, assume that ,4. is a ring in D such that M(la) < e.
Then there exists a ring A1 separating the boundary components of .A such that
M(ta,): e. If we a.§sume that M(Ii,) < d, then M(lay 3 M(t,e) ( 6. Also,
we can replace Condition a) of Theorem 3 with the following weakLr condition:
"There exists e ) 0 and 6 > 0 such that M(I.'o) > e for every ring .4 in D such
that M(la) : 6"; the proof is the same. From this remark we immediately get
the following corollary:

Corollary L. Let f: D --+ D' besuchthatthereexists a ) 0 a.nd7: (0,o] --+

(0,*) such that M(l',) <.y(MQA)) å. every ring A in D sucå that d <
M(te) ot. Then f is K-quasiconformaJwith K : K(a,1,,n).

We remark that if f : D --+ D' is K-quasiconformal, then for every ring ,4
ir D, M(l'zJ < KM(|.A); hence the condition of corollary f. is satisfied for
7: (0, oo) --+ (0, oo) , l@) : K x. Our result shows that we can have quasiconfor-
mality for an arbitrary function 7.
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