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SOME CONDITIONS FOR QUASICONFORMALITY

Mihai Cristea

It is known that if D, D' are domains in R and f: D — D' is a home-
omorphism such that the linear dilatation H(z, f) < H for every z € D, then
f is quasiconformal. The linear dilatation H(z, f) is defined in a point z € D
such that = # oo and f(z) # oo by limsup,_,(L(z, f, r)/((z, f,r)), where
L(.’L’, far) = ma‘x|y—z|=r‘f(y) - f(x)l ) l(:l:, f,T) = min|y—1|="|f(y) - f(:l))‘ . For
0 < @ <1 we define Ly(z, f,r) = ma,X|y_z|=o,r|f(y) — f(:z:)l and Hy(z, f) =
limsup,_,o(La(z, f,r)/(I(z, f,7)), and it is obvious that H,(z, f) < H(z, f). We
shall show that if there exist 0 < @ < 1 and H > 0 such that Hy(z,f) < H
for every ¢ € D, then f is K -quasiconformal, with K(a, H,n) = H" o'~ ",
We shall follow the classical proof of the fact that the metric definition of quasi-
conformality implies the analytic definition of the quasiconformality, and we shall
give a detailed proof for the sake of completeness. We shall use this result to
prove that if f: D — D' is a homeomorphism for which there exist ¢ > 0 and
6 > 0 such that M(I'y) < é for every ring A in D with M(T4) < ¢, then f
is K -quasiconformal with K(e,§,n) = (exp(wn_ls_l)1/(""1)/57(6))n—l , where g
is a determined function. Therefore f is quasiconformal if and only if f carries
rings of small modulus into rings whose modulus is dominated by a constant §.
P. Caraman [1], generalizing a result of Renggli, proved that if f: D — D' is a
homeomorphism with f carrying path families I' from D such that M(T') = oo
into path families I such that M(I") = oo, then f is quasiconformal. We shall
prove that if f: D — D' is a homeomorphism such that there exists a constant
6 > 0 such that M(I") > 6 for every path family T' from D with M(T') = oo, then
f is quasiconformal. These results (Theorem 2, Theorem 3 and Theorem 4 from
our paper) can easily be deduced from Lemma 1 [1], but we give an alternative
proof which permits us to evaluate the quasiconformality constant K, too.

I wish to thank the referee for his careful reading of the manuscript and his
advice. The final form of the present paper was substantially improved by his
suggestions.

Throughout the paper, D, D' will be domains in R and f: D — D' a
homeomorphism. We shall use the notations and the results from [2]. We denote
by A(r) the set of all rings A = R(Cy,C;) in R with the following properties:
1) Cp contains the origin and a point a such that |a| = 1. 2) C; contains co and
a point b such that |b| = r. We denote h(r) =inf M(T'4) over all rings A € A(r).
Then h: (0,00) — (0,00) is a decreasing function such that lim, o h(r) = co and

doi:10.5186/aasfm.1989.1405


koskenoj
Typewritten text
doi:10.5186/aasfm.1989.1405


346 Mihai Cristea

lim,_,o h(r) = 0 (see [2, Theorem 11.7, p. 34]), and we define g: (0,00) — (0, o),
g(z) = h™(z) for every z € (0,00). Also, if A = R(Cy,C}) is a ring such that
c,00 € Cy, a,b € Cy, then M(T4) > h((|c —a|)/(|b — a|)) (see [2, Theorem 11.9,
p. 36]). For every set X C R", we denote by m,(X) the p-dimensional Hausdorff
measure of X. We denote by V,, = m,(B™) and by wp,—; = m,_1(S™"1), where
B™ is the unit ball from R™ and S"~! is the boundary of B"®. We also set
L(z, f) = limsupy_o| f(z + h) — £(2)]/IA].

Lemmal. Let f: D - D', 0 < a <1 and h > 0 besuch that Hy(z,f) < H
for every x € D. Then f is ACL.

Proof. Let Q@ = {z € R"|a; < = < b;} be a cube in D\ {00, f~(c0)}
and consider the projection P: R® — R"~! = R"™!. For each Borel set A C
int PQ, we set E4 = QN P71(A). Setting ¢(A) = m(f(E4)) we obtain a set
function ¢ in int PQ. By the Lebesgue theorem, ¢ has a finite derivative ¢'(y)
for almost every y € int PQ. We shall prove that f is absolutely continuous on
the segment J = E,. Let F be a compact subset of J Nint@ and let Fy =
{m € F|Lu(z, f,r) < Hl(z, f,r) for every 0 < r < 1/k}; for k € N. Since f
is continuous, each F} is a compact set, Fx C Fiy1 and F = [Jjo, Fr. We
now choose k € N such that 1 < kd(F,FrQ), we fix k and we choose ¢ > 0
and t > 0. By [2, Lemma 31.1, p. 106], there exists § > 0 such that for every
r € (0,6/a) there exists a finite covering of Fj with open intervals A;, A,,

.., Ap such that m(A;) = 2ar, the centre of each A; belongs to F}, each
point of J belongs to at most two A;, ¢ = 1,2,...,p and par < m(Fy) + €.
We now choose r < min(6/a,1/k) such that if |z — 2| < 2ar, z,2 € Q, it
follows that |f(z) — f(z)| < t. Let A; be the open n-balls whose diameter
is Aj, z; be the center of A; and B; the open n-balls centered at z; and of
radius r, ¢ = 1,2,...,p. Then B; C Ep, where B = B""1(y,r), and we denote
L; = Ly(zi, f,r) and ; = l(z;, f,7), 1 = 1,2,...,p. Since z; € F}, we have
L,‘ < Hl,‘, Tt = 1,2,...,p. Then Fk C U€=1A,‘, d(f(A,)) <t, = 1,2,...,p;
hence

mi(1(R) < Y- d(1a) <2(3 i),

By Hélder’s inequality we obtain

e <o (3n) <2 (51)" (S 2)
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»
< 2"H"a! "1 " (my (Fy) + e)n_l Z n

i=1
P
< 2"H o (my (F) +€)" T VY m(f(By)).
i=1

Let ¢ =[1/a]+ 1. Then ga > 1, and every point from Ep belongs to at most 6¢
balls B;. Indeed, let § € Ep be such that § € B(zj,r). If B(z;,r) N B(zj,r) #
0, then |z; — z;| < 2r; hence § may belong only to a ball B(z;,r) such that
|z; — z;] < 2r. Suppose that we have more than 6¢ points z; in J N B(zj,2r).
Let I = {i € Z|z; € JNB(z;,2r)}. Then Y ,.;m(A;) > 12gar > 12r. Since
m(U;er Ai) < 6r, it follows that there exists a point € J such that = belongs
to at least 3 sets A;, which represents a contradiction. Then § may belong to at
most 6¢ balls B(z;,r); hence every point of Ep may belong to at most 6g balls
B;. Since every point of f(Ep) belongs to at most 6¢f(B;), we have

4

> m(f(B:)) < 6gm(f(Ep)) = 6q(B).

=1

Since F} C F', we have
mt (f(F)" < (2"+3H"Vn_1q(m1(F) +a)"‘1<,a(B)) (Vaa™'m(B)) .

Letting first »r — 0, then ¢ — 0 and then ¢ — 0, we obtain m, (f(Fk))n <
Co'(y)my(F)*~1, where C = 2"*3H"V,_19a’ "V, 1. Since f(Fi) / f(F), we
obtain ml(f(F))n < C¢'(y)m1(F)*~!, and from [2, Theorem 30.9, p. 101], we
see that f is absolutely continuous on J.

Lemma2. Let f: D - D', 0<a <1, H>O0, such that Hy(z, f) < H for
every ¢ € D. Then f is a.e. differentiable.

Proof. We have p(z) < oo a.e. (see [2, Theorem 24.2, p. 83]) and, by the
theorem of Rademacher and Stepanov, it suffices to show that L(z, f) < co a.e.
Let zo € D be such that zo # 0o, f(zo) # oo and p%(zo) < co. Then there
exists ro > 0 such that Ly(zo, f,r) < Hl(zo, f,r) for r < ry. For such r we have

VnLa(x07 f) T,)n < Vanl(‘TO, f7 T)n S Hnm(f(B(:l:Oa 7'))) .
Hence we obtain the following inequality:

L(zo, fya-r)" < H"m(f(B(zo,7)))
(a-7)” = a"m(B(zo,7))

Letting r — 0, we see that L(zo, f)" < H"a™"u’(zo).
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Theorem 1. Let f: D —» D', 0<a <1, H >0, such that Hy(z,f) < H
for every z € D. Then f is K -quasiconformal, with K(a, H,n) = H* la!~",

Proof. From Lemma 1 and Lemma 2, f is ACL and a.e. differentiable. Let
z € D be such that f is differentiable at z and |f'(z)| = sup|h|=1|f'(w)(h)|,

my = inf|h|=1|f'(a:)(h)|, and let ¢ > 0 be fixed. Then there exists §. > 0 such
that for || < &.;

|f(z + k) = f(z) — f'(z)(h)| < elhl,

hence

|[f'(@)(R)| —elhl < |f(z +R) = ()| < |f'(2)(R)] +elh|

for [h| < 8. Let r = |h]. Then for r < é., (|f'(z)| — €)ar < La(z, f,7) and
I(z, f,r) < (mgz +€)r. We have

a‘f,($)| — € < La("cafvr)
me+e ~ =, f,r)

for r < 6,. We see that if m, = 0 and |f'(z)| # 0, then H,(z, f) must be oco;
hence either f'(z) = 0 or we have 0 < a|f'(z)|/m, < Ha(z, f) < H. For m; >0

we have . B
r@" _ @)
IJf(:v)| - m;“l

and

7@ _ [f@]"

n - n—1
mg mg

(see [2, (14.3), p. 44]). Hence if f is differentiable at z, we obtain If'(@)|" <
H" 'a'="|Js(z)| and |Js(z)] < H" 'a'""m?. We now apply Theorem 34.6

from [2, p. 115], to conclude that f is K -quasiconformal, with K(a,H,n) =
Hn—lal—n'

Theorem 2. Let f: D — D' be such that one of the following conditions is
satisfied:

a) There exist € > 0 and § > 0 such that for every ring A in D such that
M(T 4) < ¢ it follows that M(T",) < §.

b) There exist ¢ > 0 and 6§ > 0 such that for every ring A in D such that
M) < e, it follows that M(T4) < 6.

Then f is K -quasiconformal, with

K(e,6,n) = (exp(wn_l -e—l)l/("'l))/g(é)) " .
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Proof. Suppose that Condition b) holds. Let a € (0,1) be such that h(a) =
6, A = exp((wa—1671)}(»~1) | and suppose that there exists a point =z € D\
{oo U f71(c0)} such that Ha(z,f) > A. Then we can find r > 0 such that
Ly(z, f,r) 2 M(z, f,r) and F(f(:c),Lo,(:v,f, r)) C D'. We abbreviate Lo(z, f,7)
to Lo and I(z, f,r) to | and let B = f~Y(B(f(z),1)), C = Cf 1 (B(f(z),La)),
A = R(B,C). Then M(T4) > h(a) = 6 and M(T'y) = wn_1 (log(Lal‘l))l—n.
Since Lo/l > exp((wn_le"l)l/(”"l)) if and only if wp—1 (log(Lal‘l))l_n <e, we
obtain M(I",) < e and M(T'4) > 6, which represents a contradiction. We proved
that Hy(z,f) < X for every ¢ € D and that hence, by Theorem 1, f is K-
quasiconformal, with K(e,§,n) = (exp((wn_le_l)1/(”_1)/g(5)))"_1 . If Condition
a) holds, we prove the same thing for f~!, and by [2, Corollary 13.3, p. 42], the
theorem is proved.

We remark that we have also proved the following theorem:

Theorem 3. Let f: D — D' be such that one of the following conditions is
satisfied:

a) There exist € > 0 and § > 0 such that for every ring A in D such that
M(T4) > 6 it follows that M(T,) > .

b) There exist ¢ > 0 and § > 0 such that for every ring A in D such that
M(Ty) > 6, it follows that M(T'4) > €.

Then f is K -quasiconformal, with

K(e,6,n) = <exp(wn_1 ceThH/(n1)) /g(&)) " .

Theorem 4. Let f: D — D' be such that there exists § > 0 such that for
every path family T’ from D such that M(T') = oo, it results that M(T") > §.
Then f is quasiconformal.

Proof. Suppose that H(-, f) is an unbounded function on D. Then there
exists r,, € D such that z, # 0o, f(zm) # 00, H(zm,f) > exp(2™). Let
Ym = f(zm) for every m € N. Then we can find r,, > 0 such that L(zm, f,rm) >
exp(2™)(Zm, fy7m) and B(Ym, fyrm) C D' for every m € N. We abbreviate
L(Zpm, f,7m) to Ly and (zm, f,7m) to lm and let By = f~1(B(Ym,Im)), Cm =
cf! (B(ym,Lm)), Am = R(Bn,Cp) for every m € N. We remark that we
can choose the rings A, such that the path families I'4, are separate. Then
M(T4,.) > k(1) and

n—1
M(TY, ) =wn (log(—Ll-ﬂ)) < wp_1 log(exp(2m))1_n <wp_127™

for every m € N. Let p € N be such that wp—1)_,5,2™™ < 6. If we take
T =Um>pla, and I' = U,5, T, we see that M(T') =3, 5, M(Ty,) = oo

and M (f‘P) =3 > M(I"y ) < 6 , which represents a contradiction.
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Remark 1. The referee pointed out to me that we can replace Condition a)
of Theorem 2 with a weaker condition, i.e., “There exist € > 0 and § > 0 such that
M(T";) < & for every ring A in D such that M(T'4) = €”. This condition will
imply Condition a). Indeed, assume that A is a ring in D such that M(T'4) < e.
Then there exists a ring A; separating the boundary components of A such that
M(T4,) = €. If we assume that M(I"y ) < 6, then M(T'4) < M) <é. Also,
we can replace Condition a) of Theorem 3 with the following weaker condition:
“There exists € > 0 and § > 0 such that M(I",) > ¢ for every ring A in D such
that M(T'4) = 6”; the proof is the same. From this remark we immediately get
the following corollary:

Corollary 1. Let f: D — D' be such that there exists « > 0 and 7: (0,a] —
(0,00) such that M(T"y) < v(M(T4)) for every ring A in D such that 0 <
M(Ta) < . Then f is K -quasiconformal with K = K(a,~,n).

We remark that if f: D — D' is K-quasiconformal, then for every ring A
in D, M(T'y) < KM(T4); hence the condition of Corollary 1 is satisfied for
7: (0,00) — (0,00), y(x) = Kz. Our result shows that we can have quasiconfor-
mality for an arbitrary function ~.
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