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CHARACTERISTIC PROPEHIIES OF
THE NEVANLINNA CLASS }'i AND
THE HAR,DY CLASSES HP AND Hf

Z. Paviöeviö

For a measurable function u(r) > 0 defined in the unit disc D: lzl < 1, we

introduce a characteristic function which in the case of a meromorphic function
becomes its Nevanlinna characteristic function in the Ahlfors-Shimizu form. In
terms of new characteristic functions we prove necessary and suffi.cient conditions
for a function to belong to the Nevanlinna class .l[, to the Hardy classes Ifp,
0 <p < foo, and to the hyperbolic Hardy classes Hi,0 < p< +m.

1. For a measurable function u(r) > 0 defined in the unit disc D: lzl < 1, on

the complex z-plane, we introduce the characteristic function P(r,u) in the form

P(r,u) : [' s(t'u) or, o < r < 1,\ / ' Jo t

where

and put P(1, u) : lim"*l P(r, u).
If f (z) is a meromorphic function in D and

f{(,):lnlf'e)l'r'-'lf'e)l1r+ lr{,)l')-', 0 (p ( *oo,

then P(r, ft) : loTo@,/), where To?, f) is the characteristic for the meromor-
phic functio" f(r) introduced by S. Yamashita [4]; for p - 2 we get T2(r,f):
T(r, f), the Nevanlinna characteristic function of f (z) in the Ahlfors-Shimizu
form.

Lemma t. Let S(r,u) ( *oo for any r, 0 ( r <L. Then

s(r,u) : ;
lrl<t

P(,,u): * I I@e))'k 
^a"dy, 

z-r*iy,
lrll"

koskenoj
Typewritten text
doi:10.5186/aasfm.1990.1525



4

get

where

(1) ,s1(r,u) :: lr'. (u(teio))zdo.

For any f e L(O,a), a> 0,

(2) 
1," (: l,' r$)o,) a,: 

1," ft)nlat
(see, for instance, [8, p. 59]). Putting /(t) : tS{t,u) in (2) and using (L), we get

P(r,u) : 
fo's(\r'") 

o*: 
lo'$r(t,u)uiat

:: l,' rr"i(|, @pei01)2 ae) o, : * l,' l,'. @(t"n'))'nlt at ae

:L, I lfuQ))'nfiaaav, z:teio : r*iu.
1,11,

In the case r : 1 , consider the characteristic function x,Q) of. the disc D,: lzl <
r < L, i.e.,

,"r,1 : {å, iltit=1)|.,
Then

P(r,u) :I I I tu@))'nfia*aa, o < r < 1.

l,l<1

Since 0 < X"(z)ln(rllzl) | lnlllzl as r -+ 1- 0, the conclusion of Lemma t holds
in the case r : 1 by a well-known Fatou theorem.

Remark. In the case u(z) : f#(r) : lf,e)le + lf e)l')-' fo, a meromor-
phic functio" lQ) in D, Lemma 1 is proved by S. Yamashita ([8, Lemma 2.2]).

2. For the Green potential

,r*, :,,[ol ^l*lo* or, z : s * ia, w € D,

we proved in [2] the following lemma.

Z. Paviöeviö

Proof. First suppose that 0 < r < 1. Since S(r,u)( *oo for 0 < r ( 1, we

lrS(r,u): I ts{t,u)dt,
Jo
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Lemma 2. If w(w) is a Green potential in D, then

u.t(w): la(t-1w12), w € D.

3. Let 9-Q) : Q + w)lQ ! az), w € D is fixed, md u-(z) :
"@-(rDlpL(z)l , obviously, us(z) : u(r).

For a point ( : ei0 € I: lzl : 1 and any 6, 0 < 6 ( 1, we consider two
tangents drawn at the point ( : eiq to the circle 16: lzl: 6, and denote by
A(d,6) the domain in D whose boundary consists of these two tangents and the
largest subarc on 16. Suppose that for any 6, 0 < 6 < L, there exists a set M(6)
on I such that ihe linear measure M(6) :2u and

is finite or infinite for each 0, eio e M(6) (cf. [1]).

Lemma 3. Let u(z) ) 0 be a measurable function in D. The following
asserfions are equivalent:
(i) For any fixed 6, 0 ( 6 ( 1, the function A(0,6,u) is a summable function of

the argument 0 on lO,Zul;
(ii) t tO-lzl)(u(z))' drdy( *oo, z : a *iy;

lrl<1
(iii) / /P(t, u-)de dr1 <*a, w: (*ir7.

l-l<r
Proof. The equivalence of (i) and (ii) is proved by V.I. Gavrilov ([1, Theo-

rem 1, in which one must replace u(z) with @(4)'1.
To prove the equivalence of (ii) and (iii), we note that

1 r_r _ 2 | /. 11-uzl .-.L-tzt:;6114 J Jr"l,-ye ar, w:e +irt,
t '' l-l<r

holds by Lemma 2. Hence, (ii) holds if and only if

(3),,L1 ffi\_{.,|^l#ld€d,t)dadv I*a

Changing the order of integration in (3), we see that (ii) holds if and only if

(4) : I I( Ilau))''l**lo.oo)d{dr7<*oo
l-l<r lrl<r

A(0,6,u)- I Ia(,)) 'd*dy, z-r*iy,
a ( 0,6)
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since hl(1 - z*)l@ - 4l
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- lnltt - *r)lQ -tr,)l for any z, ?D e D,

: * ll@e))'tnl=lo"dy,
lrl<1

P(1 ,u*)

(4) holds if and only if

I I "rr,u-) 
d( d,1 < *a.

l-l<r

4. For a meromorphic function /(z) defined in D, we put

tf@ : Lplf(,)lorz-'j'e)l1r + l/(,)lo)-', 0 < p < *oo.

Then 0 A ffQ) ( *oo a'rd ff,(z): *oo at the zeros and the poles of. f(z).
Theorem L. For a meromorphic function f (z) in D and for any p, 0 < p <

foo, tåe following assertions are equivaJent:
(i) For any frxed 6, 0 < 6 < 7, the function A(0,6, ff) ;t a summable fitnction

of the argument 0 on 10,2u];
(ii) I IO -l,l)UtQ))2 a"ay( *oo, z : r *iy;

l"l<r
(iii) / /P(1, (ft)-)d€dq < *a, w: €*in;

l-l<r
(iv) P(1, ff) < +*;
(") f (r) is a function of bounded typel i.e., the Nevanlinna charactefistic T(r, f)

is bounded as r --+ 1 .

Proof. According to ([4, Lemma 1]), the function ft@, 0 ( p ( *oo, is

locally summable in D. Letting u(z): ff(r) in our Lemma 3, we obtain the
equivalence of (i), (ii) and (iii). The equivalence of (ii), (iv) and (v) is proved by
S. Yamashita ([4, Theorem 1]).

Remark. In the case p : 2 the equivalence of (i), (ii), (iv) and (v) in
Theorem 1 is proved by V.I. Gavrilov ([1, Theorem 2]).

5. It f (z) is a holomorphic function in D, we put fiQ) : Lzplf Q)lplz-rlf ,Q)|,
0 < p < *oo. Then 0 S fi(r) ( *m and f|(z): *oo at the zeros of f(z). It
p : 2, then f iQ) : lf 't4l (cf. t5l).

Theorem 2. For a holomorphic function f (z) in D and for any p, 0 < p <
lc,o, the following assefiions are equivalent:
(i) For any fixed 6,0 < 6 < 1., the function A(0,6,fi) is a summable function

of the argument 0 on 10,2u);
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(ii) I IO-14)(f;@)'d*dy (*oo, z:xtia;
l,l<r

(iii) I IP(1,(#),,) d€dq < *q, w: €+iq;
l-l<r

(iv) P(1,"fJ) < +o";
(") /(r) belongs to the Hardy class Hp.

Proof. Since $, 0 ( p ( *oo, is a locally summable function in D (see [5]),
putting u(z) : fiQ) in Lemma 3 we obtain the equivalence of (i), (ii) and (iii)
in Theorem 2. The equivalence of (i), (ii), (iv) and (v) is proved by S. Yamashita
([5, Theorems 1 and 2]).

Remark. In the case p: 2 the equivalence of (i), (ii), (iv) and (v) is proved
by V.I. Gavrilov ([1, Theorem 3]).

6. Lel B denote the class of holomorphic function, f(r) in D for which

lf(r)l . L in D. For a function f(z) € B, let fh(z) denote the hyperbolic

derivative ot f(z), i.e., fh(z) : l/'(r)l1r - l/{r)l')-'. Consider .l(/(r)) :
)(/): -h(r - lrr,ll).

Following S. Yamashiia [6], we say that a function f(r) e B belongs to the
hyperbolic Hardy class Iffl, 0 < p < *m, if

sup
0(r(1 *t," ("(t(r)))o do < *oo, z:r"io

where "(f(,)): Irn(1 +Vfal)l(r - lft,)l).
Theorem 3. For any function lQ) e B and for any p,01p 1*a, the

following assertions are equivalent:
(i) For any fixed 6, 0 ( 6 11, the function A(0,6,^U)@-r)/2 fh) is a summable

function of the argument 0 on 10,2u);
(ii) I IO-lzl)»(f(z))o-'(fu(r))'drdy < *oo, z:x*iai

l,l<t
(iii) I IP (1, ()(/)(p-')/'fu)_) d€dn < *oo, r, : €*iq;

lrl<1
(iv) p(1, 

^ff)(p-r)l2fu) 
. +oo,

(") f(,) e HX.

Proof. Since (/(z)1@-t)/2 |nQ) is a locally summable function in D for any

p, 0 ( p ( *oo, putting u(z):.\(/(r))('-')/'fu(r), 0 1p < *oo, in Lemma B,

we obtain the equivalence of (i), (ii) and (iii) in Theorem 3. The equivalence of (i),
(ii), (iv) and (v) in Theorem 3 is proved by S. Yamashita ([6, Theorems 1 and 4]).
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Lemma 4. Let P(1, u) ( *oo . Then

(5) llf"oll'd,xd,y:"(#) , r1t,z:r*iy.
l,l<,

Proof. By Lemma 1 and the condition P(1, u) ( *oo we have

P(1, u) : lgl P(r, u) : 
å H | | t"f,l>'n f,a* 

aa

l,l<,

: I r,,, r", I | {,e))'a,ay +Iyx I | {"r,>)' nfia*aa
fr' r'l 

rrr<, rrr1,

: I r* t", I ll,{,))'a*d,y *p(t,u),tt r+l 
lzllr

from which the assertion of Lemma 4 follows.

Remark. Since In r - (r - 1) as r --+ !, the assertion (5) may be rewritten
in the form 

,,m(r - 1) [ [ furrl)'aa d,v : sr-t' ' J J '
l,l<,

when P(1,u) < +oo.
8. Conclusion. (i) Putting u(z): ff (r), 0 ( p ( *oo, in Lemma 4 we

obtain the following result: If f(z) is meromorphic in D and T(r,f): O(1),
r --+ L, then

lTl(' - » | | OfQ))2d* dv : o, z : r t iv.

l,l<"
In the case p: 2 this result is mentioned in [7].

(ii) Putting u(z): fiQ),0 < p < foo, in Lemma 4, we obtain a result of
S. Yamashita ([7, Theorem 3]): If /(z) belongs to the Hardy class ffp , 0 < p <
f oo, then

I ltr;a»'d*dY: "(*) t r..+ 7'

l,l<,
(iii) Putting u(z): (f (/(r)))'-' fu(r) in Lemma 4, we obtain the following

result: It f(z) belongs to the hyperbolic Hardy class äfl , 0 < p ( *oo, then

I lfxr»,-'(ru(4)'axdy -,(*) , r...+ !.
1,11,

In the case p : 1 this result is mentioned in [7].
I wish to express my gratitude to V.I. Gavrilov for his valuable advice.
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