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SOME PROPERTIES OF WEAK SOLUTIONS OF
NONLINEAR SCALAR FIELD EQUATIONS

Li Gongbao

Introduction and the main results

In this paper, we study some properties of the weak solutions of the following
nonlinear scalar field equations

N oo du
— — p—2_-" =2, —
> o (1vu o) + @l = (o),

ou
_ q N P N .
(1.1) ueE—{ueL(R )[—azieL(R ), 1_<_t§N},
where ¢>p if p>N2>2, and

N
PSqu*=N_pp, when N > q.

When p = ¢ = 2, (1.1) is derived by considering the standing waves of the
nonlinear Schréodinger equation

(1.2) i®, = AD + g(|®])3,

where 2 € C, A= E?_[__l(az/aa:?), z=(2',22,...,2") € RN . A standing wave
of (1.2) is a solution of (1.2) which has the form ®(z,t) = e**'u(z); thus u satisfies

Au+ g(|u|)u + Bu =0,

which is a special case of (1.1). For more details about scalar field equations see
e.g. [BL].

Throughout this paper, we denote by ||u||, the L*-norm of the function u
over RN and lulls(js;>r) the L®-norm of u over the set {z € RN | |z| > R}
where s > 1. Let p, ¢, and the space E be given as in (1.1). The norm in E is
defined by ||lullp = [[|Vulll, + llull, for any u € E. It is clear the (E, Il g) is a
reflexive Banach space.

By Nirenberg’s inequality (see [N]), E is imbedded in L*(RN) for ¢ > ¢ when
N < p andfor ¢ <t <p* = Np/(N —p) when N > p. Furthermore, we have the
following result which is a generalization of N. Trudinger’s inequality (see [L]).
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Lemma 1.3. Suppose that 0 < v < N/(N —1), r > ¢ > N with yny >
r+ N/(N —1), b> 0 where ng is a positive integer. Then for all u € E

+oo
bn
(14) > 2 [ ulmds < Qi) il

n=ng

andfor 0 < <1

+<>o1

> ai([f 1) < ey ol

n=no

where C(t), C(t) are nonnegative real functions on [0,4+00). Furthermore for
each M > 0, there is a constant K(M) > 0 such that

C(Ivully) < K1), E(IIVallly) < K1)
whenever |||Vul||y < M and furthermore there is a constant K such that
ClIVullly) < K [IVully**

whenever |||Vul||y < 1. Here an, is a positive constant depending only on nq.

Proof. This lemma was proved in [LZ, Lemma 1], but for completeness, we
sketch the proof.

By the results of C. Talenti (see [T]), we know that if s, > 1, 1/s = 1/t—1/N
and when |VA| € L}(RY), then

(1.5) lRll, < K(N, ) [ VR,

where
o =1 N—t |V I(N +1) YN
B0 =5 [N(t— 1)] [F(N/t)P(N+ 1 _N/t)“"N—l]

and wy_q = WN/Z/P(%N +1).
Setting a, =1 —r/yn (n > ng), b = |u|'/* and using (1.5) and Hélder’s
inequality we obtain, for each u € E,

n K(N,py)] ™™ nan, r
(1.6) / [u|"dz < [———( ")] IVl iy,
RN an

where p, is such that 1/yna, = 1/u, — 1/N. On the other hand, it is easy to
see that
K(N,p,) < CnN-D/N
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where C >0 is a constant independent of n, so we have

n
SO s 5 U g a7

n—no n—-no

from which the lemma follows.
Next, we state the conditions imposed on ¢(z) and f(z,t) in (1.1).

(¢1) The function c(z) belongs to C°(RY, R!), and there is a constant ¢ > 0 such
that ¢(z) > ¢ for any z € RN

(f1) f(z,t) € CO(RY x R, RY).

(f2) lims—o f(z,t)/|t|*"* = 0 uniformly in z € RV .

(fs) If N < p, then there is a I, ¢ < ! < 400 such that lim;—,o f(2,t)/[¢|'"1 =0
uniformly in z € RN.

If N = p, then there is a v with 0 <y < N/(N — 1) such that
tll)rgo f(x,t)/e’m =0 uniformly in z € RY.
If N > p, then there is a constant b > 0 such that
tli)rgo fz,)/|t""'=b  uniformly in z € RV.

Under the above conditions (¢1), (f1)—(fs), we easily see that for any € > 0,
there is a C, > 0 such that

(1.7) |F(z,t)| < elt]?™" + CJt|?" 72, for all (z,t) € RN x R' if N > p,
(1.8) |f(z,t)] < elt|?! + C.|t|'"?, for all (z,t) € RN x R'if N <p,
|t|‘yn+N 1
(1.9) |f(z,t)] <elt]*™! +C. Z Y forall (z,t) e RN x R' if N = p.
n=ng

A function u € E is called a weak solution of (1.1) if for each v € E

N
(1.10) / [Z |Vu Ip_20_u88_v + c(x)|u|"2uv — f(z,u)v| dz = 0.
RN [i=1 4

Note that under conditions (¢1), (fi)—(fs), u = 0 is always the trivial so-
lution of (1.1). The existence of nontrivial weak solutions of (1.1) was studied in
[BL] for p = ¢ =2 and in [Li], [LZ], and [YZ] for general ¢ > p.

It is our aim in this paper to study some properties of the weak solutions of
(1.1). The main result is the following:
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Theorem 1.11. Suppose that (c1), (fi1)—(fs) hold and v € E is a weak
solution of (1.1). Then u € L*(R") and thereisat > 1, Ry = Ry(t) > 0 such
that for any R > Ry

(1.12) ulloogzizr) < € lullyz)> ry2) < +00

where C is a positive constant independent of R. Furthermore, lim;|— o u(z)
=0, and u € CL¥(RYN) for some 0 < a < 1.

loc

Remark 1.13. C1® regularity is the best possible in general for weak so-
lutions of degenerate elliptic equations like (1.1) as one can see from a simple
example in [To].

There have been some results for C1'® regularity of weak solutions in bounded
domains (see e.g. [LU], [To]). For the unbounded domain R™, H. Brezis and
E.H. Lieb showed that weak solutions of semilinear elliptic systems, in particular
of (1.1) when N > p =2, are in L®(R¥)NCL¥(RV) for all 0 < a < 1 and the
solutions tend to zero as |z| — +oo (see [BLi]). But their method seems not to
extend to p # 2.

The main difficulty in proving Theorem 1.11 is to prove (1.12) and u €
L>*(RN). We overcome this difficulty by using the Nash-Moser method (see
[GT]) together with careful estimates.

2. Proof of the main theorem

In this section, we prove the main result of this paper, Theorem 1.11. By the
main result in [To], we need only to prove (1.12) and u € L*®°(RY) together with
limg| oo u(z) = 0.

Suppose that u is a weak solution of (1.1). For any R >0, 0 <r < R/2, let
n € C*°(RN), 0 <5 <1 with

_f1 il 2R,
(2.1) ={5 SHZR_. i
We set v = max(0,u), v} = min(ut, L) where L > 0.
We first deal with the case where N > p. To this end, let v = 7;Pu+u'£"(ﬂ—1),

Wi = 77u+u'£ﬂ_1 for any 8 > 1. Then by (1.7), by the definition of weak solutions
and by Sobolev’s imbedding, we have, for some constant C' > 0, that, for each
g=1,

2.2) [Wol?. < C /R VWP

Py —

<Cpr (/ wt? ppy TP gy +/ |V77|”u+”u-£p(ﬂ—l)dx).
RN RN
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We claim that
(2.3) we LP"/?(je| > R)

for R large enough. In fact, let 8 = p*/p, from (2.2) we have

(/ (nu"'ut(p‘—p)/”)”*d:c)p/p
RN
R L 4, \@TP)/P
<o [ [, e ([ i)
+/ |V7]|”u+pu'{p*_pdw}
RN
SC(N,p){[/ (qutug @ =P/P)? dw]m &

+/;w |Vn|pu+”uz(p —P)d:c}.

P (Iﬂcl> R)

Since ut € LP"(RY), |u +||

Hence we obtain

(2.4) (/ (u+u2r(p‘-p)/p)z”d$)"/" < (/ (nu"’uz(”‘_”)/")p‘dw)p/p
|z|>R

< C(N, P)/ |V71|pu+"u+(p Pz < Cp/ ut? dg.
RN

- (Ir!> R < 1/C(N,p) for R large enough.

Thus (2.2) follows.

Next, we note that if ﬂ = p*(t — 1)/pt with t = p**/(p* — p)p, then 8 > 1
and pt/(t — 1) < p*. Now suppose that ut € LPAY/(=1(|z| > R —r) for some
B > 1. Then (2.3) gives that

-1
25)  [WLlP. < Cﬂ”{ [/ (,7pu+pﬂ)t/(t—1)dx]1 /t

|z >R—r

% (/ u+(p‘—p)tdw)l/t
|z|>R~-r

1
+ [RN_(R-—T)N] It (/ u+Pﬂt/(‘—1)dz)l_1/t}
TP |z|>R—

<1 5 ()

P
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Letting L — 400 in (2.5), we obtain

RN
||“+”,ep *(|z|>R) = <Cpr (1 + —) ““+| pBt/(t=1)(|z|>R—7)

If we set x = p*(t —1)/pt, s =pt/(t — 1), then

(2.6)

”u ”ﬂs(|z|2R—-r) :

RN/t\1/p8
1o | ooy < )

rP

Cl/ﬂﬂl/ﬁ(

Let 8= x™,(m=1,2,...), then we get

o m RN/t 1/px™
”u+“Xm+1.s(|z[2R) < cx me (1 + rP ) ”u+“x"'3([z[2R—r) :
It is clear that p > N/t. So if rp,, = 2~(™+D R then (2.6) implies
”u+”x"‘+ls(|z|>R) = ”u+”xm+1a(|x|2R—rm+1)

< O X2 X exp (30 (1 + 220 o) |y

i=1

+ 1 .
p*(lz]23 R)
Letting m — 400 in the last inequality, we obtain

i

u .
[ a2y < ;»~(|z|z%R)

Similarly, we can show

”u “oo(|z|>R) pt(IIIZ%R)
where u™ = max(—u, 0); hence (1.12) holds for N > p and lim;|_c u(z) = 0.
To show that ||u||,, < +00 when N > p, we need only show that for any z¢ €
RY | there is a ball Br(zo) = {z € RN | |z — 29| < R} such that ull oo Br(zo)) <
+o00. But this was essentially done in [ZY] for weak solutions of equations similar
to (1.1) in bounded domains. We just sketch the proof of this fact.
Forany 20 € RN, R>0,0<r < 1R, let £ € Co(RN) with 0< ¢ <1 and

£ = 1 if |z — 29| < R,
10 if|z—=a¢| >R+,

and |VE| < 2/r. Write & = ePutuf?P~D W = Eut(ut)~!, we can show that
for Ry small enough

ut e Pr (Br(zo))
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and similarly for some R that ut € L®(Bpg(zo)) by the method used above.
Thus |Jut|,, < +oo hence |ju||,, < +oco and we have completed the proof of
Theorem 1.11 in the case N > p.

If now N = p, we set v = u"'u'}:N(ﬂ_l), (B > 1); then v € E and the
definition of weak solutions gives that

(2.7) / VutNupN P Dde + N(8 - 1) / Vuf |Nuf VP da
RN RN

+CLN u"'qu'{N(ﬂ_])dao

+oo
<cy 1 [ N1 NGB
- n! RN L )

n=ngo

If we set Wz = utu}?~!, then (2.7) implies

+o00
1
/N VW |Ndz < CAN Y m/Nu+7"|WL|Nd,~c.
R +JR

n=ng
Using Holder’s inequality, we get
N NN 1 +rteon gy ) O N
oWy < e85 ([ wroreoma) T W],
n=ng

where ¢ is small enough such that y+¢& < N/(N = 1), t = N(v+¢€0)/q > q.
Thus Lemma 1.3 yields
IIVWLlly < CBIIWLI, -

Hence by Nirenberg’s inequality (see [N]) there is a s > ¢ with
(2.8) IWell, < CUNVWLILy + 11WLll,) < CBIWL,

where C > 0 is a constant from which we obtain ||ut||,, < +oco by standard
Nash-Moser iteration. Similarly ||u~|| ., < 400 and hence ||ul|,, < +o0.

To show (1.12) for N = p, we can use the same method we used in the case
where N > p. In fact, let v = pNututNO-D W, = putu}?~! where n was
given by (2.1) for 1R > r > 0, then by the definition of weak solutions and
Lemma 1.3 we have, for any ¢ > 0, that

(2.9) / |Vu+|N77Nu-L"N(ﬂ_l)d:v
RN
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Out I
N Vut N-2 N 1 +N(ﬂ 1) utd
+ LN E ' ' 8x. 6.1), :E

+N(B - 1)/ |Vu"L'|N77NuzN(ﬁ_l)dm+c/ iy Nyt NB=1) gy
RN RN
< [ feutytn NN
RN

= / wtipNu N Vag 1, W)Y
RN

for some C, >0 and ¢ > q.
Taking ¢ > 0 small enough and using Young’s inequality and (c;), we get

@10) [ 19w MY ae e N1 [ 9t
RN o
+E/ N +N([3 Dde
RN
<c|Wil +N / |Vt N1 Vgl tutu N Dy
RN
<6 [ O
RN

+Co [ [OnMutNuENO e 1 0 w)

where 6§ > 0 is arbitrary and ¢ > 0 is a constant.
Choosing 6 > 0 small enough, we have

1)) [ It O 1 (s 1) [ 9t YO

+& u+quu-£N(ﬂ_l)dx
RN

<c(wull + [ | [wniut i )

where C > 0, € > 0 are constants. Hence

@12) [ [VWi[¥de + i)

SC[/ |V17|Nu+Nu-£N(ﬂ_l)dx+/ n u+N(ﬂ I)IVu"'INdx
RN RN
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N(B- N
s E-0Y [ MO £ Il

<o ([ 1vat g e 4 W)

< C’ﬂN{l + [RY - (R ;];)N] (t-N)/t} uu+uzﬂ_ll ZmzR—r)'

Again, by Nirenberg’s inequality, for some s > t, we have
gain, g

IWell, < CIVWellly + 1Well,)

<opfi+ B |

t(lz|>R-7)
Letting L — 400, we get

RN(t-N)/t] 1/NB

< c1/og1s [1 ¥ e epger>r—n

+
”u “sﬂ(|z|ZR)
where C is a positive constant independent of Rand r. Let x = s/t, B=x"
and r,, = 2~ (M*DR for R > 1. Now we obtain

e m x~™/N
[wH ]| bt ez R S €F X (142 +2) [u* | gm0

from which (1.12) follows easily and hence lim|z|—oo u(z) = 0.
The case where N < p can be dealt with in the same way; we omit the details.
We have thus completed the proof of Theorem 1.11.
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