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MONOTONE FUNCTIONS AND EXTREMAL
FUNCTIONS FOR CONDENSERS IN R"

Shanshuang Yang

0. Introduction

In this paper, we study some properties of monotone functions and extremal
functions for capacities of condensers. After introducing some notations and pre-
liminary results in Section 1, we shall give the construction of a monotone function
and prove an oscillation lemma. In Section 2 we also prove that a relative quasiex-
tremal distance exceptional set with n-dimensional measure zero is removable for
monotone ACL-functions. These are generalizations and modifications of some
results due to A. Aseev and A. Sycev [AS]. In Section 3, by using the results ob-
tained in Section 2 and some results on conformally invariant variational integrals,
we prove a general existence and uniqueness theorem for the extremal function of
the conformal capacity of a condenser R and study the boundary behavior of the
extremal. The corresponding results for the special case where R is a ring are due
to F.W. Gehring [G2] and G.D. Mostow [M6]. In Section 4 we establish the cor-
responding results for the extremal functions of p-capacities of condensers. Some
results obtained here are needed to characterize quasiextremal distance domains
and null sets for extremal distances in R" (see [Y] for applications).

The author expresses his gratitude to Professor F.W. Gehring for suggesting
this topic and for his consistent encouragement and advice. The author would
also like to thank Professors J. Heinonen and O. Martio for making many valuable
suggestions.

1. Notation and preliminary results

We use the following notation for Euclidean n-space R™ and its one point
compactification R". Given z € R"” and 0 < r < oo, we let B*(z,r) denote the
open n-ball with center z and radius r and S™®~!(z,r) its boundary. We also let
€1,...,en denote the unit vectors in the directions of the rectangular coordinate
axes in R".
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1.1. ACL-functions and Sobolev spaces. Suppose D is an open set in
R"™. A function u: D — R! is said to be ACL or to be in the class ACL(D) if
u is continuous in D and if for each closed n-interval @ in D, u is absolutely
continuous on almost every line segment in @ parallel to the coordinate axes.
When oo € D we say that u is in ACL(D) if u isin C(D)NACL(D\ {oo}). It is
well-known that an ACL-function has partial derivatives almost everywhere and
that the ACL-property is a local property. Let 1 < p < oo. If u is in ACL(D)
and Vu is locally LP-integrable or LP-integrable in D, then u is said to be in
ACL! (D) or ACL?(D), respectively. We let ACLH(D) denote the closure of
C§°(D) in ACLP(D) under the norm

» 1/p
(12) lellacLr (o) = IVulzqpy = | 17617 dm) ™"

We further let W)(D) and W, 1oc(D) denote the Sobolev space and the local
Sobolev space in D, respectively, and W, (D) the closure of C§°(D) in W, (D).

Another fact we need about ACL functions and Sobolev spaces is that

(1.3) ACLZ (D) = C(D) N W} oo(D)

loc

for any D in R™. For the proof of (1.3) and more details about Sobolev spaces
and ACL-functions we refer the reader to [M3] and [M5].

1.4. Conformal capacity and moduli of curve families. Suppose that
D is an open set in R", that Fy and F; are two disjoint compact sets in D and
that W(Fy, F1; D) is the set of all real valued functions u such that
(1) u is continuousin DU Fy U Fy
(2) u(z)<0if z € Fy and u(z) > 1 if z € Fy,
(3) wis ACLin D.
Then the p-capacity of Fy and Fj relative to D, denoted by cap,(Fo, F1; D), is
defined as

(1.5) cap,(Fo, F1; D) = inf/ |Vul? dm,
D
where the infimum is taken over all u in W(Fy, Fy; D).

1.6. Remark. If u is in W(Fp, F1; D), then

u(z) f0<u(z)<1,

v(z) = { 0 if u(z) <0,
1 ifu(z) >1

is also a function in W(Fy, F1;D) such that 0 < v(z) < 1, v(z) = ¢ on F; for

1=0,1, and
/]Vv|pdm§/ |Vu|? dm
D D
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for 0 < p < oo. Therefore, in (1.5) one can replace W(Fy, F1; D) by a subclass
W' = W'(Fy, F1; D) without changing the capacity, where W'(Fo, F1; D) is the
set of all functions u in W(Fp, F1; D) such that 0 < u(z) < 1, u(z) = 0 if
z € Fy and u(z) = 1 if 2 € Fi. A function u is said to be admissible for
cap,(Fo, F1; D) if u isin W'(Fo, F1; D). The n-capacity cap,(Fo, F1; D) is called
the conformal capacity, since it is conformally invariant, and it is usually denoted
by cap(Fo, F1; D).

Furthermore, we let A(Fy, Fi; D) denote the family of curves joining Fy and
F, in D. Given a curve family ' we let mod,(I") denote its p-modulus. We
denote the n-modulus by mod(T') instead of mod,(I"). For the definition and
basic facts about modulus, we refer the reader to [G1] and [V]. The next lemma
is due to J. Hesse [H, Lemma 5.2 and Theorem 5.5].

1.7. Lemma. If Fy, and F; are two disjoint compact sets in D, then
(1.8) cap,(Fo, F1; D) > mod, (A(Fo, Fy; D)).
Furthermore, if Fy and Fy lie in D, then (1.8) holds with equality.

1.9. Condensers and their capacities. A condenser is a domain in R"
whose complement consists of two disjoint compact sets Fy and Fy. It is usually
denoted by R(Fp,Fy) or R. We say that R is a ring if, in addition, Fp and
F, are connected. A compact set F' is said to be nondegenerate if it contains a
nondegenerate component. A condenser R is said to be nondegenerate if Fy and
Fy are nondegenerate. The p-capacity of R, denoted by cap,(R), is defined as

the p-capacity of Fy and F} relative to R", that is
capp(R) = capp(FOs Fl;ﬁn)'
The conformal capacity of R is denoted by cap(R).

1.10. Relative QED exceptional set. A compact subset E in R" is said
to be an M -QED exceptional set relative to a domain D, 1 < M < oc0,if ECD
and if for each pair of disjoint continua Fy and Fy in D\ E

(1.11) mod (A(Fo, Fi; D)) < M mod (A(Fy, Fi; D\ E)).

This definition is a generalization of the concept of QED exceptional sets intro-
duced by Gehring and Martio [GM]. If D = R", then a relative M -QED excep-

tional set E is an M-QED exceptional set and R"\ E is an M-QED domain.

1.12. Let D be a domain in R"” and F C D be a compact set. We say that
F N D is locally non-isolated if for each z9 € F N 0D there are arbitrarily small
neighborhoods U of zo such that each component V of UND satisfies VNF # 0.
It is easy to see that if D is locally connected at each point of F N 0D (see [V,
17.5] for definition), then FNAD is locally non-isolated. But the converse is false.
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2. Monotone functions

In this section we study the construction, distortion and extension of mono-
tone ACL-functions.

2.1. Definition. A real function u defined in an open set D C R" is said
to be monotone above relative to a compact set F C D, if for any € > 0 each
point zg € D can be joined to the set F' by a curve 4 in D such that

u(z) S u(zo) +¢
for all z € 4. A function u is said to be monotone relative to F, if both u and
—u are monotone above relative to F'.

2.2. Remarks. In the above definition, by a curve 4 in D joining z¢ to F
we mean that 7: [0,1) — R" is a continuous map with v(0) = zo, v(t) € D for
all t € [0,1) and ¥NF # §. This definition is essentially equivalent to Lebesgue’s
definition of monotonicity. More precisely, we have the following lemma.

2.3. Lemma. Suppose that D is a domain and that u is a continuous
function in D. Then u is monotone in D in the sense of Lebesgue, i.e.

24 = inf u = inf
(2.4) s;lApu szpu, infu =infu

for all domains A with A C D, if and only if u is monotone in D relative to a
non-empty compact set F C 0D.

Proof. We first assume that u is monotone in D in the sense of Lebesgue.
For each o € D and € > 0, we let A denote the component of the open set
{z € D : u(z) > u(z¢) — €} containing zo. One can show that A is a subdomain
of D with zo € A and A NJD # . Thus —u is monotone above in D relative
to F = 0D. In a similar manner, one can show that u is monotone above relative
to F.

Next we assume that u is monotone in D relative to a compact set F in 8D.
Let A be any domain in D with A C D. Then for any zo € A and & > 0, there
exists a curve v in D joining zo to F' such that

u(z) > u(zo) — ¢

for all z € 4. Thus

supu > u(zo) — €,
EYN

since ¥ N OA # 0, and letting ¢ — 0 we obtain supgp u > u(zo). Hence

supu > supu
an A

which implies the first equality in (2.4). Similarly, one can show that

inffu <u(z)+e
A

for any z € A and € > 0. This implies the second equality in (2.4). o
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2.5. Theorem. Suppose that D is a domain in R", F a compact set in D
and u a function which is bounded in DU F and ACL"™ in D. Then there exists
a function u' defined in D U F such that
(a) v'=u on F and u' € ACL"(D) with

(2.6) /|Vu'["dm§/ [Vu|dm,
D D

(b) u' is monotone relative to F,
(c¢) if FN 3D is locally non-isolated and if u is in C(D U F), then u' is also in
C(DUF).

Proof. Let |u| < M < oo and {rx} be an ordering of the rationals on the
interval [-M,M]. Using Lebesgue’s method (see [AS], [G2, p. 359] and [M5,
4.3.3]), we first construct a sequence of functions {ux} as follows.

Set ug = u. If ux—; has been constructed, then let

(2.7 Gk = {z € D 1 ug_1(z) > ri}

and let Di be the union of all components of Gy whose closures do not intersect

F. Set

_ uk_l(:r) ifze FUD\Dk,
(2:8) uk(z) = {rk if z € Dy.

The sequence {ux} is monotone decreasing and converges to the limit function v
in DUF'. Then applying the above process to —v, we obtain v’ and set v’ = —v’.

We next show that u' has the desired properties.
For the proof of (a) it suffices to show that v € ACL™(D) with

2.9) /]Vv|"dm§/ V| dm.
D D

From the definition of {ux} and the assumption on u, one can show, by induction
on k, that

(2.10) sup |ur(z) — ur(y)| < sup |u(z) — u(y)|
z,y€B z,y€EB

for any connected set B in D and all k, that uj is in ACL(D) and that
(2.11) Vsl < [Vul

a.e. in D for all k. It follows from (2.10) that v is continuous in D.
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Next by (2.11) and the hypothesis that v € ACL™(D),

/ |Vug|"dm S/ |[Vu|"dm < oo.
D D

Hence there is a subsequence of {ux}, denoted again by {ux}, such that {Vuy}
converges weakly in L™(D) to a vector function f = (f1,...,fn). Since ug is
ACL(D) for all k, the same argument as in [G2, p. 362] shows that v is ACL in
D and that Vv = f a.e. in D. Hence (2.9) follows from the fact

/|Vv|"dm=/ Ifl"deIimsup/ }Vuk|"dm§/ [Vu|"dm.
D D k—oco JD D

The same reasoning as in [AS] shows that (b) is true.

Finally for the proof of (c), it suffices to show that v is continuous at each
point of FFNAD. For this we may assume that F N 9D lies in R™.

Let zo € FNOD. By the assumption, for any r > 0, there is a neighborhood
U of z¢ such that U C B"(zo,r) and that each component V' of U N D satisfies
VN F #0. Thus, as in the proof of (2.10), one can prove that

(2.12) sup |uk(z) - u(zo)l < sup |u(a:) - u(:co)|
UnD UnD

for all k¥ and the continuity of v at zo follows from (2.12) and the continuity of
u at zo. This completes the proof of Theorem 2.5. o

Next we establish an oscillation lemma for the monotone ACL-functions which
will be needed in what follows.

2.13. Lemma. Suppose that E is an M -QED exceptional set relative to a
domain D in R". Let G be any open set in R" and F a compact set in G. If a
function u in ACL(G\ E) is monotone relative to F', then there exists a constant
t > 4 depending only on n and M such that

(2.14) |u(z1) —-u(:z0)| < (/ |Vu|ndm)1/n

Bn(zo,tr)\E

for all zg, z1 in DNG\(EUF) with B"(z¢,tr) C DNG\ F, where r = |zq—z1].

Proof. Let zg, z; bein DNG\ (EU F) with B*(zo,tr) C DNG\ F and
set

ry = 2r, ro = %R, R =tr,

where r = |zg — z1| and ¢ > 4 is a constant to be determined. Without loss of
generality, we may assume that

(2.15) 1 (u(z1) —u(z0)) =6 > 0.
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For any 0 < € < §, by the monotonicity of u(z), we can choose curves v¢ and v;
in G\ E joining z¢ and z; to F, respectively, such that

(2.16) u(z) <u(zo)+e
for all z € 7o and that
(2.17) u(z) 2 u(zy) —¢

forallz € y1. Fori =0, 1, let a:( ) be the last point where v; meets S"~!(zo,71),
let :c(2) be the first point where 7; meets S™~!(zg,r2) after :c( ), and denote the
subcurve of 7; from :cs ) to :cfz) by 74!. Then vy N~} =0 by (2.15), (2.16) and
(2.17). Next let

={z:r <|z—x0| <R}, Dy ={z:r < |z —=z0| <12},
and let T be the curve family each member of which contains a subcurve connecting
the spheres S®~1(z¢,71) and S"~!(zo,r) or S* (z¢,r2) and S""(zo,R). It is
easy to see that
(2.18) A(,71; D\ E) C A(vg, 13 D1 \ E)UT.
Since the modulus of a curve family joining two spheres S™~!(z¢,a) and
S™~1(z¢,b) is bounded above by cn(log(b/a))l—n ([V,7.8)), by (2.18)
(219)  mod (A(y5,71; D \ E)) < mod (A(79,71; D1 \ E)) + 2cn(log2)' ™"

where ¢, is a number depending only on n. On the other hand, by Theorem 10.12
of [V] and the hypothesis that E is an M-QED exceptional set relative to D,

1 I
(220)  mod (A(3,7: D\ B)) 2 57 mod (A(r,74; D)) > 52 log 2
where ¢, is also a number depending only on n. Hence

cI
(221)  mod (A(1,74 D1\ B)) 2 = log (3¢) — 2ea(log2)' ™.

The right side of (2.21) tends to co when ¢ tends to co. Therefore, we can choose
the positive constant ¢t depending only on n and M such that ¢t > 4 and

(2.22) mod (A(y0,71; D1 \ E)) 2 mod (A(79,71; D1\ E)) > 1
Next set

u(z) —u(zo) — ¢

v(z) = u(zy) —u(zo) — 2¢”

Then v is in W(y0,71; D1 \ E). Thus, by Lemma 1.7 and (2.22), we obtain

(2.23) /D . |Vv|*dm > cap (y0,71; D1 \ E) > mod (A(70,71; D1 \ E)) > 1.
1

Letting € — 0 in (2.23) yields (2.14) as desired. o
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The main result in this section is the following extension theorem for monotone

ACL-functions.

2.24. Theorem. Suppose that E is an M -QED exceptional set relative to
a domain D in R" with m(E) = 0, that G is any open set in R" and that F
is a compact set in G. Suppose also that a function u is bounded and ACL"™ in
G\ E and that u is monotone relative to F'. Then u can be extended to be a
function u* in ACL" (G \ (E N F)) which is also monotone relative to F.

Proof. For each P € GNE \ F, Lemma 2.13 and the absolute continuity
of Lebesgue integrals imply that there is a neighborhood V' of P such that u
is uniformly continuous in V' \ E. Thus u can be extended to P continuously
and hence it can be extended to be a continuous function u* in G\ (E N F).
Furthermore, since m(E) = 0, Vu* = Vu a.e. in G and it follows from (2.14)
that

(2.25) lu*(y) —u*(z)| < |y — x]t(/Bf(a: + trz) dm(z)) i

for all z, y in DNG \ F with B*(z,tr) C DN G\ F, where B = B™(0,1),
r=le-yl,

f(z) = |Vu*(2)|" = |Vu(z)|"
a.e. in G and t is as in (2.14).

Next we show that u* is ACL in G\ (E N F). Since the ACL-property is
a local property, it suffices to show that u* is ACL in a neighborhood of each
point P in GNE\F. Given P € GNE\ F, welet d =d(P,8(DNG )\ F)),
r1 =d/(2t + 1) and B; = B*(P,r1). Then (2.25) holds for all z, y in B;. We
will prove that u* isin C(B;) N W2(B,). For this we only need to show that the

partial derivatives Ou*/0z, ¢ = 1,...,n, are the weak derivatives of u*. To this
end we let ¢ be any function in C§°(B;) and need to show that
/ u*a—¢dm=— gaau dm, 1=1,2,...,n,
B, 6171' B, 6.’17,‘
that is
(2.26) / 0% im = 0
) B, 6.’11,' ’

The following is a sketch of the proof for (2.26). For more details we refer the
reader to [AS, Lemma 4].

We extend ¢ to the whole space by letting ¢(z) =0 for z ¢ B; and assume
that supp(¢) C B;, where B; = B®(P,ry) with 0 < r, < r;. Let s be any real
number with 0 < |s| < min{r; — r2,7,} and set

o(2) = w(2)p(a), F(,s) = g(z + se;) — g(rt), F(z) = 0;_5:::)
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Then
(2.27) / F(z,s)dm = 0.
B

On the other hand, for any € > 0, we let
K = {z € By : |F(z,s) — F(z)| > ¢}.

Then
(2.28) /B |F(:c,s) — F(z)|dm < em(B;) + /K |F(z)| dm + /K |F(x,s)] dm.

Since F(z,s) — F(z) a.e. in By as s » 0, m(K) —» 0 as s — 0 and

(2.29) lim/ |F(z)| dm = 0.
s—0 Jp-

Next, it follows from (2.25) that

90) = 9(2)| < Mily = |+ Matly = oI ([ fGo +tr2)dm(2)) """

for all z, y in B; , where M; and M; are constants depending only on u* and
¢ . Thus using Hélder’s inequality and Fubini’s theorem, we obtain

(2.30) / |F(z,s)| dm < Mym(K) + Matm(K) ™D/ | Vul| 0 gy m(B)/,
K
which tends to 0 as s tends to 0. Hence by (2.28), (2.29) and (2.30),

lim F(z,s)dm = F(z)dm.
s—0 B, B,

This and (2.27) imply (2.26).
Finally, the monotonicity of u* follows directly from the monotonicity of u,
and the proof of Theorem 2.24 is completed. o
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3. Extremal functions for the conformal capacity of condensers

In this section we generalize a result due to F.W. Gehring [G2] and
G.D. Mostow [M6] which says that if R(Fp, F}) is a nondegenerate ring in R"

then there exists a unique extremal function u in W'(Fy, F1;R") such that

cap(R):/R|Vu}"dm.

Our proof makes use of results obtained in Section 2 and some results on the
conformally invariant variational integral

(3.1) I(u, D) = /D V| dm.

In order to formulate our result we need the following definition.

3.2. Definition. Suppose that D is an open set in R" and that z, € R".
For each t > 0 let

¢(t) = cap(R:)
where R; = R(Fo,Fy) is the condenser with Fy = R" \ B"(z0,2t) and F; =
_En(zo,t) \ D. We say that a point zo € 8D is a regular boundary point of D if

5 e = [ A

dt = oo,
0 t

i.e. if zo satisfies the Wiener criterion with respect to D.

The main result of this section is the following theorem.

3.4. Theorem. If R = R(Fy, F}) is a condenser in R", then there exists a
function v in ACL(R) such that
(a) cap(R) = [ |Vul"dm;
(b) lim;—.,u(z) =i for each regular boundary point =y of R on 0F;, i =0,1;
(c) u is a weak solution to the partial differential equation

div (|Vu|["?Vu) =0

in R, ie.
/ |Vu|*"?Vu - Vwdm =0
R

for all w € C§°(R);
(d) u is unique in the sense that if v is in ACL(R) with v —u in ACL}(R) and

cap(R):/RIVdem,

then u — v is identically constant in R.
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The proof of Theorem 3.4 depends on several preliminary results. The first is
a modification of several well-known facts about the integral (3.1). For the details,
we refer the reader to [M4], [LM] and [GLM].

3.5. Lemma. Suppose that D is a bounded domain in R™. If ¢ is in
C(D)NW}(D), then there exists a unique extremal function up in C(D)NW, (D)
with up — ¢ in W}, o(D) such that

(3.6) I(up,D) < I(v, D)
for all v in ACL"(D) with v —¢ in ACLg(D). Furthermore,
(37) IILH;O UD(:C) = 50(1'0)

for all regular boundary points zo of D.

Proof. By [LM, Section 2.7] there exists a unique extremal function up in
C(D)NW,(D) with up —¢ in W o(D) such that (3.6) holds for all v in C(D)N
Wai(D) with v — ¢ in C(D)NW, ;(D). Now let v be in ACL™(D) with v — ¢
in ACL}(D). For any fixed ¢ > 0, v — ¢ € ACLg(D) implies that there exists
w € C§°(D) such that

V(v —=¢) = Vwllpa(p) <&
Thus,
IV0lln(py = [V(w +¢) = V(w = (v = )| 1 )
2 IV(w+ @)l pnipy = [|V(w = (v - ‘P))HLn(D) > |IVullpn(p) — &

Letting ¢ — 0, we obtain the desired inequality (3.6).
Finally (3.7) holds if z¢ is a regular boundary point of D by [LM, p. 154]. o

3.8. Lemma. Suppose D is a domain in R™ which contains the sphere
S™=Y(zg,r9). If u; and up are ACL in D with u; = uz on S™" Y(z¢,r¢) then u
is also ACL in D where

u(z) = {ul(a:) ifz €D ﬂ?n(:vo,ro),
uz(z) ifz € D\ B™(zo,r0).

Proof. Obviously u is continuous in D. Since the ACL-property is a local
property, it suffices to show that u is ACL at every point on S™~1(z¢, 7). Suppose
z € S" Y zg,70) and choose r > 0 so that B = B™(z,r) C D. Let Q be any
closed n-interval {z € R" : a; < z; < b;,i = 1,2,...,n} with @ C B and L
be any line segment in @ parallel to z;-axis on which u; and u; are absolutely
continuous. Since L is divided into a finite number of subintervals by the sphere
S™=1(zg,r9) on each of which u is equal to either u; or us, it follows that u is
absolutely continuous on L. This completes the proof of Lemma 3.8. o



106 Shanshuang Yang

3.9. Proof of Theorem 3.4. We first prove the existence of u. Since Fj
and F; are disjoint, it is easy to see that

cap(R) = mod (A(Fo, F1;R")) < o0.

Thus appealing to Theorem 2.5, we can choose a sequence of functions {u;} C
W' N ACL"™ such that

cap(R)=jEr&/;|Vuj|"dm

and that each u; is monotone in R relative to OR. Since {Vu;} is a Cauchy

sequence in L™(R), it converges in L™(R) to a vector function f = (f1,..., fn).
Hence,
(3.10) cap(R) = lim / IV |"dm = / || dm.

j— Jr R

Next, by Lemma 2.13 and (3.10), we see that {u;} is equicontinuous at each point
z € R. Then Ascoli’s theorem implies that there is a subsequence, denoted again
by {u;}, which converges uniformly on each compact subset of R to a continuous
function u(z). By the same method as in [G2] and [M6], one can show that u(z)
is in ACL(R) and that Vu(z) = f(z) a.e. in R. Therefore,

cap(R)=/R|Vu|"dm.

For the boundary behavior of u, without loss of generality, we may assume

that R" \ R lies in a ball B*(0,r), 0 < r < 1. Choose s € (r,1) and let

ul(z)’ if lxl <r,
p(r) =< (s=r)™1 ((s - |a:[)u1(:c) + (|z| - r)u(x)) , ifr<|z|<s,

u(z), if |z| > s,

where u; is the first function in the sequence {u;}, B = B"(0,1),and D = BNR.
By Lemma 3.8, ¢ is in ACL"(R") and hence in C(D) N W}(D) with ¢ = u on
OB and ¢ =1 on OF; for i = 0,1. By Lemma 3.5, there is a unique extremal
function up in C(D)N Wyr(D) with up — ¢ in W} (D) such that

(3.11) I(up,D) < I(v, D)
for all v in ACL™(D) with v — ¢ in ACLg(D).

We show next that u has the same extremal property as up in D and that
u — ¢ is in ACLg(D).
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For the extremal property of u, we must prove that
(3.12) I(u,D) < I(v,D)

for all v in ACL™(D) with v—¢ in ACLg(D). In fact, v—¢ € ACLg(D) implies
that for any fixed ¢ > 0, there exists w in C§°(D) such that

(3.13) V(v =) = Vw|[pnpy <e.
On the other hand, since the function

1y Jw(z)+e(z), ifzeD,
“(’)‘{u(z), e R\D,

is admissible for R, that is, ' € ACL(R)NC(R) and u' =i on OF; for i = 0,1,
(8.10) implies that

(3.14) V(e + w)lln(py 2 [[Vullpn(p) -
Thus, by (3.13) and (3.14),

”V””L»(D) = ||V(w +¢) = V(w~(v-yp)) “L"(D)
2 [|V(w + ‘P)“L"(D) - HV(w Gl ‘P))”Ln(D) > ||Vu||L"(D) —é&
Letting ¢ — 0 yields (3.12). This shows that u has the same extremal property

as up in D.
To show that u — ¢ is in ACL$(D), welet A= {z:s<|z| <1} and

‘U(.’E) _ uj(z) - SO(Z), if lzl <s,
P TLA =971 = fal) (ui(@) = e(2), if ] 2 s,
for j =1,2,..., where {u;} is the sequence of monotone admissible functions for

R chosen above. By Lemma 3.8 v; is in C(D) N W}(D) with v; = 0 on 8D.
Since Vu; — Vu in L™(R) and since u; — u uniformly on each compact subset
of R, for any € > 0 we can choose j such that

and

(3.16) lluj — SOHLn(A) = |luj - “”Ln(A) < ie(l - s).
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Then for such j,

(3.17) IV(u; — @) — vUj”Ln(D) = HV((uj - ¢)|;3|_—5)

— S 7liLn(a)

1
< |Vu; - Vu||L,,(A) + 1—s lluj — ‘P”Ln(A) < 3€.

On the other hand, by [M1, Lemma 2.2], v; is in W, ;(D), so there exists w in
C§°(D) such that

(3.18) IV(w — villzn(py < 1e.
Then by inequalities (3.15), (3.17) and (3.18),
IV(u =) = Vel pnpy S V(@ = uj)ll pnpy
+[[V(u; — ) - ij“L"(D) +[[Vv; — VwHL,,(D) <Eé.

This shows that u — ¢ is in ACLg(D) as desired.
From the extremal property of u and up, we see that

(3.19) I(u,D) = I(up, D).

Set w = u — up, and for each real number ¢, let

W(t) = /D |V (u + tw)|"dm.

Then
utitw—p=(1+t)(u—-¢)-t(up—yp)
is in ACLg(D) for each fixed ¢ and (3.12) implies that W(¢) > W(0). Using

Holder’s inequality and Lebesgue’s dominated convergence theorem as in [GLM,
p. 51] and [G2, p. 363], we can differentiate W (t) with respect to ¢ under the
integral sign. Then setting ¢t = 0 yields

(3.20) /D [Vu|"2Vu - Vwdm = 0.
Hence, Holder’s inequality, (3.19) and (3.20) yield
(3.21) I(u,D) = /D Vu|"dm = /D Vu|*"2Vu - Vup dm
< /D |Vu|*~YVup|dm < I(u, D)~ D/"[(up, D)/ = I(u, D),
and we have equality throughout (3.21). This implies that Vu = Vup a.e. in D

and hence that u — up is identically constant in D. Finally, the boundary value
property of up in Lemma 3.5 yields the desired boundary value property of u.
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For the proof of (¢) and (d), we first show that
(3.22) I(u,R) < I(v,R)

for all v in ACL(R) with v —u € ACLg(R). This can be done by the same
method as in the proof of (3.12). Then conclusions (c) and (d) will follow from an
argument similar to that used to establish (3.20) and (3.21). This completes the
proof of Theorem 3.4. ©

3.23. Remark. Since all nonregular boundary points of a domain form a set
of zero capacity [K, Corollary 5.6], Theorem 3.4 implies that cap(R) = 0 if and
only if either OFy or OF; contains no regular boundary points of R.

3.24. Remark. Theorem 3.4 does not guarantee that the extremal func-
tion u for a condenser R is admissible since it may not have right boundary
values at nonregular boundary points of R. However, the following lemma gives
a geometric condition which is sufficient to ensure that the extremal function is
admissible. Essentially the same result was given by Martio in a different form

[M2, Corollary 3.8].

3.25. Lemma. If D is a domain and if zo lies in a nondegenerate component
of 0D, then z¢ is a regular boundary point of D.

Proof. Suppose F is the nondegenerate component of D containing zg.
Then there is a positive number r > 0 such that 0B™(zo,t) N F # @ for any ¢
with 0 <t <r. It is easy to see that

R, C R(R"\ B™(z0,2t), B (z0,t) N F)

where R; is defined in 3.2. Therefore, by the monotonicity of capacity and the
spherical symmetrization inequality for the moduli of condensers [G1, p. 225],

o(t) = cap(Re) > cap (R(R" \ B"(20,2t), B"(z0,1) N F))
> cap (Re(3)) = ¢n > 0,
where for 0 < t < 1, Rg(t) is the Grotzsch ring. Thus,
1 1/(n—1) 1
W(zo,D) = / %—- dt > C}z/(n_l)/ -}dt = 00
0 0

and hence z, is a regular boundary point of D. o

3.26. Corollary. If R is a condenser and if each component of OR is
nondegenerate, then the extremal function for cap(R) can be extended to be an
admissible function for R.
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4. Extremal functions for p-capacities

In this section we extend the results in Section 3 to the case where the con-
formal capacity is replaced by p-capacity, 1 < p < oco. For this case we say that
a point zg € D \ {00} is a p-regular boundary point of D if

1 dt
(4.1) Wylan, D) = [ ()0 % = o,
0
where
cap,(R¢)
4.2 )= —2+ 7
( ) SDP( ) capp(R )

and where R; = R(Fy, F1) and R} = R(F}, F]) are condensers with
Fo=Fy=R"\B"(20,2t), Fi =B (z0,t)\D and F =B"(z0,t).

4.3. Theorem. If F,, F, are disjoint compact sets in R™ and if every
boundary point of R = R" \ (Fy U F}) in R™ is p-regular, then there exists a
unique function v in W'(Fy, F1;R™) such that

(4.4) cap(Fop, F1;R™) = / [VulPdm.

R
Furthermore, u is a weak solution to the differential equation
(4.5) div (|Vu[P~2Vu) = 0.

4.6. Theorem. If F,, F, are disjoint compact sets in R" and if R =
R™\ (Fo U F1) is a domain, then there exists a function u in ACL(R) such that
(a) cap,(Fo,F1;R") = [ |VulPdm;

(b) lim;_., u(z) =1 for each p-regular boundary point =, of R on 8F;, 1 =0,1;
(c) u is a weak solution to the partial differential equation

div(|Vu|P~2Vu) =0

in R, ie.
(4.7) / |Vu[P~2Vu . Vwdm = 0
R

for all w € C§°(R);
(d) wu is unique in the sense that if v is in ACL(R) with v —u in ACLE(R) and

capp(Fo,Fl;R")=/R|Vv|”dm,

then u — v is identically constant in R.
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4.8, Outline of the proof for Theorem 4.3. First we choose a sequence
{u;} in W' N ACL? such that

capy(Fa, FyiR™) = Jim [ [Vu;pdm.

Let Fy, F, C B™(0,r), choose an increasing sequence {r;} so that r; > r and
rj — oo as j — oo, and let D; = RN B™(0,r;). Then by using a generalized
form of Lemma 3.5, we obtain

w; € ACL (B™(0,r;)) N C(B"(0,r;))
with w; =i on F; for i =0,1, w; = uj on $"7'(0,r;) and

/|ij|1’dm§/ |Vv|Pdm

J DJ
for all v € ACL(D;) with v — u; € ACL{(D;).
Next let (2). if la
. _ Juj(z), iz 2Ty,
vj(z) = {wj(:c),. if |z| < rj.

Then Theorem 4.7 in [GLM] implies that {v;} is an equicontinuous sequence in R.
Furthermore, {v;} C W'(Fo, F1;R™) and

cap,(Fo, F1;R™) =j1in;o/R|ij|pdm.

Finally, an argument similar to that of Theorem 3.4 shows that

u = lim v;
j—oo

is the desired extremal function. o
4.9. Outline of the proof for Theorem 4.6. Let d = d(Fo,F1) > 0,
choose a decreasing sequence {§;} so that & < 3d and §; — 0 as j — oo, and
let .
Fi(J) = Fi(§;) = {« e R" : d(z, F}) < §;}, i=0,1,7=1,2,....
Applying Theorem 4.3 to (Féj ),Fl(j);R"), we obtain extremal functions u; €
w'(FY, F9; R") c W'(Fy, Fi;R"). By [H, Theorem 3.3],

(4.10) lim capp(Fo(j),Fl(j);R") = cap,(Fo, F1;R").

j—oo
Thus {u;} is an equicontinuous minimizing sequence for cap,(Fy, F1;R"). Then
as in the proof of Theorem 3.4, it follows that

u= lim v;
j—oo

is the desired extremal function. o
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