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ON THE ESSENTIAL MAXIMALITY OF
LINEAR OPERATORS IN A HILBERT SPACE

Bernhard Steinig

Introduction

In this paper we want to define and study the essential maximality of a linear
(not necessarily bounded) operator in a Hilbert space. The concept of essential
maximality is a generalization of the essential self-adjointness of a symmetric op-
erator in the sense that an essentially maximal symmetric operator is essentially
self-adjoint. To the author’s knowledge, the essential maximality has been previ-
ously defined and studied only by R.A. Goldstein [1], P. Hess [2], and J. Tervo [7]
for linear partial differential operators (cf. also I.S. Louhivaara and C.G. Simader
[4]; for a survey of results on the essential self-adjointness of differential opera-
tors of mathematical physics we refer to H. Kalf, U.-W. Schmincke, J. Walter and
R. Wist [3]).

In 1 we shall define the essential maximality of a linear operator in view
of a second one. We also give a method for verifying the essential maximality
of given operators. From a corollary of this result it follows that the methods
developed in the literature for the verification of the essential self-adjointness of
symmetric operators can be applied to the proof of the essential maximality of
linear operators.

In 2 the methods of 1 will be applied for a tensor product of linear operators,
and we shall prove the relation

(i) =171

for two densely defined closable operators T} and T%; in this relation the right
side means the closure of the tensor product T ® T5 in the Hilbert space Hy®H,
which is defined as the completion of the tensor product H; ® H2. K. Vala [§]
has proven this result in the case of bounded operators, and he has also showed
Ty ®@Ty C (Ty ®T3)* for general linear operators. The result is also known at least
for unbounded self-adjoint operators; cf. J. Weidmann [9], pp. 259-268, who has
proved the result using the spectral theorem. We do not use the spectral theorem
in our considerations.

In 3 the results of 1 and 2 will be formulated for linear partial differential
operators.
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1. A characterization of the essential maximality of
linear operators in a Hilbert space

Let T and T' be two densely defined linear operators in the complex Hilbert
space H (with the domains D(T') and D(T")) such that the relation

(To,¥) = (v, T'Y)

is valid for all ¢ € D(T) and all ¢ € D(T') (i.e. the operators T and T' are
formal adjoints of each other). The operators T and T’ are closable, because
the adjoint operators T* and T'* of T and T' in H are densely defined (e.g.
T' C T*), and we have the closures T = T** and T' = T'**.

We say that the operator T essentially maximal in view of the operator T'
if the relation

T =T

is valid. Of course, in this case also T" is essentially maximal in view of T (since
the above relation implies 7 = T"*).

A closable densely defined operator T in a Hilbert space is of course essentially
maximal in view of the adjoint operator T*.

If the relation T = T* holds for a symmetric operator T, we call T essentially
self-adjoint.

We shall refer to the following result several times (for the proof cf. e.g.
F. Riesz and B. Sz.-Nagy [5], pp. 322-323):

Theorem 1.1. Let H be a complex Hilbert space. Let T: D(T) — H,
D(T) C H, be a densely defined closed linear operator. Then the linear operator
T*T+1,

(T*T+1): D(T*T) - H,

D(T*T):= {z € D(T) | Tz € D(T*)},
is densely defined, bijective and self-adjoint.

Theorem 1.2. Let T and T' be two densely defined operators in a Hilbert
space H with the dense domains D(T) and D(T') so that T and T' are formal
adjoints to each other. Then the operator T is essentially maximal in view of T"'
if and only if the condition

RT'T+I)=H

is satisfied.
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Proof. A. Let T be essentially maximal in view of T'. Then by Theorem 1.1
one has

RT'T+I)=R(T*T+1I)=H.
B. Let now R(T'T + I) = H. Because T' C T*, one has

TT+ICTT+1.

Since by Theorem 1.1 the operator (T*T + I): D(T*T) — H is bijective and
R(T'T +I) = H, it follows that

TT+I=TT+1

and consequently

Because of the self-adjointness of
we have

From the relation

we get

(1.1) T'T=T*T".

Take y € D(T*). By Theorem 1.1 there exists an element v € D(T"*T") with
y=(T"T + I,

which means
y—v=T"Th.
Because D(T') C D(T*), the difference y — v is an element of D(T*), and we
have by (1.1) the following equations
T*(y —v) = T*(T"™*T')

= (T*T")(T")

= (T'T)(T')

=T'(TT').
Since one has D(T) C D(T'*), we get

T*(y —v) =T(T"T) = T'(y — v).
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Therefore the difference y — v is an element of D(T"). Because v € D(T"),
it follows y € D(T") and one has D(T*) C D(T"). Thus we have shown

D(T*) = D(T") and T =T

Corollary 1.3. Let T and T' be two densely defined operators, formal
adjoints to each other, in a Hilbert space H as in Theorem 1.2.

Each of the following conditions implies the essential maximality:

Q) R(T'T+1)=H,

(ii) T'T is essentially self-adjoint.
Thereby the domain D(T'T) is defined by

D(T'T) := {z € D(T) | Tz € D(T")}.
Proof. In both cases one can easily show that the relation
RT'T+I)=H
is valid ([6], p. 19).

2. The adjoint operator of the tensor product of operators

For two complex Hilbert spaces H; and H; one defines the (algebraic) tensor
product H; @ H; equipped with the usual scalar product. The completion of
H,® H, in the topology induced by this scalar product will be denoted by H;@H, .
The tensor product T} ® T3 of two operators Ty, T; (Tj: D(T;) — Hj, j =1,2)
is defined as an operator in H;®H, by

D(Tl ® Tg) = D(Tl) ® D(Tg)
and
(T1 ® Tz)(l‘l ® 132) =Tz, @ Thzs for z; € D(T])

For the complete definitions we refer to J. Weidmann (9], pp. 47-49, 259-268.
We shall prove the following theorem.

Theorem 2.1. Let H, and H; be two Hilbert spaces. By T; we denote a
densely defined closable linear operator from D(T;) (C Hj) into H; (j =1,2).
Then the operator Ty ® T, in the Hilbert space H;®H, is essentially maximal in
view of the operator Ty @ Ty :

(T, RT)* =Tr 13

Remark 2.2. (i) The statement of the theorem is reasonable since by a direct
use of the definition of the tensor product of operators we have

(21) ((Tl ® T2)90a ¢)H1§H2 = (‘P? (Tl* ® T;)d’) H.®H,
for all ¢ € D(T) @ Tz) and all ¥ € D(Ty} @ Ty).
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(ii) Through induction it is of course possible to prove a corresponding re-
sult for the tensor product of r operators (r € N), since the tensor product is
associative.

Proof. A. By a direct calculation one easily verifies the relation
T CTi®T.
B. As the second step we shall consider the operator
V=TT @ T, T.
It is in H1Q@H, densely defined with the domain
D(V) = D(T;T5) & DY),
and V as a tensor product of two symmetric operators is symmetric in H;®H,
(cf. [8], p. 9).
We shall now prove the relation
(2.2) V=TT o BT = (T; 0 T3)(T o Th).

Let us take two elements u; € D(T}‘Tj) (1 =1,2). We get

(TTTh @ T T2) (w1 @ uz) = Ty Thiug @ Ty Tous
= (T @ T7 )(Thu1 ® Truz)
= (Ty @ T; )(Th ® T2)(u1 ® ua).

Since the corresponding relation is valid also for all finite linear combinations of
elements of the form u; ® u;, we get the relation (2.2).

C. Now we have to prove the statement that the operator

is symmetric. Since 77 ® T, is densely defined and closed, the operator
(i ) (Th ®T2)

is self-adjoint by Theorem 1.1. From

(IR 0T) C (i T2)(T1 ®T2)

the statement then follows.
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D. We will further prove that the operator W := (T} ® T )(T1 ® T3) is closed.
Therefore we choose a sequence

{ue} cD(TF O )T @ T2))
with elements u, f € H®H, having the properties

llue — u”}ﬂ@yz -0

and

T )T @ To)ur = £ 5, = O-
By (2.1) it follows

T @ T)(ur — )|, g, = (TF @ T)(T ® Ta)(uk — wa), uk — ) g 3, — -

This means that {(T1 ® Tz)uk}keN is a Cauchy sequence in H;®H;, and this

sequence has a limit element v € H,®H,. Since the operators 11 ® T, and
T @ Ty are closed, we see that

(T1®T2iu=v, (Tf@T;W:f

and, furthermore,

Thus the operator (T} ® T3 )(T1 ® T3) is closed.
E. Now we introduce two (densely defined) operators in H;@H,:

A:=T;Ty ® I, with the domain D(4) := D(V),

B:=1; ® T;T; with the domain D(B) := D(V).

(We denote the identity operator of H; (j =1,2) by I, and the identity operator
of H:= H\QH; by Iy.)

Let us note that A is here defined as the restriction of the symmetric operator
TyT1 ® I, with the maximal domain D(T;}7T;)® H, to the domain D(V) of V, and
B is defined analogously. As restrictions of symmetric operators the operators A
and B are symmetric on H.

F. The operators A, B and V fulfill for v € D(A) = D(B) = D(V) the
relations

(2.3) (Au,u)g >0, (Bu,u)g >0, (Vu,u)g >0
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and
(2.4) (Au,Vu)g 20, (Bu,Vu)g > 0.

Only the latter relation will proved here.
An element u € D(V') has a representation

m
u= E uy,r@uz r
r=1

with uj, € D(T;‘Tj). By the bilinearity of the scalar product one gets the follow-
ing estimation:

m m

(Bu,Vu)g = (z uy,r ® Ty Toua,r, Z Ty Tiu,s @ T;T2u2,a) .
r=1 s=1

(u1,r ® T3 Toug,r, Ty Thun,s @ T;T_2u2,a)H
1

(ul,r, Tl*-ﬂul,a) Hy (T;TZUQ,M T;TZUZ,s)Hz

1

1]
D 3
358 %

= E Tlul,raTlul,a)Hl (T;T2u2,r’ T;T2u2,s)H2

r,s=1

m
= Z (.ITUI,T@T;Tzqu,TI_ul,a®T;T2‘U.2’3)H

r,s=1
= (X Tu, 8 GThu, Y Tiure @ G Tu,)
r=1 s=1
> 0.

G. For the symmetric operator
S=V+A4+B+1Iy
with the domain D(S) := D(V') the relations (2.3) imply
(2.5) (Su,u)g 2 (u,u)m for all u € D(S).
We will show here that

(2.6) R(S) = H.
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Let h; be an arbitrary element in H; (j = 1,2). By Theorem 1.1 there exists an
element u; € D(T}T;) with
hj = (T;Tj + I;)u;.
One further gets
hy ® hy = (TyTiu1) ® (Ty Tauz) + uy ® (T Touz) + (Ty Thur) ® ua + ur ® ug
= S(u1 ® U.Q).

As the completion of the linear hull of all elements h; ® h2 is the space H, we get
the statement (2.6).
From (2.5) and (2.6) it follows that already

(2.7 R(S)=H.
H. By the relations (2.3) and (2.4) we get for all u € D(V)
(2.8) ISull g IV + Iaull g 2 | (S, (V + In)u)

=Vu+Au+ Bu+u,Vu+u)g
>V + Il

and furthermore
ISullgr =2 I(V + In)ullg -

The last relation implies _
D(S) Cc D(V + Iy).

I. It follows from part F of this proof that the symmetric operator V + Iy
fulfills the relation

(2.9) ((V + Ta)u,u) > [luly
for all u € D(V'). We shall show that
R(V +1Iy) = H.
Let z € H be an element with
(2.10) (z(V+In)u), =0  forallue D(V).

By (2.7) there exists an element v € D(S) C D(V + Ig) with z = Sv. The
relation (2.10) implies _
(S'U, (V + IH)U)H = 0.

Since (2.8) is valid also for the closures S and V + I, we get
(V + Ig)v =0.

Finally, the relation (2.9) implies v = 0. Thus the element z € H must be the
zero element, and the relation R(V + Ig) = H is proved.
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J. Since we have
(V+Inu=(TTQT, T2+ In)u
for u € D(V), we can conclude that the range
RTTi @ T +1In) = R(T @ T3)(Th @ T2) + In)

is dense in the space H.

K. Now we can apply Corollary 1.2 to the operator
T ®Ts,

and we get the essential maximality of T, ® T, in view of T ® Ty ; because
T, T, =T, ® Ty, Theorem 2.1 is proved.

Finally, let us remark that the above proof could be somewhat shorter if we
had used the well-known corresponding result for self-adjoint operators.

3. The essential maximality of linear partial differential operators

Let G be an arbitrary domain in R™. We now consider in G a linear partial
differential operator

L(nD)= Y aa(-)D"
|a|<m
of order m € N. Here we have defined D := (D;,...,D,) with D; = —i0/0x;
and D* := D' ... D2 for a := (ai,...,an) € N# = (NU{0})" and |of :=
o1 + -+ + an. We suppose that, for the complex-valued coefficient functions a,,
all derivatives D"a, for v € N§ with v < o (i.e. for all v = (v4,...,v,) € N?
with v; < a1, ..., vn < a,) are continuous in G. On this condition we have for

the formal adjoint linear partial differential operator L'(-, D) defined through the
equation

(L(, D), %), = (o, L'(-,D)y),  forall p,¢ € C5°(G)

(with the L?(G) scalar product (-,-)o) the expression

L'(z,D)p(z) = »_ D*(aa(z)i(z))

|a|<m

> (j) (D*@a@)D*"9(z)) for ¥ € C(G),

la|<mrv<La
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()= () (o)

The differential operators L(:,D) and L'(-,D) induce in the Hilbert space
L?(G) the linear operators L and L' defined by

D(L):=C5°(G),  D(L'):=Cg°(G),
Ly :=L(-,D)p for ¢ € D(L),
L'y :=L'(-,D) for y € D(L').

where

The operators L and L' are closable as in the abstract setting in 1. In the
literature normally the closures L and L’ of L and L' are called the minimal
realizations of L(:,D) and L'(:,D), and the adjoints L' and L* of L' and L the
maximal realizations of L(-,D) and L'(-, D) (namely, e.g. L C L C L'™*).

Since in our present case the domain D(L') of the operator L' coincides with
the domain D(L) of L in a canonical way, we do not need the words “in view
of the operator L'” (which we needed in the abstract setting) in the following
definition of the essential maximality of the differential operator L(-, D) (cf. e.g.

(2], 4], [6]).
Definition 3.1. The differential operator L(-, D) is called essentially maxi-
mal if the relation L* = L' is valid.

We now have the following results as corollaries of Theorem 1.2 and of Theo-
rem 2.1:

Theorem 3.2. For the essential maximality of the differential operator
L(-,D) it is necessary and sufficient that the range of the operator L' L + I is
the whole space L?(G).

Theorem 3.3. Let G; CR™ (1< j<r,r¢&N)be domains in R"% . The
linear partial differential operators

Li(wD)y= > ai()D¥, I ENNM 1< <,

|ad |[<m;

are defined in the domains G;. We suppose that the derivatives D*' a,; () for
all v € Ny/ with v’ < o’ exist and are continuous functions in Gj.

Then also the formal adjoint differential operators L(-, D) are defined.

We further suppose that the differential operators L;j(-,D) are essentially
maximal in L?(G;).

Then the product operator

L(:El,...,.’tr,D) = Z aal(l‘l)...aa,(mr)D(alr"':ar)

lallsml v--ylar’smr
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is essentially maximal in L*(G, x --- x G,). (For the differential opera-
tor L(z!,...,z",D) the formal adjoint operator L'(z!,...,z",D) is defined in
Gy x---xGr.)

Proof. By Theorem 2.1 we get
(Li®®L)*=L;1Q®---® L}

and, since Lj(-, D) is essentially maximal, also

=f,71®...®L_Ir
=(L1®---®L,).

(Here we used the fact that the closure of the tensor product of closures of operators
coincides with the closure of the tensor product of operators and that the tensor
product of formal adjoints coincides with the formal adjoint of the tensor product
of the original operators.)
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