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Abstract. We consider a general extremal problem from the theory of quasiconformal maps
with non-regular (and discontinuous) functionals, satisfying a condition of weak subharmonity.
The explicit form of extremals of such functionals is established. In this case the extremals do
not need to be of Teichmiiller type. We establish as an example some important properties of the
Grunsky functional.

1. Introduction. Let F be a measurable subset of the Riemann sphere
C = CU {00}, whose complement E* = C\ E has positive measure, and let

B(E*) = { € Loo(E") : [lu| < 1, u/E = 0}.

Denote by Q(E) the class of normalized quasiconformal automorphisms w*(z)
of the sphere C (with the topology of uniform convergence in spherical metric
on C) with the Beltrami coefficients p, = O;w/d,w € B(E*) and arbitrary
normalization, which ensures the uniqueness of a solution of the Beltrami equation
Ozw = pd,w if u is given.

Let F(w*) be a real functional defined on Q(E), and assume that we have
to solve the problem of the maximum of this functional on (compact) subclasses

Qu(E) = {w* € Q(E) : [mul <k}, 0<k<1.

The theory of such variational problems for quasiconformal maps is developed
only for the continuously differentiable real and holomorphic complex functionals
F (see e.g. [1], [2], [4], [8], [11], [13] and the references indicated there). The
problems with non-regular functionals have not been studied before.

We shall here investigate the non-regular functionals which are submitted to
a certain weakened subharmonity condition only.
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2. Theorem. Let F: Q(E) — [0,00) be a bounded functional on Q(E),
and let for every fixed u € B(E*) the function F(w**/Itlw) be logarithmically
subharmonic in t on the unit disc A = {t: [t| < 1} and the ratio F(w**/l#ll)/|¢|
be bounded in a neighbourhood of t = 0 (by a constant dependent on y ). Then,
for all p,

(1) Fw*) < Aflple (A= sup F),
Q(E)

and if in (1) the equality holds for some po # 0, then

(2) F(wto/lkolly = Alt|  for all t € A,

or, what is equivalent,

F(wtro/llmoll
(3) lim sup FlwrelT7) =A
[t|—0 [t]

This theorem essentially sharpens Lehto’s majoration principle [10] and a
general theorem on the ranges of values for holomorphic functionals proved in (8,

p. 1.
3. Proof of the theorem. We will use the following version of the Schwarz
lemma for logarithmically subharmonic functions (cf. [14], [3]).

Lemma. Let a function u(z): A — [0,1) be logarithmically subharmonic in
the disc A and such that u(z)/|z| is bounded in a neighbourhood of origin. Then

(4) u(z) < |z for all z € A

and

(5) lim sup u(z) <1.
|z]|—0 |2|

The equality in (4), even for one z # 0, or in (5) can hold for the function
u(z) = |z| only.

Proof. It is well-known that the Green function ga(z,0) = log|z| for the
disc A with a pole at origin is maximal among all subharmonic functions v: A —
[—00,0) such that

v(z) =log|z[ + O(1),

where O(1) is bounded in a neighbourhood of z = 0. (Note that the classical
Green function is equal to —ga(z,0) and it appears as the minimal function for
the superharmonic functions A — (0, +0c0]).
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From hence, taking into account the conditions of the theorem, we immedi-
ately obtain
log u(=) < log I
this proves (4).
The investigation of the equality cases requires certain auxiliary considera-

tions. First of all, it follows from the subharmonity of the function logu(z) in A
that the function
u(2)

||
is subharmonic in the punctured disc A \ {0} (since log|z| is harmonic there).

Since the one-point sets are removable for the locally bounded above subharmonic
functions, the function
u(z)

|2l

log = log u(z) — log ||

v(z) = log

can be extended to a function subharmonic in the whole disc A; we reserve the
notation v for the extended function. The function

v1(z) = % =¢¥(®

together with v(z) will then be subharmonc in the whole disc A; hence it must
be

(6) v1(0) > limsup vy (2).
z—0

Returning to (4), we see that it follows from the availability of the equality
u(z9) = |20| at some point zp # 0 that the function v;(z) attains at this point
its maximum equal to 1, but this is possible only if v;(z) = 1. If, however, the
equality holds for (5), this together with (6) leads to v1(0) = 1, which again is
possible only for v;(z) = 1. The lemma is proved.

The assertion of the theorem itself follows directly from this lemma applied
to the functions

u,(t) = F(wtu/llﬂll)/A_

Then |u,,(t)| < |t|, and putting ¢ = ||u|| we obtain (1) with the equality only
for po, which satisfy (2). It easily follows from the proof of the lemma that the
condition (3) is equivalent to (2) by virtue of the subharmonity of u,,.

4. Functionals weakly differentiable at the initial point. Now assume
that a functional F is differentiable in the sense of Gateau on the set Q(E) at
the initial point id: z — z. This means: for a map

wh(z) =z +tH(z) + o(t) € Q(E), t € R,
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where the variation H is represented by its kernel
1
h(id, () = —— + holomorphic function of z and ¢

according to the formula

HE) = -1 [[ wOnGaOdedy (<= +in)
the equality
F(w'*) =tReL(H) +o(t)  (F(id) =0)

holds; here L is a continuous complex linear functional on the space of all contin-
uous functions on C. Having L represented as

)= [ /c f(z)dA(2)

with the corresponding Borel measure A(z), one can extend L to all functions
which are integrable on C with respect to this measure.

We have

F(wt#o) _ 2@

—ReL(% //E po(O)R(id, ) de dh) +

——Re [ mo(QL(hid,0)) dgdn+ 22 °“)

and it follows from (1), (3) that

(7) o (2) = { guouw&‘@/w(z)l, Fem,

where
eo(2) = —L(h(id, 2))
and

! i = z=z+1
;//E‘ |L(h(id,())|dz dy = A (z =z +1y).

Hence, if F is (weakly) differentiable even at one zero point, then all its
extremals are maps of Teichmiiller type. This means that the Beltrami coefficient
po of an extremal map has the form (7): lpo(z | = const (on E*) and argpu,
is determined by a sufficiently regular function ¢o(z) (in the problems of the
distortion theory ¢ is usually a rational or holomorphic function).

Note that a similar result in [8] is established under the assumption that the
functionals are complex holomorphic.
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5. Non-regular case: the Grunsky functional. Now we show that
in the non-regular case the extremals can be of non-Teichmiiller type also, even
for the functionals which satisfy the condition of the theorem. In other words,
the conditions (4), (5) do not imply (7) in this case. We emphasize that we
here consider problems of a different type from the Teichmiiller problem on the
minimization of quasiconformality coefficient.

Let &' = Q(A*) be the class of univalent functions

(8) w(z)=z+ Z anz™ "

in the region X
A*={z€C:|z| >1}

with a quasiconformal extension to A. The closure of ¥’ in the topology of
uniform convergence on the compacts in A* coincides with the class ¥ of all the
univalent functions in A* with the expansion (8).

It is well-known that a meromorphic function w with the expansion (8) is
univalent in A* (i.e. belongs to ¥) if and only if, for its Grunsky coeflicients
@mn(w) determined from the expansion

log X2 S (e
m,n=1

(where the branch of logarithm is equal to zero for z = ( = 00), the inequality

2
<=l

) | S Vi amnmn

m,n=1

holds for any element & = (z,) of complex Gilbert space {* with the norm ||z|| =
(¥ |xn|2)1/2. The fact that w belongs to ¥’ leads to a sharpened inequality

(10) ’ i VNN amn(W)TmTn

m,n=1

2
< lswlloo 2117

but the reverse is not true: from

<k|z||®> forallzel?

‘ i VM amn (W) m Ty

m,n=1

it does not at all follow that w would admit quasiconformal extension w to C

with ||us|| < k (see e.g. [9], [5])-
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It is enough in (9), (10) to take z = (z,) € I* only with ||z|| = 1, and this

will be assumed hereafter.
Let us consider on X' the functional

(11) F(f) = sup Z Vmn amn(f)Tmza.

lzll=1 p, 7=q
As it was established in [5], [6], the equality
F(f) = inf { fuull oo - w* | A" = £)
(i.e. in (10)) holds for those and only those functions f € ' which are the restric-

tions to A* of the quasiconformal automorphisms w*® of the sphere C with the
Beltrami coefficients pg satisfying the condition

(12) sup
pEC?

/ /A po(2)p(2) de dy| = ol

where C° is the set of holomorphic functions in the disc A with [[, |¢|dzdy = 1;
these are the squares of holomorphic functions: ¢ = &2,

6. The continuity of the Grunsky functional on holomorphic discs
in B(A). Let us show, first of all, that the functional (11) satisfies the conditions
of the theorem proved above. This is interesting in itself also, due to the important
role of the Grunsky functional in the function theory.

Of these conditions only the following one is not trivial, due to (9) and (10):
for every p € B(A) the function

F,(t) = F(w™*/I*ly = sup ' Z Vmn e (w1t Nz 20 A = [0,1)

lzli=1' 52,

is logarithmically subharmonic in ¢, i.e. the function log F,(¢) is upper semi-
continuous in A and the inequality for the mean value

1 27
log Fl,(to) < 2—/ log F(to + re'?) ds, 0 < r < ro(to),
T Jo

holds for it.

The main difficulty here is to prove the upper semicontinuity. We shall prove
that Fy(t) is in fact continuous in A (and even more); then the subharmonity
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of the function log F,(t) will follow from the fact that this function is the upper
envelope for the family of functions log |h,(t)| where

he(t) = Z vmn amn(wt“/”“”)xmxn

m,n=1

are holomorphic in A (and = = (z,,) with ||z]| =1).

In order to prove the continuity of F,(t), we use a method employed in
[7], where the functional F' was considered on the finite-dimensional Teichmiiller
spaces.

Fix p € B(A) and denote i = p/ ||pll o>

Ci=w(2|=1), Ac=w(A), A]=w"(A%).

Let us associate two functionals with the curves Cy:
1) the least positive Fredholm eigenvalue A; defined by the equality
1 |Da, (k) — Da; (h)|

13 1 7
(13) N P"Da(h) + Da: (k)

where Dq(h) = [[, (|hz|*+|hy|?) dz dy is the Dirichlet integral and the supremum

is taken over the set H; of the functions h, which are continuous in C and
harmonic outside C; with 0 < Da,(h) — Daz(h) < oo;
2) Schober’s functional

Da,(R)
AN = sup =201
"i(Ah t) hs:I-II)t DA:(}Z)

On the basis of the known Schiffer—Kithnau result 1/, = F,,(t) [12], [10], we

have

max {K(A¢, A}), k(A7 A1)} — 1
max {I{(At, A}, k(AT At)} +1’

Fu(t) =

and therefore, for the continuity of F,(t), it will be enough to establish the contin-
uous dependence from ¢ (and hence from the curves C;) of functionals x(As, AY)
and &(A},A¢).

We shall show that for any sequence {t,} which converges to a point ¢ty € A,
(15) lim x(Aq,, A7) = &(Ag, A7), lim x(A} ,Aq,) = k(AF,, Do)
The basic idea of the proof is the same as in [7], although the reasonings are here
simplified. Thus we omit some details.
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For the sake of simplicity put the notations
Ap=A, AL=A}, Co=C,, Hy=H,, w,=w"F (n=0,1,2,..)
and consider the maps
gn =wnowy ", n=12....

They are conformal in A} and have in Ay the Beltrami coefficients

tn — 1o Hazwo) -l
l_t_Otn azwo o

gy (w) = (
so their quasiconformality coefficients (maximal dilatations) are

1+ ”/’Lg: ||oo

-1 for n — 0.
1- ”“9:

(16) K(gn) =

[e o]

Now fix h, € H, and define kg as h,0g} | Co in Ay and as a harmonic
extension of the function h, 0 g | Cop in Ag. Then hy € Hy and, due to the
conformality of gr in A7, we get Das(ho) = Daz(hn). On the other hand,
the Dirichlet principle and the quasi-invariance of the Dirichlet integral under
quasiconformal maps give the relations

Day(ho) £ Day(hnogr) < K(g7)Da, (hn).
Hence we obtain

Day(ho)  Das( Das (hy) 5 _ Day(ha)

hy)
A*,A > — > e
M3 802 Daulho) = Dag(ho) = Daylho o) = Ki(gi)Dan(ar)

and consequently, for all n =1,2,...

1
K(AE, Ao) 2 WK(A:, An)
Thus, by virtue of (16),

k(Ag, Ao) > limsup k(AX, A,).

n—oo

We now establish that

(17) liminf K(A}, Ay) > &(Ag, Ao),

n—oo
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and this together with the previous inequality gives the first inequality in (15).
Let € > 0 be arbitrary. We can choose a function ho € Hy such that

Dx;(ho)

20 00 5 k(AL Ag) —€
DAg(hO) ( 0 0)

and then transform it into a function h, € H,, setting h, equal to hg o gi™! in
Ar and in A, equal to a harmonic function with boundary values hg o g1 on

C,. Then, using similar considerations, we shall have

Day(hn) _ Dag(ho)  Dag(ho)

(A Bn) 2 B h) = D, (hn) = K(g2)Dag(ho)
1 ) .
2 Rgy) "85 A0 = e);

hence
liminf (A}, An) > k(AG, Do) — &,

and since ¢ is arbitrary, we obtain (17).

7. One construction. In order to obtain similar relations for x(An,A}),
we must construct the quasiconformal extensions g, of the conformal maps from
the region Ay onto A, with K(g,) = 1 for n — 0.

This can be done, for instance, in the following way. Let us extend p into A*
symmetrically, i.e. take

sy p(z) for z € A,
wiz) = {,u(l/z)zz/.z72 for z € A*.

Then w*’ takes out A and A* into themselves and here K(w*’) = K(w*). Now
we define for every t € A a quasiconformal automorphism

fu(w) = w' o (w) !

of the whole sphere.

Counting its Beltrami coefficient py, according to an elementary formula for
the map composition
B — ps O:f
1= jisps 8. f
we see that f; maps conformally the disc A onto the region A; and quasiconfor-
mally A* onto A}; in addition,

Kf,of-1 Of =

pfas(w) = —(uww 3
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Hence, for any t', t" € A, the map
(18) ft't” d’éi ft" 0 ftTl — wt”ﬂ o (wf”ﬂ,")—l o wf/ﬁ’ o (wt’ﬁ)—l

has, due to the conformality of w®'? and w®# in A, the coefficient of quasicon-
formality

1+ |7]

1—|r|’

K(foen) = K(w*'" o (w')7") =

where
=" -¢)/1-7t").

One can see from this that K(fye) — 1 for ¢ — ¢,
It remains to put, according to (18),

gn:ftotn (n=1,2,...>

and then one can apply to g, the considerations similar to those employed above
for g . This gives exactly the second equality from (15).

Remark. The construction from the previous section (and, of course, all
reasonings from 6) extends directly to the arbitrary sequences of maps {w"~}
with pu, € B(D), which converge to po € B(D) in the Lo -norm. Then the
function

log F'() o log F(w") : B(A) - [—0,0)

is continuous and plurisubharmonic in the ball B(A), and since F' depends on the
values of the maps w* only in the region (disc) of their conformality, it follows that
F is constant on the fibers of the holomorphic fibering ®: B(A) — T(1), where
T(1) is the universal Teichmiiller space. Hence, logls‘ descends as a continuous
and plurisubharmonic function to the universal space T(1).

If, however, we consider y which are Beltrami differentials with respect to
an (arbitrary) Fuchsian group I' in the disc A, we analogously find that logﬁ'
is continuous and plurisubharmonic on the Teichmiiller space T(T') of the group
I'. (This follows, however, from the above also, because all T(T) are embedded
canonically in T'(1).) This supplements, in particular, the results from (6], where
only the finite-dimensional Teichmiiller spaces were considered.

On the other hand, it follows from what was proved in Section 4 that the
functional F' (the Grunsky constant) is not differentiable at zero point.

9. An example. Now we shall show that there exist yuo € B(A) which
satisfy the condition (12) and hence are extremal for the functional (11), with
|,uo(z)] # const in A.
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Consider the map
fp(2) = P(z) + 1y, z=z+1y

of the half-strip Iy = {z : 0 < ¢ < 00,0 < y < 1} onto itself, which is the
streching of this half-strip along the z-axis with the variable stretching coefficient

2x+1

p(z) = —

increasing monotonically on [0,00] from 1 to 2. The Beltrami coefficient of this
stretching is equal to

pe)-1_ = |

p(:v)+1 T 3z +1

pp(2) = —

thus arg py(2) = 7" and ||p,| =
Let us now take the sequence of the functions

1
®,(2) = ;n—e_z/m, zeIl4 (m=12,...).

// |<I>m(z)|dzdy=1,

Iy

[ e (z)dxdy}=—}/ -’y/'"dy\/ e
H+ P m 3.’E+1

, m e—z/m

(19) = Elm(l—e‘/m)!(g—%/ Iyt )
=3(+0() (- g [ )
= 1(1+0()) (1+0(%27)):

With A mapped conformally onto II; using a function z = ¢(({), we construct

the map w#° € &' with po equal to zero in A* and equal to (yp 0 9)g'/g" in A.
Then the corresponding sequence

em(() = (®mog)g?(), m=12,...,

belongs to the mentioned set C° and is a maximizing sequence for ||myl|, because
it follows from (19) that

Jim | [[ v de dn| = § = ol

For it we have

m
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Hence, the equality (12) is fulfilled and, consequently, w#° is an extremal of
the functional (11). Here supy [,uo(z)l = 1 is attained only at a (unique) boundary
point, wherefore p can vary in A anyhow (without losing (12)).

Different examples based on the geometrical arguments were constructed by
Kiihnau (see, e.g. [9]). Note that these examples do not contain the property
for dilatation of an extremal map to attain its supremum only at one boundary
point. Kiithnau informed me that one can obtain such a property also by the
corresponding modification of his construction.

The example constructed above is interesting also because it gives an explicitly
geodesic holomorphic disc {®(3tuo) : t € A} in the universal space T(1), which
is not a Teichmiiller disc and in which the Carathéodory metric coincides with the
Teichmiiller-Kobayashi metric according to [6].
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