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Abstract. The non-uniqueness of geodesics joining two given points in universal Teichmiiller
space is proved in the previous paper [7]. The purpose of the present paper is to discuss the non-
uniqueness of geodesics in any infinite-dimensional Teichmiiller space. It is proved that if p
and ug are two extremal Beltrami differentials belonging to a point [u] of a Teichmiiller space
and g1 — po does not belong to N-class, the paths [tu1] and [tus] (0 < ¢t < 1) are different
geodesics joining [0] and [p]. Making use of this theorem, the result of [7] is generalized to hold
for any infinite-dimensional Teichmiiller space. This is a complete answer to a problem posed by
F.P. Gardiner [1].

1. Introduction

There are some essential differences in the geometry between the finite-di-
mensional Teichmiiller spaces and the infinite-dimensional Teichmiiller spaces. It
is well known that a finite-dimensional Teichmiiller space is a straight geodesic
space in the sense of Buseman (S. Kravetz [4]), that is, for any pair of points in a
finite-dimensional Teichmiiller space there is a unique geodesic line through them.
But we do not know whether or not the same is true for the infinite-dimensional
case. We further explain the question as follows.

Let T'(S) be a Teichmiiller space of a Riemann surface S. T'(S) is defined
as a quotient space of the Beltrami differentials on S. If dim7T'(S) < oo, each
point [u] € T(S) contains a unique extremal Beltrami differential, say uo, and
the path [tuo] (0 <t < 1) is the unique geodesic joining [0] and [p]. But in the
infinite-dimensional case the situation is different. When dim7'(S) = oo, a point
(] of T(S) may contain more than one extremal differential. The first example
of such a point in the universal Teichmiiller space was given by K. Strebel, known
as the Strebel chimney (K. Strebel [11] or see O. Lehto [6]). Suppose the point [u]
contains two extremal differentials 1 and ps. The question is how to determine
whether [tu] is the same as [tus] (0 < ¢ < 1). This question was proposed by
F.P. Gardiner [1].

In [7] the author answers this question by constructing two extremal differen-
tials @1 and po such that they are in the same point of the universal Teichmiiller
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space but the geodesic paths [tu1] and [tus] (0 < t < 1) are different. This
example shows that the geodesics joining two points in the universal Teichmiiller
space are not unique and hence the universal Teichmiiller space is not a straight
geodesic space.

After this result, a natural question that follows concerns the general infinite-
dimensional Teichmiiller space except the universal Teichmiiller space. The pur-
pose of this paper is to investigate the geodesic problem for any infinite-dimensional
Teichmiiller space.

The main result is Theorem 3.1, which states that if a point [u] € T(S5)
contains two extremal differentials p; and po such that p; — pe does not belong
to the N-class of Ahlfors, then [tuq] and [tus] (0 <t < 1) are different geodesics
joining [0] and [u].

As a consequence of this main result, we get a criterion for the non-uniqueness
of the geodesics in any infinite-dimensional Teichmiiller space: If p is an extremal
Beltrami differential on S and the set {p € S||u(p)| < ||ull —€} (¢ > 0) has
an interior point, there are infinitely many geodesic lines through [0] and [u] (see
Theorem 3.2).

As as application of Theorem 3.2, we shall construct in Section 4 a pair of
points in any infinite-dimensional Teichmiiller space such that they have infinitely
many geodesics.
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The author would like to thank Professor Y.C. Wong for his invitation and discus-
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Remark. Having prepared this paper, the author received a preprint of a
paper [12] by Harumi Tanigawa, who shows a similar result to Theorem 3.2 of
this paper. Her result is as follows: If p is an extremal Beltrami differential
which vanishes on a Jordan domain U and does not vanish identically on the
whole Riemann surface, there exists a family of geodesic discs through [0] and
[t] with a complex analytic parameter. She constructs an extremal Beltrami
differential which satisfies the conditions in her theorem. The method of her proof
is completely different from ours.

From the proofs of Theorem 3.1 and 3.2 of this paper one may find that these
theorems still hold if the “geodesics” in the statements of Theorem 3.1 and 3.2 is
replaced by “geodesic discs”.

2. Preliminaries

Let S be a Riemann surface with a holomorphic universal covering map:
m: A — S, where A is the unit disc. Then S can be expressed as a quotient space
A/T', where T' is a Fuchsian group acting on A. Denote by Bel(S) the space
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of the Beltrami differentials on S with the supremum norm smaller than 1. For
each element p € Bel(S) there exists a Riemann surface S* and a quasiconformal
mapping f#: S — S* such that the complex dilatation of f# is p. We denote
by f*: A — A the lift of f* with the points 1, ¢ and —1 fixed. Then f* is
uniquely determined by p. An element p; € Bel(S ) is said to be equivalent to
p2 € Bel(S) if and only if f* |ja= f** |ga. Then the Teichmiiller space of
S, denoted by T(S), can be defined as the quotient space of Bel(S) under the
equivalence relations. The Teichmiiller metric between two points [p] and [v] is
defined as follows:

d([ul, [V]) = %il}flogK[f],

where f runs through all quasiconforml mappings of S* onto S in the homotopy
class [f¥ o (f*)7!] and K[f] is the maximal dilatation of f.

An element p € Bel(S) is said to be extremal if and only if its norm is
the smallest among the elements of [u]. It is known that the extremal Beltrami
differential always exists for any point [u] € T'(S). Moreover, if p is extremal,
then tu is also extremal for ¢ (0 < ¢ < 1) and the path [tu] is a geodesic (in
the Teichmiiller metric) joining the points [0] and [p]. If dim7T(S) < 400, the
extremal differential of [u] is unique for each point [u] € T'(S) and must be of
the following form: k%/|p|, where ¢ is a holomorphic quadratic differential with
finite norm and k is a constant non-negative and smaller than 1.

Let Q(S) be the space of quadratic differentials on S with L;-norms finite.
The dimension of Q(S) is finite if and only if dim 7°(S) is finite.

An element p € Bel(S) is extremal if and only if

(2.1) S {’//uwdmdy'} = ||l
S

lell=1

This result is due to R.S. Hamilton [3] and S. Krushkal [5] (for necessity), and
E. Reich and K. Strebel [8] (for sufficiency). Condition (2.1) is called Hamilton—
Krushkal condition.

If 11 is extremal and ¢, € Q(S) such that ||¢,| =1 and

(2. - ‘ [[ o dxdy\ — il
S

n—oo

the sequence {y,} is called a Hamilton sequence.
Another known result we need is the main inequality of Reich and Strebel
(see [9]). If u € Bel(S) is equivalent to 0, i.e., f* |ga=id, we have

23 bl < | ALl
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for all ¢ € Q(S).
A Beltrami differential p € Bel(S) is said to be an element of N(S), known

as the N-class of Beltrami differentials, if and only if

(2.4) // pup drdy =0, for all ¢ € Q(S).

S

3. Main results

In this section we shall give some sufficient conditions of a point [u] € T(.5)
having more than 1 geodesics joining [0] and [u].

Lemma 3.1. Let p € Bel(A) and F;: A — A be a quasiconformal mapping
of the unit disc A onto itself with the points 1, ¢ and —1 fixed and with the
complex dilatation ty (0 <t <1). Then we have a sequence {t,}, 0 < t, <1,
such that

(3.1) 0.F, (2) — 1, as t, — 0,

almost everywhere in A.

Proof. 1t is known that the Beltrami equation
Ozw = tud,w (0<t<1)

has a solution of the following form:

1 wi(Q) .
wi(2) =2 — = dédn (¢ =¢&+in),
T Z/ (—z

where w; is a solution of the equation
(3.2) w—tuS(w) = tu,

with S a singular integration operator:

Let A, be the norm of the operator S: L, — L,. Then Ay =1 and A, is a
continuous function of p > 1 (see [13]). Suppose

u(z)| <k <1, a.e. z € A,
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where k is a constant. We choose py > 2 such that A, k < 1. Then (3.2) has a
solution w; € Ly, satisfying

e, < th/( = Apk).
Hence we get HthLpO — 0 (as t — 0) and
(3.3) wi(z) — 2 (uniformly for z € A)
as t — 0. On the other hand, we see
O wy =14 S(wy).
It follows that
10wy — 1||LpO < Ay, ||Wt||Lp0 —0 (as t — 1),

which implies that there exists a sequence {t,} such that
(3.4) 0wy, — 1 (a.e.) as t,, — 0.

By the assumption of the lemma, F; can be expressed as ¢;(w;), where ¢,
is a conformal mapping of w:(A) onto A with the following conditions:

oi(w(1)) =1, o (we (7)), oi(we(—1)) = —1.

By (3.3) and the Caratheodory theorem, it follows from the above conditions that
¢ is locally uniformly convergent to z and hence ¢} is locally convergent to 1 as
t — 0. The lemma is proved by (3.4). QED.

Theorem 3.1. Let p; and ps be two extremal Beltrami differentials in
(] € T(S). If uy — po does not belong to the N -class of Beltrami differentials
on S, then [tui] and [tps] (0 <t <1) are two different geodesics joining [0] and

(1]

Proof. Suppose [tu1] = [tus] for every t € [0,1]. The theorem will be proved
by obtaining a contradiction with the assumption that pu; — pus ¢ N(S).

Let S = A/T, where T is a Fuchsian group. For each ¢ € [0, 1] there are a
Riemann surface S; and a quasiconformal mapping f; ; = f*: S — Sy (j =1,2)
such that f;; is homotopic to f;2 modulo the boundary. Suppose F; ;: A — A
is the lift of f; ; with the points 1, ¢ and —1 fixed (j = 1,2). Then we have

Fi1loa= Fi2 |oa -
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Let S; = A/I'y, where I'; is a Fuchsian group. It is easy to see that we can assume
that

Py ={FjoyoF,; [veT},
where 7 =1 or 2.

Let ¢ be an arbitrary fixed element of Q(S) and ¢(z)dz? be the lift of ¢.
Then ¢ satisfies

~ 2 5
() [V (2)] =¢(z), ze€A.
There is a holomorphic function v (z) in A with the condition

/ ‘w(z)‘ dx dy < +00,
A

such that the Poincaré series of 1 (see [2, Chapter 4, Theorem 3]).
2
=Y (=) [V (2)]
yel
is equal to ¢. Using this function ¢, we define
- 2
uz) = > v(u@) )]
Y€l

Then we get

- 2

Ge(n(2) [1(2)]” = @e(2)
for z € A and +; € T'y. This means that @;(2)dz? is a lift of a holomorphic
quadratic differential ; on S; with finite norm.

Let g be the composition mapping of f;; and ftle e, ge = fia oft;l: St —

St . Denote by o; the complex dilatation of g;. Then it follows from the assump-
tion that [tu1] = [tue], that oy is equivalent to 0. Hence by the main inequality

we have
t<Pt/|<Pt|
||sot||</ orl L o  ean

which can be rewritten in the follovvmg form:

2
(3.5) // T dedn < ! o121 4 ay,
1— | 4 1-— ‘O’t‘

t

Let © be a fundamental domain of S. Then Q; = F; 2(Q2) is a fundamental
domain of S;. Let fi1, fio and &; be the lifts of uy, puo and oy, respectively.
Then we have

t(/j’l - /12) . aZFt,Q o —1

- pu— p— j— F .
Ut(g) 1— tQﬂlﬂQ aZFt’Q t,2 (C)
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From inequality (3.5) it follows that
//cwt dédn < / P e an -+ o)

and hence

_ i d.F, 1 -
e // T A s AT OL
— - z4t,

or

. ath 2 ~
lim su Re// - Fio)dxdy <O0.
t—0 P 1-— tQHLUJQ 82Ft72 ()Ot( t’2> Y

It is easy to see that ¢;(z) — @(z). By Lemma 3.1 there is a sequence {t,}
(0 <ty <1)such that 0,F;, o — z as t, — 0. Then we have

Re//(ﬂl—ﬂzwmyso

Q

Re//(m — p2)pdrdy < 0.

S

or

Since ¢ is an arbitrary element of Q(S), this inequality implies

J[n - pdzay =0, oraneeqs).

S

which means p1 — ps € N(S). This is a contradiction with the assumption of the
theorem. QED.

Theorem 3.1 gives a sufficient condition of the non-uniqueness of geodesics.
But the condition that p; — pe ¢ N(S) is not very explicit for practical use.
Below there follows a more explicit condition which can be regarded as a criterion
of the non-uniqueness of geodesics.

Theorem 3.2. Let p be an extremal Beltrami differential on a Riemann
surface S. If the set

= {pe S| <llulo —c}  (for some = >0)

has an interior point, there are infinitely many geodesics joining the points [0] and

u] in T(S).
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Proof. Suppose py € S is an interior point of A, and U C A, is a neigh-
bourhood of py. Without any loss of generality we assume that p is C? smooth
in U (otherwise one may make a small perturbation of u|y such that the resulting
differential is C? smooth and its absolute values are smaller than ||ul_  — ¢’ for
another ¢’ > 0).

Let ¢ € Q(5)\ {0} and ¢|,, # 0. We choose U so small that ¢|, # 0 for
every p in U. Suppose z is a natural parameter of ¢ such that z(py) = 0 and
oly = dz?. Let f*: S — S* be a quasiconformal mapping of S onto another
Riemann surface S* with the Beltrami differential x. Let ¢ be a local parameter
of a neighbourhood V' of ¢y = f*(py) with ((go) = 0. Suppose f#(V) C U and
the local expression of f#|y is ¢ = f(z), the complex dilatation of which is p(z2).
Without any loss of generality we assume

(3.6) oclo-f(f1Q))]£0 iV

(Otherwise one can change the parameter ¢ or take a small perturbation of f|y ).
We look at a disc A, = {¢ } I¢| < r}, where 7 > 0 is sufficiently small to allow
A, C V. Define a mapping of A, onto itself:

ha(¢) = ¢+ an(Q),

where « is a complex parameter and n € C*° has a compact supporting set in A.
Then we have

(3.7) ha(C) = ¢, for all ( € A,

Let vo = O¢ha/Ocha. 1Tt is easy to see that [[va| ., is less than 1 when |af
is sufficiently small. By the argument principle for quasiregular functions and
condition (3.7), h, is an 1 — 1 mapping and hence a quasiconformal mapping of
A, onto itself.

Let us look at the composed mapping g, = h, o f. It is easy to see that the
complex dilatation of g, is

VIOEIAGUE
1+ a2 (O0(2)

(3.8)

)

where ¢ = f(z) and 6(z) = 0.f/0.f.
Let a; and as be two sufficiently small parameters and «; # as. Then we
have

[V (€) = Ve (O]0(2)[1 = |u(2)["]
L+ i(2)va, (O0(2)] [1+ i(2)vas (0)0(2)]

Oa; (Z) - 0-062(2) = [
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Noting the fact that v,(¢) = O(|al), we get

O (2) = Tas (2) = [ (Q) = v Q)0 [1L = |1u(2)|]
(1 0(jen] +a2)], = f(2).

It follows from the definition of v, that

Van (€) = Vay () = (a1 — a2)den[1 + O(|aa| + |azl)],

and hence

Oy (2) — 00y (2) = (a1 — 042)3577(09(2) [1 - ‘M(ZMQ}

(3.9)

We are now going to show that

(3.10) // Oay (2) = 00, (2)] dudy # 0

for sufficiently small o; and as (a1 # as), where D, = f~1(A,). By (3.9) it is
easy to see that, to show (3.10), it is sufficient to prove

/Gcn 2)[1 = |u(z Hd:z;dy;é()

or

(3.11) / 0en()/ [0 (f(0))] de dn # 0.

There exists a function n € C§°(A,) such that (3.11) holds; otherwise we have

/ 9en(©) 1)) dedy =0,

for all n € C§°(A,), which implies

o (1/[0-F (I~ 1HO)*) =0 (i A)

or

Oclo-f(F7HQ) =0 (inA,)
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being a contradiction with (3.6). From now on we assume 71 to be chosen such
that (3.11) holds and hence (3.10) holds.

We identify the points in U with their parameters. Then D, are identified
with the domain of S which D, represent. Now we define a Beltrami differential

on S':
*:{u, in S\ Dy

o :
« Ou, in D,.

Obviously, o € [u] and o}, is extremal when |a| is sufficiently small. By the
definition we have

/ / (0% — o2 )pdudy = / / (Cay — 0as)pdedy,

S D,

where ¢ is the holomorphic quadratic differential on S which is given at the
beginning of the proof. Recalling the fact that the local expression of p|y is dz?,

we get
[~ etz = [[ 00 ~ou) sy

S D,

It follows from (3.10) that

// (0 — o Vpdudy 40,

S

which implies that (o}, —o,) does not belong to the N-class. By Theorem 3.1
we see that [to}, ] and [to}, ] (0 <t < 1) are different geodesics joining [0] and
(1], provided ay # ap and both are sufficiently small. QED.

Remark. It is easy to prove that the mapping ¢ — [tu/ ||pll ] (1 is ex-
tremal) is a holomorphic isometry of A = {¢ : |t| < 1} into T'(S) with the
Poincaré metric and Teichmiiller metric. So one can replace the geodesic lines in
Theorem 3.2 with the geodesic discs [12].

In her paper [12], H. Tanigawa investigates the boundary behaviour of a holo-
morphic mapping of A into T'(S) and gives a sufficient condition for holomorphic
mappings into 7'(S) to be rigid.

4. Existence

Now we want to construct an extremal Beltrami differential which satisfies the
conditions in Theorem 3.2. The main point is to construct an extremal Beltrami
differential which is not of the Teichmiiller form or the Teichmiiller form while the
associated quadratic differential has infinite norm.
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In [12], H. Tanigawa gives a construction of such an extremal Beltrami differ-
ential. Here we shall give another construction.

Let T'(S) be an arbitrary infinite dimensional Teichmiiller space of a Riemann
surface S. Suppose that S = A/I', where I' is a Fuchsian group acting on A.
Then I' is of the second kind or of the first kind with infinite generators.

First, we assume that I' is a Fuchsian group of the second kind (finitely or
infinitely generated). Let zp € A be a point of A\ A(T"), where A(T") is the
limit set of I'. Then z( is a point on a free side of a fundamental polygon G of T'.
Take a function ¢ which is holomorphic on C\ {2y} and has a pole of the second
order at the point zy. We look at its Poincaré series

b =0p=> o(y(2)7(2)

yel

It is easy to see that zp is a pole of ¢ of the second order and

//Wldxdy: 0.
G

Obviously, 1/; induces a holomorphic quadratic differential on S, which is

denoted by 1. Then we have
// || dz dy = oo.
S

Define a Beltrami differential on S':

= kyp/ |,

where k € (0,1) is a constant. Since ¢ has a pole of the second order on the

boundary of A, the Beltrami differential g = k@/ )| with respect to T' is ex-
tremal ([10]). Hence p is an extremal Beltrami differential on S. By the Hamilton
theorem there is a sequence of quadratic differentials, {¢,}, such that ||y, || =1

and
lim ’//wﬂndxdy' = k.
S

It is easy to see that there is a subsequence of {1,,} which is uniformly convergent
to a holomorphic quadratic differential 1y in any compact set of §. Without any
loss of generality we may assume that the subsequence is the sequence {1} itself.
Then we have

[¥n = 3ol 20 (n— o0).
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Otherwise, ||, — o] — 0 (n — oo) implies ||¢p|| =1 and

'Z/wady’ -

which means u = e®kg/|1o|. This is a contradiction with the definition of .

Without loss of generality we assume that [[1,, — 1g| # 0 for every integer n.
Define 0, = (¥, —v0)/ ||Vn. — %0l|. Then 1, has norm 1 and {7, } is a degenerate
Hamilton sequence of p, namely,

lim ‘//;mndxdy):k
S

and 7, locally tends to zero.
Now we get the desired Beltrami differential as follows. We define

«_ Jpu, inS\U;
o= k', in U,

where k' € (0,1) is a constant smaller than k& and U is a small compact neigh-
bourhood of a point. Obviously, p* is also an extremal Beltrami differential and
{mn} is also a Hamilton sequence of p*. p* satisfies the conditions in Theorem 3.2.

Now we look at the case where IT' is infinitely generated and of the first kind,
namely, the fundamental polygon of I' has infinitely many of the vertexes and has
no free side. In this case, we take the point zy as a limit point of the vertexes of
a fundamental polygon of I'. We define the quadratic differentials ¢ and v as
above. By a result in [10], we see that the Beltrami differential ki/|¢| is extremal
and ||¢|| = co. All of the above arguments hold.

We have proved

Theorem 4.1. In any infinite dimensional Teichmiiller space T'(S), there
is a pair of points such that there exist infinitely many of geodesic lines through
them.

5. Problems.

The following problems seem naturally to present themselves:

(i) Does the uniqueness of the extremal differentials in a point [u] always imply
the uniqueness of the geodesics joining [0] and [u]?

(ii) Does the uniqueness of the geodesics joining [0] and [u] always imply the
uniqueness of the extremal differentials in [p]?
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