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Abstract. In this note, we study sets on the real line which are null with respect to all
doubling measures on R, or with respect to all dyadic doubling measures on R. We give some
sufficient conditions for the former, a test for the latter, and some examples.

Our work is motivated by a characterization of dyadic doubling measures by
Fefferman, Kenig and Pipher [5], and by a result of Martio [8] on porous sets and
sets of total &7 -harmonic measure zero for certain class of nonlinear <7 -operators.

A measure i on R is said to have the doubling property with constant A if,
whenever I and J are two neighboring intervals of same length then (1) < Au(J);
denote by Z()\) the collection of all doubling measures with constant A\, and
7 = Ux>12(\). A measure p on R has the dyadic doubling property with
constant A if u(7) < Au(J) whenever I and J are two dyadic neighboring intervals
of same length and I U J is also a dyadic interval; denote by Z4(\) and %, the
corresponding collections of dyadic doubling measures.

Given {a,}, 0 < ay, < 1,aset E C R is called {a,}-porous if there exists
a sequence of coverings &, = {E, ;} of E, by intervals with mutually disjoint
interiors, so that each E, ; \ E contains an interval J, ; of length > ay,|E, ;|,
Ug, 1 Ensi1,x is contained in Ug, (B, ; \ Jn,;) and sup|E, ;| — 0 as n — oo.
The Cantor ternary set is {%}—porous. The porous sets studied by Martio [8] are
{a}-porous for some a > 0.

Theorem 1. If 0 < o, < 1, >7af = oo for all K > 1, and E is
{ay, }-prorous, then E is null for all doubling measures on R.

Corollary. There exist sets of Hausdorff dimension one which are null for all
doubling measures.

The condition given in Theorem 1 cannot be improved:

Theorem 2. If 0 < o, < % is a decreasing sequence satisfying Y af < oo
for some K > 1, then there exists a perfect set which is {«,}-porous, but carries
a positive measure for some p € 9.
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Let E be a closed set in [0,1] and A > 1. In Theorem 3, we give a determin-
istic procedure of testing whether E is Z;(A)-null. In this process, an optimal
measure (g among Z4(A) is selected for E. The precise statement is given in
Section 2.

Denote by .4 the collection of null sets for doubling measures {E cuw(E)=0
for all u € 9}, and .4y its dyadic counterpart {E :u(E) =0 for all u € .@d}.
Clearly A3 C A and .4 is translation invariant. The assertion that Ay # A
is not suprising, however it requires a lot of work.

Theorem 4. There exists a perfect set S C [0,1] which is in A"\ Ay. And
corresponding to this S, there exists a set T' of dimension one, so that t+S € 4,
for each t € T'.

It would be interesting to know whether a pair of sets S, T' can be chosen to
satisfy length (7") > 0 in addition to the properties in Theorem 4.

Theorem 5. Let t be any number whose binary expansion has infinitely
many zeros and infinitely many ones. Then there exists a perfect set S; so that

StGJV\e/I/d bUtt‘i‘StGe/Vd

Finally, in Section 4, we shall comment on relations betwen sets in .4 and
null sets of the harmonic measures with respect to the p-Laplacians in the upper
half plane.

The author would like to thank A. Hinkkanen for his joint contribution on
Theorem 1, and R. Kaufman for many conversations.

1. Proofs of Theorems 1 and 2

We first state a useful lemma.

Lemma 1. Let pu be a dyadic doubling measure on [0,1] and I be any
subinterval. Then there exists K > 1 depending on the dyadic doubling constant
A only, so that

AR p([0,1]) = (1) = 3117 p([0,1]).

Proof. Let I; and I be two adjacent dyadic closed intervals in [0, 1] such
that I - [1 U[Q and 2‘]‘ > |Il‘ + |[2| Then

p(l) < p(l) + p(lz)
A —logy [11] A —logs |I2]
<((i753) i) o
< 2(2|I|)1og2((1+x)/k)u([07 1]) < 4|I|log2((1+)\)/>\)ﬂ([07 1])'

It
| >1- 16~ Mog2((1+2)/ )71 — 4

Y
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then
([0, 1\ 1) < 8(1 = 1) "=V ([0,1)) < Lu([0, 1)),

Hence p(I) > $([0,1]). If [I| < A, let J be the largest dyadic interval contained
in I. Therefore |J| > |I|/4 and

p(0 = ) = (1) o) = (1174 (0,1)

> ([0, 1]) 1| (oz2 (02D (1 —2(l0g, )Y

Proof of Theorem 1. Assume E C [0, 1], and let &, = {E,, ;} be the coverings
of E and {J, ;} be the subintervals of E, ; \ E in defining {a, }-porosity. Let
p € 2, it follows from Lemma 1 that u(J,;) > tafu(E, ;) for some K > 1
depending on p only. Thus

1(Enj \ Jnj) < (1= 2ol w(E, ;).

Summing over j, we obtain

> w(Engax) < (1= 3ai)>  p(Eny).

J

Therefore
wE) <[ = Fa)p(0,1]) =0.

Proof of Theorem 2. Let N,, be a rapidly increasing sequence of odd integers
with Ny =1, N,, > a;il for n > 2. After replacing «, by a number which is
at most twice its size, we may assume that o, = m, N, _&1 for some odd integer
m,, . The construction of E resembles that of the Cantor set. First we remove
the open interval which constitutes the middle «; position of [0, 1], and subdivide
the two remaining closed intervals into subintervals of equal length N5 1. call this
collection of subintervals .#; . This subdivision is possible due to the modification
on «’s. On each interval in .7, remove the open interval which constitutes
its middle as portion, and subdivide the remaining intervals into subintervals of
equal length (NaN3)~!, call this new collection of subintervals .%. Continue the

process indefinitely and let
=N (U 1)
n Ies,

Clearly FE is {ay,}-porous.

It remains to choose N,, so that u(E) > 0 for some p € Z. Our idea comes
from Ahlfors and Beurling [2; Theorem 3]. First, we construct a function A which
plays the role of 1+ Acosine in [2].
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Lemma 2. Given 0 < a < i, K > 2, there exists a function h continuous
on R, of period 1, monotonic in [0, 1] and in [%, 1] respectively, which satisfies

2
fol h(z)dx =1,

_ [aKt on [%(1—04),%(14—04)]7
h(x>_ {1-}—\/5 on [0,%_\/5]U[%—|—\/a,1],

and h(x)dx is in 2(BX) for some absolute constant B > 2.

As an example, we may choose

1 2K -1
M) = oK oK (2 - —0%)

2

on

[1 +a 1+« n oz(QK—l)/(4(K—1))}
2 72 4 ’

piecewise linear on

l+a «a@K-1)/AKE-1)) 1
=t 3]
with derivatives between 1/4\/a and 4//a, and h(z) = h(l — z) for z in
[1 — Va,1(1 - )], so that the continuity, monotonicity and fol h(z)dr =1 are
satisfied. For this h, hdx € 2(B*) for some absolute constant B > 2.

In the hypothesis > af < oo, we may assume K > 2. Corresponding to
each pair (o, K), we fix a function h,, which satisfies properties in Lemma 2
with a = «a,,. Denote by

An= U (k5 = Fan)) U (b + § + Jom bk + 1)),

n

Fo=|J 1, M,=][Ne, and f.(2)=]]h(Ma).
1

1

We shall choose N,, inductively so that N,,;1 > N,, and that f,(z) is “nearly
constant” on each interval of length M, 4}1.

Recall that N; = 1 and assume that odd integers N», N3, ..., N, have been
chosen so that

Fy

k
(1.1) fe(@)de > [J(1—22f)  (1<k<n),
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and whenever |z —2/| < M, ', (2 <k <n),

k—1 k+1
(1.2) T < hk—l(Mk—lx)/hk—l(Mk—lwl) < T,
and
k—1 kE+1
(13) Pl @) < 2L

Note that fol hi(z)de =1, f[O,l]ﬂAk hp(z)dz = 1 — off and that fg(x) is
uniformly continuous on R for each k > 1. Let F' C [0, 1] be any measurable set.
Then Yrf, is the pointwise a.e. and L! limit of an increasing sequence of simple
functions, each of which has the form ) a;xz,, where {a;} are constants and
{I;} are finitely many mutually disjoint open intervals with rational end points.
Therefore,

/O X (@) fa@)X s (M) g1 (M) d — (1 — 0,) /F ful2) dz

as M — oo. Thus a large odd integer N,,1 can be found so that N,.; > a;l,
and (1.1), (1.2) and (1.3) hold with &k = n + 1. Here we have used the fact that
Fn—|—1 = {.T c Fn : Mn+1x S An—|—1}-

Let u be a weak limit point of f,,(z)dz. Then p(E) > 0 in view of (1.1) and
S af < 0o. To verify that u is a doubling measure we consider two neighboring
intervals I and I’ satisfying

My by <= <M,

In view of (1.3)

(n—1>2 < fr—1(x) < (n—l—l)?
n N fn—l(x/> N n
whenever z € I and 2’ € I’. We note that f,,(z)/fn(z) has period M, if
m > n+ 1, and that

n

<
n—+1

hy (M x) < +2
hn(Mpz') “n+1

whenever |z — 2’| < M, ;. Writing

fm ()
fa(2)’

we deduce from the fact h,,(M,z)dz € 2(BX) that

fm(x) = frn1(2)hp (M)

for m > n+1,

(CBF)™1 < /Ifm(:v) dac/ | ) da < CBX

for every m > n + 1. Therefore p € 9.
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2. A test for Z,()\)-null sets

Given a closed set F in [0,1], we shall develop a procedure to test whether

E isin Z4(A) for some A > 1.

Let I, ;, 1 <j < 2", be the dyadic closed intervals in [0,1] of length 27",

I}, ; be the closed mterval which forms the right half of I,, ; and let I,
I v . Let

1 on I ;
hpj(z) =14 —1 on Il
0 on R\Inj

For a fixed integer n > 2, define

2n

£ =TI+ 6(n, )rhay).

j=1
and dv\" = £ dx, where T = (A—=1)/(A+1) and

: L,  ENI;#0,
(5(%7]):{_1, Eﬂ[r 7&@

Denote by E, = U{Im—l,j L NE#0,1<j< 2”“}. Let

2n—1

f?gn)l = H (1 + 6(71 - 17j)7-h'n—1,j)7

Jj=1

and dv™ n = f@du&% where

n—1 —

3(n—1,5) = { Lo (I N Ey) = (1 0 ),
—1, otherwise.

After defining f,gn) and dl/]gn), we let

Qk—l

k(:i)l = H (1 + 5(k - 17j)7_hk—1,j)7

j=1

and dyén)l = f(n) du(n) where

5(k;—1,j>:{1’ v Ty N En) 2 V(T ;N En),

—1, otherwise.

—ng\
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Continue this process until we arrive at V%n). Define u,, = V%n).

Notice that
(2.1) w (I =27 (1<k<n)

with the understanding that Iy ; = Ip; = [0, 1]; and that from du,gn) to dV]E;Z)l,
total measure in each I;_1; is kept unchanged, but the total measures of Iy, ;

and [ ,i_l , are redistributed in the most advantageous way.
Repeat for each n > 2, to obtain a sequence of measures {y,}. Let ug x be
a weak limit point of {u,}, extended to R with period 1.

Theorem 3. Among all the measures in 9;(\) which have mass one on
[0,1], pe x has the maximum measure on E. In particular, E is Zq(\)-null if
and only if up \(F)=0.

Proof. 1t is clear that g x([0,1]) =1 and pp\ € Za(N).
Let w be any measure in Z4(A\) with w([0,1]) = 1. We claim, in fact, that

(2.2) w(En) < pin(En).

Let m be the largest integer in [1,n], if it exists, such that there exists at least
one interval I, ; on which

W(I;,j)
W(Ifn,j)

,un<I7:1,j)

(23) Nn(ﬁn,j).

£

(If such m does not exist, then w(E,) = p,(E,).) We shall redistribute the
measure w on these I, ;’s and keep w unchanged elsewhere. Denote by .7, =
{I,; : (2.3) holds on I, ;}; and let w,, =w on [0,1]\ U, I, j, and

o)
w(ﬂﬁ,j):unum,j) e
(Tl
w(ﬁn,ﬂﬂn(Im,j) ™

for each I, ; € #p,. Clearly, if I, ; € &, , then

on(lng)  pnlIhy)
Wm(Ifn,j) ,un(I7ln,g')7

and wy, is dyadic on I,,, ; with constant < A. Actually, wy, is in Z4(\) by the
following lemma.
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Lemma 3. Let I be a dyadic subinterval of [0,1], and p and v be dyadic
doubling measures on [0,1] and I respectively, satisfying p(I) = v(I). Then the
new measure w defined by w = v on I, = p on [0,1]\ I is dyadic doubling on
[0, 1] with constant bounded by the maximum of those of u and v.

First, we shall verify that w(FE,) < wn,(E,). To show this, it is enough to
prove

(25) w(En N [m:J) < wm(En N Im,])

for each I,,, ; € I, .
Fix I, ; € Sm, clearly (2.5) holds when m = n. Thus we assume m < n
and note from the definition of m that

w(fz?;,i) _ :un(II:,i> W(Illc,i) :un(lllc,i)
Wlki)  pn(Iry)’ w(lk)  pn(Iki)
for m+ 1 <k <n. Therefore
w(Ifn’j NE,) B ,un(I;’j NE,)
W([;z,j) a /l’n([;z,j)

and l l
oIy N Ea) _ ol 0 En)

W([fn,j) a Mn(lfn,j)

Moreover, from the construction of p,,,

fin (L) v (I.)
if 1 <k<nand I,y1; C I ;. Thus by (2.1) and the above identities,

2. = I ;NE, gm+l
( 7) w([;@}j) m—|—1( )
and
w(Ib YN E
(2.8) WU VEn o) (IL, ;N E,)2m+,

w(I7l71,j) il
Writing I in place of I, ; for the rest of this paragraph, we obtain

WE, NI w(I")  w(E,NIY w(IZ)]w(D
w(Ir)  w({) w(IY)  w()

W(E,N1) = [

= 2 () ey (B 0 VAT ), ) AT

< 2 (1) (V5 (B N I A+ Vi) (Bn 0 1)(1 = A)
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where A = 1(1+47) if Vﬁfj_l(EnﬂIT) > Vr(gj_l(EnﬂIl) ,and A = 1(1—7) otherwise.

From the definition of 14, (2.6), (2.7), and (2.8), it follows that

(n) /7 (n) (71
m-1 n r Um (I) n Vm (I)
W(En N1) < 21 [V (Ba 0 I7) N +v&ll<Enﬂ1l>V$>([)
o [€ENT) pn(I7) | w(En 01 pn ()] _
= w0 W) @) T w(I) unm] ~on(EaD:

This proves (2.5) and hence w(FE,) < w,(E,).

We proceed to make modifications of w,, on each dyadic interval I,,_1; of
size 2™ %! on which (2.3) holds with m, j, w replaced by m — 1, i and w,,
respectively, according to the rule (2.4) adapted for m — 1, i and w,,; call this
new measure w,,_1. Continue to modify w,,_; on dyadic intervals of size 2712
if necessary to obtain w,,_s,.... Finally we arrive at a measure w;, and obtain

W(En) S wm(En) S wm_1<En) S s S w1 (En)

and , ,
willy ) pn(L )

wl(I7l71,j> B Hn(ffn,j)7
forall 1 <m <n, 1<j <2™. Therefore wi(E,) = pun(Fy) and (2.2) is proved.
We note that £ = N,, E,,. Therefore for any ¢ > 0 and sufficiently large m
and n with m > m(e) and n > n(e, m), we have

pEAE) = pEA(En) — € = pn(En) — 26 = pn(Ey,) — 2¢
> w(E,) — 2 > w(F) — 2e.

This shows that w(E) < pug A (E).

3. Proofs of Theorems 4 and 5

Given a, €, § € (0,1), ea < § < €, we choose a sequence of integers {ny}
satisfying nx > 4 and

(3.1) Npt1 > ng + [elogy k.

For k> 2+ [2'/%] and 0 < j < 2™ — 1, denote by

1 g g+l
Lis = |50 g )
7 __[J' J ;]
kg = ong ’ Ing anké ’
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and

jr1 1 41
Jk;’j = [ — C) ]7

ANk INg fog ANk
where k0 = 210log2 bl | e — olelogz k] anqd [] is the greatest integer function. Note
that intervals L’s, I’s and J’s are dyadic,

(3.2) | Jre,j 1/ ko | = O(k°~%) = o(1) as k — 00,
and
(33) |Jk,j /|Lk—|—1,j’| — 9nkt1—nk—[e10gy K] S 9.

The construction of a set S € A"\ A is similar to the Cantor set; collections
of nested intervals from {J; ;} are used. The measure p in %4 to be produced
with p(S) > 0 will satisfy

ity ()

| Lk 5]
on infinitely many Jj, ;’s.

Let {K;} be an increasing sequence of integers with Ko = 2+[2'/9] and some
other properties to be specified later. Let Sy = [0,1], €L L+ k, be the collection of
all I14x,,; € So and %1‘]4-1(0 be the collection of all Ji g, ; € So. After %ﬂkl and
‘5,;] have been defined for some k, 1+ Kqg <k < K; — 1, we let

‘Kk{_H =% U {Ik+1,j C So : Ir41,5 is not contained in any interval in €y %”,;]},
%15]4-1 =%/ U {Jk+1,j C So : Jr41,5 is not contained in any interval in clu %”;;]},

and let
ST = union of all intervals in ‘5}6,

S7 = union of all intervals in ‘Kl‘é L

Next let ‘51[+K1 be the collection of all I11x, ; € 51 and %ﬂlJJrKl be the
collection of all Ji4x, ; € S1. And define for each k, 1+ K; <k < Ky — 1,

CKII(H = ‘KkI U {Ik+1’j C 81 : I41,; is not contained in any interval in ‘KkI U ‘Kk‘]},
%I{H =%/ U {Jk+1’j C 51 : Jk41,; is not contained in any interval in €l u ka‘]},
S? = union of all intervals in %ﬂf(z,

and
Sy = union of all intervals in €7, .

Clearly SQI C Sy and S, C 55
Continue this procedure to obtain ‘511(3 , ‘5;%3 , 81 and S3, ..., and so on, and

1

To construct p € Z; with u(S) > 0, we shall use scale invariant versions of
Lemma 3 and the following lemma repeatedly.

let
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Lemma 4. Given a, a, § € (0,1) with a* 4+ 3 < 1/16 and c¢1,cy € (%,2),
there exists a measure 1 € P4(10Y/®), which satisfies 11([0,1]) = 1, p([0,a]) =
c1a®, and u([l — 0, 1]) = cof3.

As an example, we may choose

et 0<t<ty= ()",
p((0.4) = v+ (1 ter + o))t —to)/(F —to), to<t<L,
ot + 1 — ¢, L<t<l

Then extend p periodically to R with period 1.
All measures py, defined below are periodic with period 1. Choose w14k, €
P4(10'/%) so that

P ko (L1ivro,s) = [ L1t ko5,
M1+K0(Il+K0J) = |L1+K07j|(1 + K0>_67
P14 ko (J14Ko,5) = |L14k0,5](1 + Ko) ™=

for each 0 < j < 21+Ko — 1. After pr is selected for some k, 1+ Ko <k < Ky,
we choose i1 € .@d(lOl/“), so that pr+1 = pr on each interval in 6} U%/,
and pp41 is a redistribution of py on each Ly ; which is not contained in any
interval in ‘Kkl U ‘Kk‘] :

(3.4) fit1(Lrgr,5) = pr(Liyas),
(3.5) Mk+1(Ik—|—1,j) =1+ k/‘>_5ﬂk+1(Lk+1,j)7
(3.6) k41 (Jet1,5) = (1 + k)" g1 (Lit1,5)-

The measure pg, so chosen has the properties that

K,
pr, (SfUS) =1- J] A -k ==k
1+ Ky
and

L—ca
> I : -
MK, (Sl) = /J’K1(Sl U Sl) 1+K§2£¢§K1 k—¢ga k=9

K,

> (1= [T a—k=m) - K5,

1+ K,

because €a < J.
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Next choose p14x, € Z4(10/%) so that pi11x, = pr, on Sp\ Si, and on
each Li4k,; C Sp it is a redistribution of ug, satisfying (3.4), (3.5) and (3.6)
with k = K;. After uj is constructed for some k, 14+ Ky < k < Ko, build pg41
from pi following the same steps as in the case 1 + Ko < k < K;. The dyadic
doubling measure s, so obtained belongs to 2,;(10'/%), moreover

Ko

pica(850082) = (1= T (1= k7% = k7)) s, (1),
1+ K4

and

L—ea
> I : - -
MK, (SQ> Z MK, (SQ U SQ) 1+K11I§1fI;§K2 k—ea 4+ k=9

> pix, (S5 U So) (1 — K{%70)

> (1 - ﬁ (1- k—w)) (1 . ﬁ (1- k—w))u — KEv0) (1 — KEo9),

1+K0 1+K1

Whenever pg,, is constructed, keep pi4k,, = pk,, on So\ Sp, redistribute
the mass on each Li, g, ; C S, according to (3.4), (3.5) and (3.6) with k£ =

m,:] -

K,,, and keep the dyadic doubling constant bounded by 10'/¢. Continue this
indefinitely. Thus, we obtain a sequence of measures ug, € Z4(10/%), with

pi,, ([0,1]) =1 and

e, () > T (01— K5~ 5)(1 - A)
1=0

where A; = ﬁi}%(l — k7%%). Let pu be a weak limit point of {ug, }. Clearly

wE€ 2q(101/%).
Since ea < 1, it is possible to choose {K;} so that

oo

(3.7) > K04 iAi < 4o0.

1=1 =1

With respect to this choice of {K;}, we have u(S) > 0, hence pu & Ay.
It remains to show that S € 4. Let v € . Recall that J ; and Ij j41
have the common boundary point (5 + 1)/(2"*); by the doubling property

V(T U Tp jpr) > ACTOT8 k=507,

for some A > 1 depending only on the doubling constant of v. For m > 2,
intervals in €7 U {Ixj1 : Jr; € G} (# €, U ) may meet in their
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interiors; however, because of (3.3), every point in [0, 1] is covered by at most
three such intervals. Therefore

Bv(0,1]) > Y w(Jry Ulpjpr) = ACTDI08 Knim5y (5, )
Jk,je%”ém
ZA(E—&)logsz,l—By(S>.
Hence v(S) = 0. Therefore S € A4\ ;.
Let

oo
T = {t = Zth_”, where ¢, =0 or 1,
n=1
but tnk—l—[(s log, k]+1 — 1 and tnk—l—[élog2 k42 — 0
for each integer k > KO}.

In view of (3.1), it has Hausdorff dimension 1.
Fix t €T and v € 94 and let J; ; be any interval in %I{m . We note that

+3 i+1 p+3
LN R A
oIng b AL oIng fd
for some integer p, because
q+% < 12" k0 <q—|—%
for some integer q.
Therefore t + Jj ; is contained in the middle half of some dyadic interval
p p-%l}
Yk 2o )
Recall that the interval Ij ;11 shares an end point (j +1)/2"F with Ji ; and has
length 1/27k?. Therefore

My = |

1
2nfed
The dyadic doubling property of v, (3.2) and Lemma 1,
V(t + (Jk,j U Ik:,j—i—l) N MkJ) > C(k, V)V(t + Jk,j)

|(t+ Irje1) N M x| > §

with ¢(k,v) — oo as k — oco. Summing over all Jj ; in ‘Kf‘gm and reasoning as
before, we obtain

3v([0,1]) > c(Kpm—1,)v(t + Sm) > c(Kp—1,v)v(t + 9).
Letting m — oo, we have v(t +.5) = 0. This completes the proof of Theorem 4.

It would be interesting to characterize those t’s so that ¢ + S is in ;.
However this seems difficult.
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To prove Theorem 5, we note that in the binary expansion of ¢, the event
that a digit 1 is followed immediately by a digit 0 occurs infinitely often. Choose
e, 0 and a as in Theorem 4, and {n;} depending on ¢, so that (3.1),

tnk—l—[é log, k]+1 — 1 and tnk—l—[é log, k]+2 — 0

hold for each k > kg. Let S; = S in Theorem 4 associated with this sequence
{nx}. Then S; € A\ Agz. The proof of t + S; € Ay is similar to that in
Theorem 4.

4. Null sets for p-harmonic measures

Consider the p-Laplace equation (1 < p < 00)
div (|Vu[P~>Vu) =0

in the half plane Q = {x € R? : 25 > 0}. For the definition and properties of
p-harmonic measure (the harmonic measure for p-Laplacian) see [6; Chapter 10].
Let E be a compact set on 02 which has positive p-harmonic measure for
some p. Then there exists a nonconstant solution u (0 < uw < 1) of the p-
Laplacian in 2, with continuous boundary value 0 on 992\ E.
Following [1], we may apply a linearization technique in [7] or an approxima-
tion technique in [4], and Theorem 4.5 in [3], to write

u(z) = [ K(z,y)f(y) do(y),
oN
where K is a limit of kernel functions and w is a weak limit of harmonic measures
at a fixed point, corresponding to a sequence of uniformly elliptic operators of
nondivergence form in {2, with ellipticity constants depending only on p. Moreover
w has the doubling property and u has nontangential limit on 92 w-a.e.

Because u has zero boundary value on Q2 \ E, f(y)dw(y) is supported in
E. This implies that w(E) > 0. Therefore, we have

Theorem 6. Compact sets in .4 are null sets for any p-harmonic measure
with respect to the half plane {x € R? : 5 > 0}.

Remark. Martio has defined a version of porosity and proved that a porous
set on {z9 = 0} has zero & -harmonic measure with respect to all those nonlinear
operators &/ on {xo > 0} considered in [8]; p-Laplacians are examples of such
operators. We do not know whether Theorem 6 can be extended to all such
of -operators. However a compact set £ on {zs = 0} is &/ -harmonic measure
null for all such o if it satisfies a stronger {a, }-porous condition for some {a,,}
(> alf = oo for all K > 1), namely, in defining {a,}-porosity, E N E, ; is
required to lie in the middle 1 — 2, portion of E,, ; for each n and j. Proof
follows by combining the original proof of Martio and that of Theorem 1.
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