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Abstract. The authors obtain new estimates for some conformal invariants in the punctured
unit disk and apply these to derive sharp distortion theorems for plane quasiconformal mappings.

1. Introduction

When one wishes to develop the theory of K -quasiconformal mappings using
only conformal invariants, in the spirit of [A1], one needs to find invariants which
are practical as computational tools and which also have a natural interpretation
in terms of geometric properties of the domains mapped.

In [V2], two conformal invariants given by extremal lengths of curve families
were used to study the distortion and other geometric properties of quasiconformal
mappings in Euclidean n-space, n > 2. In the particular case n = 2, analogous
methods can be used to produce somewhat sharper results, as shown in [LV].

In this paper, we continue to study one of these invariants, namely the invari-
ant A\g due to J. Ferrand [LF]. Let G be a proper subdomain of the complex plane
C =R?, and for z € G let C, denote any continuum in G joining z to dG. For
r,ye G, v #y,let
(1.1) Ag(z, y) = ing M(A(Cx,Cy;G))

z,Cy
(for notation, see Section 2).

Let B be the unit disk and let 7 denote the capacity of the Teichmiiller ring.

The following theorem was proved in [LV].

1.2. Theorem. For G = B\ {0} and z, y € G with |z| < |y|, * # y, the
following inequality holds:

) |z —y|
Aa(z, y) < C T(mm{|x\, 1—\yl}>’

where C < 1.172.
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In general, it is not possible to replace the constant C' by 1 in Theorem 1.2.
However, in the following result, which is a particular case of our Theorem 3.9,
we are able to reduce the coefficient to 1 at the expense of a modification of the
argument of 7.

1.3. Theorem. For distinct =,y € B\ {0} =G, |z| < |y|, we have

‘x—y|(1—|—|$‘)2 ) §7‘<|$_y|(1+|$‘)2)~

2|x\(1—%\x—y|)2 2|

As far as we know, there is no explicit formula for A\g(z,y) when G = B\{0}.
Note that Theorem 1.3 is weaker than Theorem 1.2 if |y| is close to 1 (for such y
one should use Theorem 3.9 instead of Theorem 1.3).

Results such as this theorem can be interpreted as restrictions on the geom-
etry of the configuration G, =, y. By using the quasi-invariance of Ag under
quasiconformal mappings, one can obtain distortion theorems for these maps. For
example, we prove the following theorem, which is the main result in this paper.
Recall the distortion function (cf. [LeVi, p. 63]) ¢x given by

Ag(z, y) < 7'(

"
(1.4 o) =~ (12,
where 1 is the conformal modulus of the Grétzsch ring B\ [0, 7] (cf. Section 2).

1.5. Theorem. Let f: B — f(B) C B be a K -quasiconformal mapping
with f(0) = 0 and let § = d(0, df(B)). Then for all z € B\ {0}, |z| = r,

r" =+/1—1r2, we have

/()] J parc(r) \?2 i (r)
(6) (1—|f(=)))* = oy <901/<2K>(7">) = (1—px(r)”

There is equality in the second inequality in (1.6) if and only if § = 1, i.e.
f(B) = B. Hence Theorem 1.5 improves the quasiconformal Schwarz lemma
[LeVi, p. 63].

In the final section of this paper we study the hyperbolic geometry of the unit
disk, obtaining a characterization for non-Euclidean ellipses and hyperbolas, then
finding a relationship between them.

Acknowledgements. We wish to thank M.K. Vamanamurthy for reading
the manuscript carefully and suggesting substantial improvements. The third au-
thor also wishes to thank Ch. Pommerenke and J. Becker for their kind hospitality
during his visit at the Technical University of Berlin, and the Alexander von Hum-
boldt Foundation for financial support. The paper was completed during the third
author’s visit at the University of Michigan, on a grant from the Academy of Fin-
land. We are indebted to A.Yu. Solynin for useful discussions.



Conformal invariants in the punctured unit disk 135

2. Preliminary results

We shall adopt the relatively standard notation and terminology used in [V2]
and [LV]. For z € R? and r > 0 we set B(z,r) = {z ceR?||z—2 < r},
B(r) = B(0,r), S(z,r) = 0B(x,7), S(r) = S(0,r), B = B(1) and, S = S(1).
For z,y € R?, we set [z,y] = {(1—t)z+ty | 0 < ¢ < 1}, and for = # 0,
[z,00] = {tx |1 <t} U{c0}.

The group of Mobius transformations of R’ = R2U {o0} is denoted by
GM(R’). For D C R, D # 0, we let GM(D) = {f € GM(R’) | f(D) = D}.

The subgroup of all sense-preserving Mdobius transformations is denoted by M (R")
or M (D). For x € B we denote by T, the element of M (B) satisfying T,,(x) =0,
T,(0) = —z. The hyperbolic tangent and its inverse are denoted by th and arth,
respectively, and the hyperbolic sine by sh.

The Poincaré or hyperbolic metric p of B is defined by

o, y) _ lz—yl _
(2.1) th 5 = |1 —Ey| = ’Tw(y)}v

where T is the complex conjugate of z (see e.g. [V2, Section 2]). We also call this
metric the non-Euclidean metric of B and sometimes use L. Ahlfors” abbreviation
n.e. for non-Euclidean [A2]. We denote by J[z,y] the n.e. line segment, that is
the arc, with endpoints = and y, of a circle orthogonal to S'.

The modulus of a curve family T' in R? is denoted by M(T') [Vi]. If

E,F,D C 1:_{2, we denote by A(E, F; D) the family of all curves joining E
and Fin D. If D=R? or D = 1:_{2, this family is denoted by A(E, F). For
s> 1 and t > 0, the moduli

v(s) = M(A(B, [s,0])),

7(t) = M(A([-1,0], [t, od]))
are the capacities of the Grotzsch and Teichmiiller rings, respectively. For con-

venience, we set (1) = 7(0) = oo. The capacities 7 and 7 satisfy the basic
functional identity [V2]

(2.2) v(s) =27 (s> —1).
The capacity of the Grotzsch ring can be computed from

2
(2.3) v(s) = m,

where
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! dx roN ,
= [ e K=K

for 0 <r <1 and v = V1—-72, K(1-) = o0, pu(l—) = 0. The following
identities hold [LeVi, p. 64], [V2, p. 68]:

ea)  aemnt) =T aen(E) =T e =220,

From (2.2) and (2.3) we have, for s >0,

(2.5) T(s) = m

For distinct points  and y on the unit circle S, we let E,, denote the
positively oriented arc from x to y.

Let a € (0,7/2), a=e ", b=¢'* and E = E,,. Then, using the confor-
mal mapping z — ((1—2)/(1 +z))2, we obtain from (2.5) and [V&, Theorem 8.1],

(2.6) M(A(E,[-1,0;B)) = %”)/(CSC %) = %,u(cos %) =7(]—¢ —cc,d),

where ¢ = ¢@/2 ., Here, for an ordered quadruple a, b, ¢, d of distinct points in EQ,
la, b, ¢, d| denotes the absolute value of the cross ratio (a,b,c,d) = q(a,c)q(b,d)/

(q(a,b)q(c,d)), where q is the spherical metric in R’. Let G be any Jordan
domain and let £ be an arc in 0G. For z € GG, define

(2.7) o(z,E;G) = iélfM(A(CZ, E;G)),

where the infimum is taken over all arcs C, in G joining z and 0G \ E. When
the domain is clear, the G is omitted in (2.7). Then o is a conformal invariant:

(2.8) o (f(2), f(E); [(G)) = o(2, E; G)

whenever f is a conformal mapping of a Jordan domain G onto a Jordan domain
f(G). In particular, (2.8) holds if G = B and f € M(B).

We next compute o(z, E) in terms of the geometry of the configuration
z, E, G. The next result is essentially due to A. Beurling [B].

2.9. Lemma. Let a,be S and ¢ € B. Then

4
0(67 Eab) = ;M(COS %)7
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where o € (0,7/2) is given by

ja —bl(L — |c[?)
|1 — ae||]1 —be|

2sin o =

Proof. Let f € M (B) besuch that f(c) =0, f(a) =e " =d, f(b) =" =
b'. By (2.6) and (2.8),

4
o(c,Eqp) =0(0, Eqyy) = %M(COS %)

Further,
lc,a,1/2,b] = [0,e™", oo, ™|
gives
(L —lel*)la—b] _ (1—lc[*)]a—b]
|c — al|1l — be| |1 —ac||1 —be|

2sin o =

2.10. Corollary. Let f be a K -quasiconformal automorphism of B = BUS
with f(0) =0 and a = €'*, b= ¢, a, B € (0, 7/2). If f(E1,) = E1p, then

(i) < = (o)
— = in— ).
P1/K sm2 _sm2 < prls 5

Proof. Use 2.9 and the inequalities ¢(0, E1,)/K < 0(0, E1p) < Ko(0, Ey,). O
2.11. Remark. Corollary 2.10 is essentially due to J. Hersch [H, p. 5].

2.12. Theorem. Let f: B — R? be a K -quasiconformal mapping such that
f(B) is a Jordan domain, let a, b € S, and suppose that ‘f(x)‘ <e <1 for all
r € Eu,. Then

c c ; sina = |a—b|(1—|c|2)
(2.13) }f( )} = ©1/(2K) (Sin(a/2))’ 2 |1 —ag||l —be|’

for all ¢ € B. Further, if f(B) C B, then

A+e A 1

(2.14) ‘f(c)‘ < Ae + 1% - ©1/K) (sin(a/2))’

for all c € B.
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Proof. To prove (2.13), fix ¢ € B. Since the inequality is trivial for }f(c)} <
e, we may assume that |f(c)| > e. Let F' = [f(c),00], F = f~1(F'), I =
A(f(Eab),F’; fB), and I' = f~1(I") = A(E, F; B). By Lemma 2.9 we obtain

1
57(080 %) =o(c, Eap) < M(T),

while M(I") < ~(|f(c)|/) by an extremal property of the Grétzsch ring [LeVi,
p. 54]. These two inequalities together with M (I") < KM(I”) yield

[f@] = 57_1(%”(“’ %)) T o) (Zm(am))’

as desired.
The proof of (2.14) is similar to that of (2.13) except that we take F’ =
[f(c), f(c)/|f(c)|] and use the sharper majorant

_ 2
M) <+(4H
e(1—1f(c)l)

(see e.g. [V2, 5.54 (2)]). o

2.15. Remark. Theorem 2.12 is closely related to the so-called two-constants
theorem for quasiconformal mappings. For further results see [R], [V1], [GLM],
[M].

3. Majorants for conformal invariants

From (2.1) it follows that

3,22 y) |z — y?

2 (L= [z?) (1 = |y?)

for x, y € B. Given x, y € B choose z € B such that T,z = —T,y. Then it is
easy to show (cf. e.g. [V2, (2.27)]) that

(3.1)

(2.9)  lo—yl
4 - 2

(3.2) T,z = [T.y| = th &

For z € B let G = B\ {z}. For z, y € G, define

(3.3) p.(z,y) = inf M(A(CI,Cy;G)),

x,“y

where C, is any curve in G joining x and z and C, is any curve in G joining y
and S. We abbreviate pg(z,y) as p(z,y).
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3.4. Definitions. Let a > 0. (1) For b, c € B(a) and t > 0p(4)(b,c), the
set

E(b,c,t) = {z € B(a) | 0B(a)(b, 2) + 05(a) (2, ¢) =t}
is called a non-FEuclidean or n.e. ellipse with foci b and c.
(2) For b, c € B(a) and t € (0,00) the set

H(b,c,t) = {z € B(a) | |oB(a)(b, 2) — 0B(a)(2,¢)| = t}
is called a non-FEuclidean or n.e. hyperbola with foci b and c.

The next result, which is implied by a result due to R. Kiithnau [K, p. 24],
provides a useful characterization of an n.e. ellipse. An independent proof of this
result, as well as an analog for n.e. hyperbolas, will be given in Section 5.

3.5. Theorem. Given a > 0 and b, ¢ € B(a) let fi. be a conformal
mapping of a plane annulus B\ B(t) onto the ring B(a)\ J[b,c]. A set E C B(a)
is a non-Euclidean ellipse with foci b, c¢ if and only if f,.(S(u)) = E for some
u e (t,1).

3.6. Lemma. Let =, y, z € B. Then

(t—s)(1 —ts)>,

pz<xvy) SM(A([O,S],[t,l];B)) :T< 8(1—t)2

where s = tho(z,2) and t = th(o(y,z) + o(z,2) + o(x,y)). The bound is
attained if z, x, and y lie on an n.e. line in this order.

Proof. Let ¢ = o(y,x) + o(y,z) and let fy,: B\ B(r) — B\ J[z,y] be
the mapping as in Theorem 3.5. For y € E(x,z,¢) let y' be the point where
J[z,z], produced, meets F(z,z,¢). Let L' be the hyperbolic ray J[y', w], where
w is the intersection of S and the hyperbolic ray from z through x and 3. Let
C' = f,}(L') and let C be the rotation of C’ so as to pass through f_,!(y). Take
F, = f.,(C). Then, by conformal invariance,

M(A(J[z, 2], Fy; B)) = M(A([0, 5], [¢,1]; B)),
where s = th1p(z,2) and ¢t = th 1 (o(y, 2) + o(z,y) + 0(z, z)). This fact, together
with [LV, 2.8], yields the desired estimate for p,(x,y). o
It follows immediately from the definition of A\g that for G = B\ {z}

(3.7) Aa(z,y) = min{p.(z,y), p-(y, ), A\p(z, ) }
for all distinct x, y € G. Since by [V2, 8.6] and (3.1)
1 |z —y|? 1 20(z,y)
. - - = ~r(sn28%Y
(3.8) Ag(x,y) 27((1—|$\2)(1—\y|2)) 27(5 5 )

for distinct x, y € B, we obtain a majorant for Ag(z,y) by combining Lemma 3.6
with (3.7) and (3.8) as follows.
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3.9. Theorem. For distinct x, y in G = B\ {0} we have
ety 1 ey
Aa(e,y) < minfr s(1—1)? ) 77 (1— =) (1 - |y|2))}’

where ¢ = th§(o(y,0) + o(z,y) + o(x,0)) and s = thmin{o(,0), 0(y,0)} =
min{|z], y|}.
3.10. Remark. Let G =B\ {0}, and 0 <z <y < 1. We claim that

(y—@ﬂ—ww>

(3.11) AG@zy>=szmy)=:T( 21— )

First, by Lemma 3.6,

(y—@ﬂ—ww)
z(l —y)?

if o(z,y) = c. Then g = Ty_1 oo o T, maps the segment [0,1] onto itself with
x — vy, y — 2, and o(z,y) = o(y,x’), where o is a circular symmetrization
about 0. Hence

( th (c/2) (1—|—x)2)

pol ) = ( (- th(c/2)? @

pO(x7 y) < p0<y7 .’L‘/) < pO(Z/? .’13)
Next, by (3.8), Lemma 3.6, (2.2), and (2.4),

1 (y—x)*  \_
woley) < 57( G —gy) = e ),

and (3.11) follows.
Hence in this case one of the extremal continua always joins 0 and x, while
the other joins y and S. In particular, the inequality in Theorem 3.9 is sharp.

3.12. Lemma. Let 0 <z <y <1 and T'yy = A([0,2], [y,1]U S; B). Then
_ (ly==2)(A —zy)

Proof. Let f(z) = (1 —2)/(1+2), g(z) = 22, and h = go f. Then by
conformal invariance,

h@%—Mw>:TCy—@O—wm>D
1 —h(z) x(1+y)? ’

3.13. Lemma. Let z, y, z be distinct points in B. Then there exists an
arc F' in B joining y and S such that

M(Tyy) = M(B(Ty)) = 7

(t—s)(l—ts)>,

M(A(J[z,2], FUS; B)) = 7( S 11)?

where t and s are as in Lemma 3.6.
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Proof. Let notation be as in the proof of Lemma 3.6. Let y € E(z,z,c¢)
and let y,,w, be the points where J|z, x|, produced, meets FE(x,z,¢) and S,
respectively. Let L be the hyperbolic ray J[y,, w,] and L' = f_}(L). Let F’ be

x

the rotation of L’ so as to pass through y' = f,!(y), and take F = f..(F").

Next, there is a Mobius transformation that maps B onto itself and carries
Z, T, Yo, W, to 0,5,t, 1, respectively, where s and t are as in Lemma 3.6. A second
Mobius transformation takes B onto the right half plane and 0,s,t,1 onto 1,
(1—s)/(1+s),(1—t)/(1+1),0, respectively. Finally, the square mapping carries
this right half plane configuration onto the Teichmiiller ring whose complementary
components are (—oo, ((1—1)/(1+ t))Q} U{oo} and [((1—s)/(1+ s))Q, 1]. Thus
if T' = A(J[z,z], FU S]; B) we have

((1—8)/(1+8))2—((1—t)/(1+t))2>:T((t—s>(1—st>> ]
1—((1—s)/(1+5)” s(L+t)2

3.14. Lemma. Let x, y, z be three distinct points in B. Let E C B be a
continuum joining x to z and F' C B a continuum joining y to S. Then

M(T) :T(

t(1 —s)?
M(A(E, FUS: B)) > M(A([—s,0],[t,1]US: B)) = (7>
(A( US;B)) > M(A([-s,0],[t,1]US; B)) Ts(l-i—t)Q
where s = thip(z,2) and t = th1o(z,y). Equality holds if z € J[z,y] and F is
a subarc of the hyperbolic line through x and y.

Proof. The proof is a standard symmetrization argument consisting of two
steps (cf. also [LV, 3.7]). First apply 7, and then perform a circular symmetriza-
tion with center 0. Application of Lemma 3.12 completes the proof. o

4. Applications

We now apply the majorants for Ag derived in the previous section to quasi-
conformal mappings. Additional results of this type can be obtained by combining
Lemma 3.6 or Theorem 3.9 with results from [LV]. We begin by proving a technical
lemma.

4.1. Lemma. Let z, y, z € B with o(z,z) < o(z,y). Let u = th (o(x,y)/4),
s = th (o(z,2)/2),t = th (3 (e(z,y) + o(y, 2) + o(z,x))) . Then

(t—s)(1— st).

ST 0=

S

Proof. For each s € (0,1), f(t) = (t —s)(1 — st)/(s(1 —t)?) is increasing on
(s,1). Now

t=th G(Q(fﬂ’w +20(, x))) - 1u:uss'
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Hence

u+s>:u(1+8)

/() Zf(l—l—us s(1—wu)?

u
2_
S

4.2. Theorem. Let : B — f(B) C B be a K -quasiconformal mapping with
f(0)=0. Then, for z, y € B\ {0}, 0 <|z| <|y|,

f@) —F )| _ oG @ @) (Ll )’
2 i =ler < (|x|(1—|y|>))

Proof. Tt follows from [LV, (3.8)] and Lemma 3.6 that

(1 + |z])? . . _((E=s)(1—ts)
(—m(l—\m) ) < vles) < Kp(f), 1) < Kr(— 75 ),

consider two cases. If } f( } < ’ f(y)|, then the asserted inequality follows from
Lemma 4.1. If ’ f(z ’ (y) ’ then by the previous case the inequality holds
with ‘ f(z ‘ in place of ‘ (y)‘ Since now ‘ fly ‘ ‘ f(x ‘, the result follows. o

We observe that by [V2, 7.53]

where ¢ = th$(o(f(y),0) + o(f(= f(y>) + o(f(x),0)) and s = |f(z)|. We
f

Sl ¢%(r) _ _
- 1(—7‘(t)) _ (PQK & < 16% (1/K)(1+t>K (1/K) 41/K
1/K

for K >1 and t > 0, where r = /t/(1+1t), ' =/1/(1+1).

4.3. Proof of Theorem 1.3. With notation as in Theorem 4.1, we have

Ag(z,y) < p(r,y) < T(

(=)0 —ts)y _ _ th (o(z,9)/2)  (1+]x))
s(1—1)? >§ ((1—th( xy/2)2 || )

- 2)°y o (le—ul(1+]z))’
§7(2(| y o (A )>§T( yl(1+ )>.D

- %\x—y\)Q || 2[x|

4.4. Remark. By conformal invariance, we can replace the expression

(1 + ) */ (2] (1 = Jy]))

in Theorem 4.2 by |T,y| (1 + \x|)2/(|$\(1 - |Twy‘)2)'
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4.5. Proof of Theorem 1.5. Let I = A(f[0,z],0f(B); f(B)) and let
[ = f~}(I"). Then by Lemma 3.14,

, 5(1 — s)?
M(T) ZT(H); s = |f(x)].

The inequality M (T') < ~(1/|z]) = 27((1/|z[?) — 1) is obvious. Since M(I") <
KM(T) (cf. [V2, 10.14]) we obtain

(1 —88)2 > (1 ';5)27-—1(21(7(L - 1))

Using (2.2) we obtain

f@ 0 ea(lal)”

(4.6) 5 < 2 5
1—|f@)])" ~ A+0)*1 - pop(|z])

which proves the first inequality. The second inequality follows from [LV, Sec-
tion 3.2, p. 64] and the fact that g(t) =t/(1 +t)? is strictly increasing on [0, 1].

4.7. Remark. Theorem 1.5 holds for quasiregular mappings as well if we
make the additional assumption that B\ f(B) contains a connected set F with
SHHNE#D#ENS.

5. Hyperbolic geometry

In this section we first give a direct proof of Theorem 3.5, then obtain an
analog for non-Euclidean hyperbolas, and finally derive a relationship between
n.e. ellipses and n.e. hyperbolas.

5.1. Proof of Theorem 3.5. By conformal invariance we may take a =
1/y/r, 0 <r <1,and b= -1, ¢ =1 as foci. Thus we consider the conformal
mapping [BF, 129.51], [N, p. 295, (49)]

21K
w = f(z) =sn((,r), Cz%log%-ﬁ—ﬂ(, z=x+ 1y, w = u+ v,

of the plane annulus B\ B(t) onto the ring B(1/y/r) \ [-1,1], t,r € (0,1),
t= exp(—wﬂ('/(élikf)) , where K, XK’ are elliptic integrals as in Section 2, and sn is
the Jacobian elliptic sine function. Here there is no ambiguity in the logarithm,
since we may first define the mapping f in the portion of the annulus in the
first quadrant, using the principal branch of the logarithm, and then complete
the mapping by reflecting in both axes. Let D be the quarter disk {w s w| <
1/\/r,u > 0,v > O}. Under the mapping ¢ = ((z) the quarter circles |z| = T,
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x>0,y>0,t<7 <1, correspond to the horizontal line segments joining the
vertical sides of the rectangle

R={¢=(a,8): 0<a<X,0<p<K/2}.

By symmetry it will be sufficient to prove that an arc in D is an arc of an n.e.
ellipse with foci £1 if and only if it is the image of a horizontal line segment
joining the vertical sides of R.

Let z € B\ B(t) be in the first quadrant, and let Q = B(1/+/r ). If we denote

(62) a=|m¢—1],  A=[sm(—|, a=|mC+1,  A=|mC+o]
then by [Bo, p. 46]
 1—sdy G 1+ sdq

— J2¢2’ — 7252’
(5.3) N clzl —drjl o 1d16—l|—87‘15
where

s =sn(a,r), c =cn(a,r), d =dn(a,r),
s1 =sn(3,r"), c1 =cn(B, 1), d; = dn(B,r").

Hence

. a—a 1(A+A) A-A 2
a+a: = = =

sdyq dy s v1— dQS%.

We then have by (5.3),

01 = po(w, 1) = 2arth (\/7_“‘ 11__:; D = 2arth (AL\/;>7

02 = 0q(w,—1) = 2arth (\/F’ 11:_;2] D = 2arth (AL\/F)’

so that

a a

A TR G SR YR ) VR (kT
d —Jr

1—\/?141_% (dy = V)L + Vrs)(do — V7)) (1 = +/rs)

by (5.3) and algebraic simplification. Thus

dn(B,r') + /7
(B, r7) — VT

01 + 02 = 2log

is constant if and only if § is constant. o
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5.4. Theorem. Let f,. be a conformal mapping of a plane annulus B\ B(t)

onto the ring B\ J[b,c|]. A set E C B is a non-Euclidean hyperbola with foci b, ¢
if and only if fy.(E) = Ly for some ¥ € (0,7/2), where

Ly={z€ B\ B(t):|Argz| =9 or |7 — Argz| = ¥}.

Proof. By conformal invariance it is sufficient, as in the proof of Theorem 3.5,
to take a = 1/y/r, 0 <r < 1,and b= —1, ¢ =1 as foci. Thus we consider the
conformal mapping f of the plane annulus B\ B(t) onto the ring B(1/+/r )\[-1,1],
where t,7 € (0,1) and ¢ = exp(—7XK'/(4K)). With the same notation as in the
previous proof, we have

L+ VT A b VA _ (di + /1)1 —/rs)(d1 — /7)1 — \/rs) _ (1 —\/?s>2.
1 ¢ 14 a (d1 — /1)1 4+ /1s)(dy + 1) (1 4+ /rs) 1+/rs
VA VA

Thus
1—/rsn(a,r)
1+ /rsn(a,r)

is constant if and only if « is constant. o

01 — 02 = 2log

5.5. Theorem. The right (left) branch of a non-Euclidean hyperbola in the
unit disk |w| < 1 is a subarc of a non-Euclidean ellipse in the right (left) half
plane H, Rew >0 (Rew < 0).

Proof. By symmetry it will be sufficient to prove the result for the right
branch. In the right half plane the hyperbolic density is |dw|/(Rew), and the
hyperbolic distance between two points wy,wy in the right half plane H is

— Wo ‘

wy
W1, W) = Qarth‘i
QH( 1 2) w5

Let 01 = o (w,1), 02 = o (w,1/r). Then, using (5.3), we have

w1 w1y A
lw+ 1] w4+ (1/r)] a+aA+A 1
1_‘"‘1}_1‘ 1_|w—(1/r)| a—aA-A r(sn(a,r))Q.

jw+1]  Jw+ (1/7)]

Thus 01 + 02 = og(w,1) + og(w,1/r) is constant if and only if « is constant,
that is, if and only if w is on the right branch of a fixed n.e. hyperbola in the unit
disk. o
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5.6. Theorem. The right (left) branch of an n.e. ellipse in the unit disk
|lw| < 1 is a subarc of an n.e. hyperbola in the right (left) half plane H, Rew > 0
(Rew < 0).

Proof. By symmetry it will be sufficient to prove the result for the right half
of an n.e. ellipse. Using the notation of the previous theorem we have

14 w—1] = |w—(1/r)] A
lw + 1| |w+ (1/r)] at+aA—-A r
A () a—aAt A (an(hr)
lw + 1] |lw+ (1/7)]

Thus 01 — 02 = og(w, 1) — oy (w, 1/r) is constant if and only if 3 is constant, that
is, if and only if w is on the right half of a fixed n.e. ellipse in the unit disk. o
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