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Abstract. For k a positive integer, Ω a region in the complex plane, and α a complex
number, let Mk(Ω, α) denote the collection of all functions f meromorphic in Ω such that each
zero of f − α has multiplicity at least k . Let D denote the unit disk in the complex plane. We
give three conditions, each of which is sufficient for a subset F of Mk(D, α) to be a normal family.
These conditions are: (1) for each compact subset K of D and for some β > 0 there exists a
constant MK(β) (depending on both K and β ) such that, for each f ∈ F ,

{z ∈ K : |f(z)| < β} ⊂ {z ∈ K : |f (k)(z)| ≤ MK(β)};

(2) for λ > 2/k and for each compact subset K of D there exists a constant CK,λ (depending on
both K and λ) such that

∫∫

{z∈K:|f(z)|<1}

|f (k)(z)|λ dx dy < CK,λ

for each f ∈ F ; (3) for each compact subset K of D there is a constant Mk(K) such that
the product of the spherical derivatives of two or three consecutive derivatives of f , up to the
derivative of order k − 1 , is uniformly bounded by Mk(K) for z ∈ K , f ∈ F . These results are
suggested by and build on previous results of the first author and Gu Yong-Xing, Rauno Aulaskari
and the second author, and the second author alone.

1. Preliminaries

Let C denote the complex plane and let D = {z ∈ C : |z| < 1} be the
unit disk. A family F of functions meromorphic in a region Ω ⊂ C is called
a normal family if each sequence in F contains a subsequence which converges
uniformly on each compact subset of Ω. (Here, we allow the subsequence to
converge uniformly on each compact subset to the function which is identically
∞ in the sense that the subsequence of reciprocals converges uniformly on each
compact subset to the function which is identically zero.) It is well known that a
family F of meromorphic functions is a normal family if and only if it is locally a
normal family, that is, it is a normal family on a neighborhood of each point of Ω.
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Thus, all theorems about whether a family of functions is a normal family or not
can be formulated in terms of families defined on disks. Although some of our
results are formulated in general regions, the proofs are all “localized” to disks.

Let f#(z) = |f ′(z)|/(1+ |f(z)|2) denote the spherical derivative of f . A well
known result due to F. Marty [8] says that a family F of functions meromorphic
in D is a normal family if and only if for each compact subset K of D there exists
a constant MK such that f#(z) ≤ MK for each f ∈ F and each z ∈ K . A single
function f meromorphic in D is called a normal function if sup

{

(1−|z|2)f#(z) :

z ∈ D
}

< ∞ (see [6]).

We will make repeated use of the following results, due, repectively, to J.
Lohwater and Ch. Pommerenke [7], L. Zalcman [11], X. Pang [9], and H.H. Chen
and Y.X. Gu [3].

Theorem LP [7, Theorem 1]. If a function f meromorphic in D is not a

normal function, then there exist sequences {zn} and {̺n} such that zn ∈ D ,

|zn| → 1 , ̺n > 0 , ̺n/(1 − |zn|) → 0 , and the sequence {gn(t) = f(zn + ̺nt)}
converges uniformly on each compact subset of C to a non-constant meromorphic

function g .

Theorem Z [11, Lemma, p. 814]. Let F be a family of functions meromor-

phic on D . If F is not a normal family, then there exist a compact subset K of

D , a sequence of functions {fn} in F , a sequence of points {zn} in K , and a

sequence of positive real numbers {̺n} , where ̺n → 0 , such that the sequence of

functions {gn(t) = fn(zn + ̺nt)} converges uniformly on each compact subset of

C to a non-constant meromorphic function g .

Theorem P [9]. Let F be a family of functions meromorphic on D . If F

is not a normal family and −1 < λ < 1 , then there exist a compact subset K of

D , a sequence of functions {fn} in F , a sequence of points {zn} in K , and a

sequence of positive real numbers {̺n} , where ̺n → 0 , such that the sequence

of functions {gn(t) = (̺n)λfn(zn + ̺nt)} converges uniformly on each compact

subset of C to a non-constant meromorphic function g .

Theorem CG [3, Theorem 2, p. 677]. Let k be a positive number and let F

be a family of meromorphic functions in D with the property that each function

in F has only zeros of degree at least k . If F is not a normal family in each

neighborhood of the point z0 ∈ D , then, for any positive number α with α < k ,

there exist a sequence of points {zn} in D , a sequence {̺n} of positive numbers,

and a sequence of functions {fn} in F such that zn → z0 , ̺n → 0 , and the

sequence of functions
{

(̺n)−αfn(zn +̺nt)
}

converges uniformly on each compact

subset of C to a non-constant meromorphic function g .

If Ω is an open set, k is a positive integer, and α ∈ C , we denote by Mk(Ω, α)
the collection of all functions f meromorphic on Ω such that each zero of f − α
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has multiplicity at least k . We will make use of the following three properties of
the class Mk(Ω, α) :

(a) if f omits the value α on Ω then f ∈ Mk(Ω, α) for each positive integer k ,

(b) if Ω is a region on the complex plane and f ∈ Mk(Ω, α) then either f (k) ,
the k th derivative of f , is not identically zero or f ≡ α , and

(c) if {fn} ⊂ Mk(Ω, α) is a sequence such that {fn} converges uniformly on
each compact subset of the region Ω to a function f , then f ∈ Mk(Ω, α) .

In Section 2 below, Theorem 1 gives a slight improvement of a result of the
first author and Gu Yong-Xing [3, Corollary 1], using methods different from those
used in [3]. Theorem 2 is a modification of Theorem 1 to normal functions. In
Section 3, our Theorems 3 and 4 give some improvements to results of R. Aulaskari
and the second author [1, 2]. Finally, in Section 4, our Theorems 5, 6, and 7 give
some extensions to results by the second author [5].

2. Sufficient conditions for normal families and functions

We begin with a slight improvement of a result of the first author and Gu
Yong-Xing [3, Corollary 1]. The method of proof here is quite different from that
appearing in [3].

Theorem 1. Let F be a family of functions meromorphic in D , let k be a

positive integer, let α ∈ C , and let F ⊂ Mk(D, α) . If, for each compact subset

K in D and for some β > 0 there exists a constant MK(β) such that

{

z ∈ K : |f(z)| < β
}

⊂
{

z ∈ K : |f (k)(z)| < MK(β)
}

for each f ∈ F ,

then F is a normal family in D .

Proof. Suppose F is not a normal family in D . By Theorem Z there exist
a sequence of functions {fn} in F , a number r , 0 < r < 1, a sequence of points
{zn} in D satisfying |zn| < r for each n , and a sequence of positive numbers {̺n}
for which ̺n → 0 and the sequence {gn(t) = fn(zn + ̺nt)} converges uniformly
on each compact subset of C to a non-constant meromorphic function g(t) . The
hypotheses of the theorem guarantee that all the zeros of g−α , if any, are of order
at least k . This means that g(k) is not identically zero.

Let K =
{

z ∈ D : |z| ≤ 1
2 (1 + r)

}

. If t ∈ C and |g(t)| < β , then we have

|g(k)(t)| = lim
n→∞

(̺n)k|f (k)(zn + ̺nt)| < lim
n→∞

(̺n)kMK(β) → 0,

and hence g(k)(t) = 0. But the set
{

t ∈ C : |g(t)| < β
}

is a non-empty open
subset of C , and so our reasoning in the previous sentence leads to the conclusion
that g(k) ≡ 0, in violation of the last sentence of the previous paragraph. Thus,
the assumption that F is not a normal family leads to a contradiction, and the
theorem is proved.
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A similar result giving a sufficient condition for a function to be a normal
function is the following.

Theorem 2. Let f be a function meromorphic in D , let k be a positive

integer, let α ∈ C , and let f ∈ Mk(D, α) . If there exists a number β > 0 and a

constant Mβ such that

{

z ∈ D : |f(z)| < β
}

⊂
{

z ∈ D : |f (k)(z)|(1 − |z|)k < Mβ

}

,

then f is a normal function.

Proof. Suppose that f is not a normal function. By Theorem LP there exist
a sequence of points {zn} in D , and a sequence of positive numbers {̺n} , where
̺n/(1 − |zn|) → 0, such that the sequence {gn(t) = f(zn + ̺nt)} converges uni-
formly on each compact subset of C to a non-constant meromorphic function g(t) .
The hypotheses on f require that all the zeros of g − α are of order at least k .
Thus g(k)(t) is not identically zero.

Now suppose that t is fixed and |g(t)| < β . This means that |gn(t)| < β for
n sufficiently large, and thus,

|g(k)
n (t)| = (̺n)k|f (k)(zn + ̺nt)|

=
(̺n)k

(1 − |zn + ̺nt|)k
|f (k)(zn + ̺nt)|(1 − |zn + ̺nt|)k

≤
(̺n)k

(1 − |zn|)k

(1 − |zn|)
k

(1 − |zn + ̺nt|)k
|f (k)(zn + ̺nt)|(1 − |zn + ̺nt|)k

≤
( ̺n

1 − |zn|

)k( 1 − |zn|

1 − |zn + ̺nt|

)k

Mβ → 0.

It follows that g(k)(t) = 0 whenever |g(t)| < β , and this means that g(k)(t) ≡ 0,
contradicting the last sentence of the previous paragraph. Thus, it is not possible
for f to be a non-normal function, and this proves the theorem.

3. Integral criteria

Our next result is suggested by a result due to R. Aulaskari and the second
author [1, Theorem 1].

Theorem AL [1, Theorem 1, p. 29]. Let F be a family of functions mero-

morphic in D . Then F is a normal family if and only if, for each R , 0 < R < 1 ,

and each λ > 2 , there exists a constant Cλ,R such that

∫∫

|z|≤R

(

f#(z)
)λ

dx dy < Cλ,R for each f ∈ F .
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Theorem AL requires that the exponent λ be greater than 2. By imposing
the condition that F ⊂ Mk(D, α) for some fixed k and α , we can change this
restriction on λ and, at the same time, perform the integration over a potentially
much smaller set, as follows.

Theorem 3. Let k be a positive number and let α ∈ C . Let F be a

family of functions meromorphic on D such that F ⊂ Mk(D, α) . Let λ be a

real number such that λ > 2/k . If for each compact subset K of D there exists

a constant CK,λ such that
∫∫

K(f)
|f (k)(z)|λ dx dy < CK,λ for each f ∈ F , where

K(f) = {z ∈ K : |f(z)| < 1} , then F is a normal family.

We remark that the set K(f) varies with the function f .
Proof. Suppose that F is not a normal family. By Theorem Z there exists

a sequence {fn} in F , a compact subset K0 of D together with a sequence
{zn} of points in K0 , and a sequence of positive numbers {̺n} where ̺n → 0
such that the sequence of functions {gn(t) = fn(zn + ̺nt)} converges uniformly
on each compact subset of C to a non-constant meromorphic function g(t) . Fix
s > 0 and let z = zn + ̺nt . For |t| ≤ s and n sufficiently large, we have
that z ∈ K0 , so we may assume in what follows that z ∈ K0 . Also, we have

g
(k)
n (t) = (̺n)kf

(k)
n (zn + ̺nt) . Using the notation z = x + iy = zn + ̺nt and

t = u + iv , we have dx dy = (̺n)2 du dv , so that if

Gs,n =
{

t ∈ C : |gn(t)| < 1, |t| ≤ s
}

and
Fs,n =

{

z = zn + ̺nt : |t| ≤ s, |fn(z)| < 1
}

,

we have
∫∫

Gs,n

|g(k)
n (t)|λ du dv =

∫∫

Gs,n

(̺n)λk|f (k)
n (zn + ̺nt)|λ du dv

=

∫∫

Fs,n

(̺n)λk−2|f (k)
n (z)|λ dx dy

≤ (̺n)λk−2

∫∫

K0(fn)

|f (k)
n (z)|λ dx dy ≤ (̺n)λk−2CK0,λ → 0,

since ̺n → 0 and λk − 2 > 0. But, we also have that
∫∫

Gs,n

|g(k)
n (t)|λ du dv →

∫∫

Ks

|g(k)(t)|λ du dv

where Ks = {t ∈ C : |g(t)| < 1, |t| ≤ s} . Thus, the integral
∫∫

Ks
|g(k)(t)|λ du dv

must be zero for each choice of s , and it follows that g(k) ≡ 0. But the hypotheses
about the family F guarantee that g(k) cannot be identically zero. It follows that
F must be a normal family.
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Next, we give a version of the result of Theorem 3 for a normal function. This
is an extension of both [1, Theorem 2, p. 32] and [2, Theorem, p. 438].

Theorem 4. Let k be a positive integer, let α ∈ C , and let f be a function

meromorphic in D . If f ∈ Mk(D, α) , if λ > 2/k , and if there exists a constant

Cλ such that
∫∫

F (f)

|f (k)(z)|λ(1 − |z|)λk−2 dx dy < Cλ,

where F (f) = {z ∈ D : |f(z)| < 1} , then f is a normal function.

Proof. Suppose that f is not a normal function. By Theorem LP there exists
a sequence {zn} of points in D , and a sequence of positive numbers {̺n} where
̺n/(1 − |zn|) → 0 such that the sequence of functions {gn(t) = f(zn + ̺nt)}
converges uniformly on each compact subset of C to a non-constant meromorphic
function g(t) . Fix s > 0 and let z = zn +̺nt . For |t| ≤ s and n sufficiently large,
we will have that z ∈ D , so we may assume in what follows that z ∈ D . Also,

we have g
(k)
n (t) = (̺n)kf (k)(zn + ̺nt) . Using the notation z = x + iy = zn + ̺nt

and t = u + iv , we have dx dy = (̺n)2 du dv , so that if Gs,n = {t ∈ C : |gn(t)| <
1, |t| ≤ s} and Fs,n = {z = zn + ̺nt : |t| ≤ s, |f(z)| < 1} , we have

∫∫

Gs,n

|g(k)
n (t)|λ du dv =

∫∫

Gs,n

(̺n)λk|f (k)
n (zn + ̺nt)|λ du dv

=

∫∫

Gs,n

( ̺n

1 − |zn + ̺nt|

)λk−2

|f (k)(zn + ̺nt)|λ

× (1 − |zn + ̺nt|)λk−2(̺n)2 du dv

≤

∫∫

Gs,n

(an)λk−2|f (k)(zn + ̺nt)|λ(1 − |zn + ̺nt|)λk−2(̺n)2 du dv

= (an)λk−2

∫∫

Fs,n

|f (k)
n (z)|λ(1 − |z|)λk−2 dx dy ≤ (an)λk−2Cλ → 0,

where
an = sup

{ ̺n

1 − |zn + ̺nt|
: |t| ≤ s

}

(and an → 0 since ̺n/(1 − |zn|) → 0 and (1 − |zn|)/(1 − |zn + ̺nt|) → 1 for
|t| ≤ s). But, we also have that

∫∫

Gs,n

|g(k)
n (t)|λ du dv →

∫∫

Ks

|g(k)(t)|λ du dv
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where Ks = {t ∈ C : |g(t)| < 1, |t| ≤ s} . Thus, the integral
∫∫

Ks
|g(k)(t)|λ du dv

must be zero for each choice of s , and it follows that g(k) ≡ 0. But the hypotheses
about the function f guarantee that g(k) cannot be identically zero. It follows
that f must be a normal function.

4. Extensions of the spherical derivative

For a function meromorphic in D , define a product of spherical derivatives
by

Pn(f)(z) =

n−1
∏

j=0

(f (j))#(z).

In [5], the second author proved that if F is a normal family of meromorphic
functions in D , then for each positive integer n and each compact subset K of
D , there exists a constant Mn(K) such that Pn(f)(z) ≤ Mn(K) for each f ∈ F

and each z ∈ K . (The case n = 2 was suggested by Yamashita [10].) The converse
of this result is not true as the example F = {nz} shows, since P2(f) ≡ 0 for
each f ∈ F but F is not a normal family. However, if we can guarantee that,
for each function f ∈ F , Pn(f)(z) is not identically zero, then the converse has
at least a chance of being valid. We show here that such a converse is valid for
n ≤ 3, but is not valid for n ≥ 4.

Theorem 5. Let α be a complex number and let k be a positive integer.

Suppose that F is a family of functions meromorphic in D such that F ⊂
Mk(D, α) . Further, suppose that for each compact subset K of D there exists a

constant Mk(K) such that Pk(f)(z) ≤ Mk(K) for each f ∈ F and each z ∈ D .

If k ≤ 3 , then F is a normal family. If k ≥ 4 , then there are examples for which

F is not a normal family.

Proof. Let k = 2 and suppose that F is not a normal family in D . By
Theorem Z, there exists a sequence of functions {fn} in F , a real number r ,
where 0 < r < 1, a sequence of points {zn} in D such that |zn| < r for each
n , and a sequence of positive real numbers {̺n} , where ̺n → 0, such that the
sequence of functions {gn(t) = fn(zn+̺nt)} converges uniformly on each compact
subset of C to a non-constant meromorphic function g(t) . The hypotheses imply
that g ∈ M2(C, α) and that g′′ is not identically zero.

Fix s > 0. Since ̺n → 0, we have that

{w = zn + ̺nt : |t| ≤ s} ⊂ K0 = {z ∈ D : |z| ≤ 1
2 (1 + r)}

for each n sufficiently large. Then

P2(g)(t) = lim
n→∞

P2(gn)(t) = lim
n→∞

̺n|f
′
n(zn + ̺nt)|

1 + |fn(zn + ̺nt)|2
·

(̺n)2|f ′′
n (zn + ̺nt)|

1 + |̺nf ′
n(zn + ̺nt)|2

= lim
n→∞

̺nP2(fn)(zn + ̺nt)
(̺n)2

(

1 + |f ′
n(zn + ̺nt)|2

)

1 + |̺nf ′
n(zn + ̺nt)|2

= 0
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because ̺n → 0 implies that, for n sufficiently large,

(̺n)2
(

1 + |f ′
n(zn + ̺nt)|2

)

1 + |̺nf ′
n(zn + ̺nt)|2

=
(̺n)2 + (̺n)2|f ′

n(zn + ̺nt)|2

1 + |̺nf ′
n(zn + ̺nt)|2

< 1,

and P2(fn)(zn + ̺nt) ≤ M2(K0) , by hypothesis. But this calculation says that
P2(g) ≡ 0, which implies g′′ ≡ 0, so we have contradicted the last sentence of
the previous paragraph. Thus, we must have that F is a normal function when
k = 2.

Now let k = 3, and let 0 < λ < 1. If F is not a normal family on D , then by
Theorem P there exists a sequence of functions {fn} in F , a sequence of points
{zn} in D such that zn → z0 ∈ D , and a sequence {̺n} of positive real numbers
with ̺n → 0 such that the sequence of functions {gn(t) = (̺n)−λfn(zn + ̺nt)}
converges uniformly on each compact subset of the complex plane to a non-constant
meromorphic function g(t) . As in the previous case, g ∈ M3(C, α) and g(3) is
not identically zero on C .

Fix t0 on the complex plane such that g(t0) is finite. Let r be such that
|z0| < r < 1 and fix s > |t0| . Since ̺n → 0, we have that

Kn,s = {w = zn + ̺nt : |t| ≤ s} ⊂ K0 = {z ∈ D : |z| ≤ 1
2 (1 + r)}

for n sufficiently large. Then, in some neighborhood of t0 , we have that the first
three derivatives of g are all finite, g(3) is not identically zero, and fn(zn +̺nt) =
(̺n)λgn(t) → 0, since ̺ → 0 and gn(t) converges uniformly on compact subsets
to g(t) . It follows that {Fn(t) = fn(zn + ̺nt)} converges uniformly to zero in a
neighborhood of t0 . Now, letting un = zn + ̺nt so that gn(t) = (̺n)−λfn(un) ,
we have

P3(gn)(t) = (̺n)6−3λP3(fn)(un) ×
1 + |fn(un)|2

1 + |(̺n)−λfn(un)|2

×
1 + |f ′

n(un)|2

1 + |(̺n)1−λf ′
n(un)|2

×
1 + |f ′′

n (un)|2

1 + |(̺n)2−λf ′′
n (un)|2

.

Of these quantities, we have that P3

(

fn(un)
)

≤ M3(K0) by hypothesis, and
{Fn(t) = fn(un)} converges to zero in a neighborhood of t0 . It follows that

Hn(t) =
1 + |fn(un)|2

1 + |(̺n)−λfn(un)|2

is uniformly bounded in a closed neighborhood of t0 . Thus, in a neighborhood of
t0 ,

P3

(

gn(t)
)

≤ C(̺n)6−3λ 1 + |f ′
n(un)|2

1 + |(̺n)1−λf ′
n(un)|2

·
1 + |f ′′

n (un)|2

1 + |(̺n)2−λf ′′
n (un)|2

,



Normal families, orders of zeros, and omitted values 97

where C is a constant not greater than M3(K0) . But

(̺n)6−3λ 1 + |f ′
n(un)|2

1 + |(̺n)1−λf ′
n(un)|2

·
1 + |f ′′

n (un)|2

1 + |(̺n)2−λf ′′
n (un)|2

= (̺n)λ
(̺n)2−2λ

(

1 + |f ′
n(un)|2

)

1 + |(̺n)1−λf ′
n(un)|2

·
(̺n)4−2λ

(

1 + |f ′′
n (un)|2

)

1 + |(̺n)2−λf ′′
n (un)|2

→ 0

since ̺n → 0 and all of λ , 2 − 2λ , and 4 − 2λ are all positive, which means
that each of the last two factors is bounded when t is confined to a neighborhood
of t0 . Thus, we conclude that P3(gn)(t) → P3(g)(t) ≡ 0 on a neighborhood of t0 ,
which means that g is a constant function on the complex plane, in violation of
the supposition that g is a non-constant function. It follows that F must be a
normal family.

To give a counterexample for the cases k ≥ 4, we can use the family F =
{hn(z) = enz} , which is not a normal family. Each function in F omits the
value zero. If fn(z) = enz , we claim that Pk(fn) is bounded for each k ≥ 4.
First suppose k 6= 5. Let Tk denote the k th triangular number, that is, T =
1
2k(k + 1), let qk = [ 12k] , where [·] denotes the greatest integer function, and let
Nk = {2, 4, . . . , 2k − 2} . Then there exists a subset Sk ⊂ Nk , where Sk contains
qk elements, such that

∑

j∈Sk
j is equal to either Tk or Tk + 1, whichever is an

even number. Then we can write Pk(fn) in the form

∏

2j∈Sk

|njenz |2

1 + |njenz |2
×

∏

2j∈(Nk−Sk)

1

1 + |njenz |2
×

ak

1 + |enz|2
,

where ak = |enz| if Tk is even and k is odd, ak = 1/n if k is even and Tk is odd,
ak = 1 if both Tk and k are even, and ak = |enz|/n if both Tk and k are odd.
Thus, in the product, each of the k factors is less than 1, so it follows that Pk(fn)
is less than 1 whenever k ≥ 4, k 6= 5. (The set Sk does not exist for k = 5.) To
cover the case k = 5, we write P5(fn) in the form

4
∏

j=3

|njenz |2

1 + |njenz|2
×

2
∏

j=0
j 6=1

1

1 + |njenz|2
×

|nenz|

1 + |nenz|2
.

Each of the factors indicated is less than 1, so we have shown that P5(fn) is
less than 1 for each n . This shows the counter-example. We note that for this
counter-example, the functions fn have no zeros. For a counter-example where
the functions have zeros, let G = {nzk} . The reasoning for this counter-example
is similar to that for the family F = {enz} .

We note that there are no results similar to the results of Theorem 5 for
normal functions, as the example in [5, Theorem 3] shows.

The technique used to prove the case k = 3 in Theorem 5 yields a general-
ization involving three consecutive factors from the product Pk(f)(z) for k ≥ 3,
as follows.
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Theorem 6. Let α be a complex number, let ν ∈ {2, 3} , let k be a positive

integer with k ≥ ν , and let p be a non-negative integer such that 0 ≤ p ≤ k − ν .

Suppose that F is a family of functions meromorphic in a domain D such that

F ⊂ Mk(D, α) . Further, suppose that for each compact subset K of D there

exists a constant Mk(K) such that

p+ν−1
∏

j=p

(f (j))#(z) ≤ Mk(K)

for each f ∈ F and z ∈ K . Then F is a normal family on D .

We remark that the number of factors of the product under consideration is
exactly ν .

Proof. Assume that F is not a normal family on D . Let λ be a real
number such that 0 < λ < 1. According to Theorem CG, there exist a sequence
of functions {fn} in F , a sequence of points {zn} in D with zn → z0 ∈ D ,
and a sequence of positive numbers {̺n} with ̺n → 0, such that the sequence
{gn(t) = (̺n)−p−λfn(zn +̺nt)} converges uniformly on each compact subset of C

to a non-constant meromorphic function g . Using this sequence {gn(t)} in place
of the ones used in the proof of Theorem 5, the argument used in the proof of
Theorem 5 yield the desired conclusions in the two cases ν = 2 and ν = 3.

We can also prove a result of a related but somewhat different character.

Theorem 7. Let F be a family of functions meromorphic on D , and let k
be a positive integer greater than 1 . Suppose both

(1) F ⊂ Mk(D, 0) , and

(2) for each compact subset K of D , there exist a number δ > 0 and a positive

number M such that |f (k−1)(z)f (k)(z)| ≤ M whenever
∑k−1

j=0 |f (j)(z)| ≤ δ ,

z ∈ K , and f ∈ F .

Then F is a normal family on D .

Proof. Let 0 < β < 1
2 . If F is not a normal family in a neighborhood of the

point z0 , then, by Theorem CG, there exist sequences {fn} of functions in F ,
{zn} of points in D , and {̺n} of positive numbers such that ̺n → 0, zn → z0 ,
and the sequence {gn(t) = (̺n)1−k−βf(zn + ̺nt)} converges uniformly on each
compact subset of the complex plane to a non-constant function g(t) meromorphic
in the complex plane. By (1), g(k) cannot be identically zero. Also, we may assume
that ̺n < 1 for each n , and that, given a number s > 0 there exists a compact
set K0 of D such that zn + ̺nt ∈ K0 whenever |t| ≤ s . Then, we have

g(j)
n (t) = (̺n)1−k−β+jf (j)

n (zn + ̺nt), 0 ≤ j ≤ k − 1
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and hence |g
(j)
n (t)| ≥ |f

(j)
n (zn + ̺nt)| , 0 ≤ j ≤ k − 1. Let δ > 0 and M be the

constants given by (2) corresponding to the compact set K0 . Then, for |t| ≤ s ,
∑k−1

j=0 |g
(j)
n (t)| ≤ δ implies that

∑k−1
j=0 |f

(j)
n (zn + ̺nt)| ≤ δ , and thus,

|f (k−1)
n (zn + ̺nt)f (k)

n (zn + ̺nt)| ≤ M.

Thus, if |t| ≤ s and
∑k−1

j=0 |g
(j)
n (t)| ≤ δ , then

|g(k−1)
n (t)g(k)

n (t)| = (̺n)1−2β|f (k−1)
n (zn + ̺nt)f (k)(zn + ̺nt)| ≤ (̺n)1−2βM → 0

as n → ∞ . Hence it follows that g must satisfy on K0 a “strong version of (2)”,

that is,
∑k−1

j=0 |g(j)(t)| ≤ 1
2δ implies that |g(k−1)(t)g(k)(t)| = 0. (This is actu-

ally independent of the choice of s , since the s considered above was arbitrary.
Also, K0 can be any compact subset of D having z0 as an interior point.) Thus,
if the hypothesis of this “strong version of (2)” ever occurs on an open set—as
would happen, for example, if g ever assumed the value zero (because of condition
(1))—then we would have that g(k) ≡ 0 on an open set, which contradicts the
implication built into condition (1) that the k th derivative of g cannot be identi-
cally zero (since g ∈ Mk(D, 0) and g is not identically zero). Thus, to avoid this

inconsistency, we must have that
∑k−1

j=0 |g(j)(t)| ≥ 1
2
δ for all t ∈ C . Then g never

assumes the value zero, and, for t ∈ C ,

k−1
∑

j=0

∣

∣

∣

g(j)(t)

g(t)

∣

∣

∣
≥

δ

2|g(t)|

which means that

1

|g(t)|
≤

2

δ

(

1 +
k−1
∑

j=1

∣

∣

∣

g(j)(t)

g(t)

∣

∣

∣

)

and hence m(r, 1/g) ≤
∑k−1

j=1 m(r, g(j)/g) + O(1) = o
(

T (r, g)
)

where this last
equality, an extension of Nevalinna’s “Lemma on the logarithmic derivative”, is
valid outside a set of r with finite measure (see for example, [4, Theorem 3.11,
pp. 67–68]). Thus, outside this set, we have

T (r, g) = O(1) + T
(

r,
1

g

)

= O(1) + m
(

r,
1

g

)

= o
(

T (r, g)
)

and this last is not possible, since g is a non-constant function. This completes
the proof.

We remark that the boundedness of the product (f (k))#(z)(f (k−1))#(z) im-
plies (2).
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Finally, we remark that we cannot replace the product of the two factors
f (k−1)(z)f (k)(z) by the product of the three factors f (k−2)(z)f (k−1)(z)f (k)(z) in
(2) of Theorem 7. For example, if we let fn(z) = nz3 , then

|fn(z)| + |f ′
n(z)| + |f ′′

n (z)| = n|z|3 + 3n|z|2 + 6n|z|.

If this sum is less than some δ > 0, then 6n|z| is also less than δ , and this means
that

|f ′
n(z)f ′′

n (z)f (3)
n (z)| = 108n3|z|3 ≤ 1

2(6n|z|)3 ≤ 1
2δ3,

which implies that both (1) and the version of (2) using three factors are valid,
but the family {fn(z)} is not a normal family on the unit disk D .
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