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Abstract. Let d(f,g) = sup{d(f(z),9(2)) : z € C} where [, g are Mdbius transformations
and d(z1,22) denotes the chordal distance between z;, z2 in C. We show that if (f,g) is a
discrete group and if fg # gf, then

max{d(f,id), d(g,id)} > ¢
where .863 < ¢ < .911---. We also obtain some higher dimensional analogs by means of Clifford
numbers.
1. Introduction

Let GM(n) denote the group of all Mdbius transformations of R" and M(n)
the subgroup of GM(n) consisting of all orlentatlon—preservmg Mobius transfor-

mations. Stereographic projection p is the mapping from R" onto the unit sphere
S™ in R™*! given by

2(:L’ B en—!—l)
p(z)=¢éent1 + ——5
@) o el
where ey, es,..., e, is the standard basis for R". The chordal distance between

two points x and y in R" is defined by

d(z,y) = [p(x) = p(y)|-
The chordal metric on GM(n) is set to be

d(f,g) = sup{d(f(x),9(z)) : z € R"}.

This metric was considered in [3] and [9]. We call d(f) = d(f,id) the chordal
norm of f. Then d(f) measures the maximum chordal derivation of f from the
identity, 0 < d(f) <2 and d(f) = 2 if and only if f maps one point of a pair of
antipodal points of R" onto the other.

A subgroup G of M(n) is discrete if there exists a positive constant k = k(G)
such that d(f,g) > k for each distinct f and ¢ in G. Martin shows that a

dimension dependent lower bound can be obtained for chordal norms [14].
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1.1. Theorem (Martin). Let f and g be two Mébius transformations of
B" generating a discrete subgroup. Then
1
} 2 s
216 +n

unless (f,g) is an elementary nilpotent group.

max{d(f),d(g)

For plane Mobius transformations, Gehring and Martin [9] obtained

1.2. Theorem (Gehring-Martin). Suppose that (f,g) is a nonelementary
discrete subgroup of M. Then

max{d(f),d(9)} = a

where 2(v/2 —1) =0.828--- < a < 0.911---.

By means of Clifford numbers, we show in Section 3 that if f and g generate
a discrete nonelementary subgroup of M(n), then

max{d(f),d(g)} > .683, if f is hyperbolic,
max{d(f),d(g)} > 1.22, if f is strictly parabolic,
max{d(f),d(g)} > .816, if f is loxodromic and fixes 0 and oc.

For plane Mdbius transformations, we show that if (f, g) is a discrete subgroup of
Mobius transformations of C and if fg # gf, then

max{d(f),d(g)} > c1, if f is parabolic,
max{d(f),d(g)} > ca, if f is elliptic,
max{d(f),d(g)} > cs, if f is loxodromic,

where ¢ =1, 937 < ¢y < 1.12---, 863 < c3 < .911---. We then apply these
results to get some necessary and sufficient conditions for a group to be discrete.

2. Clifford numbers

In [1] Ahlfors shows how a 2 x 2 matrix with entries in a Clifford algebra may
be used to describe a Mdbius transformation of R". In this section we will briefly
review some material on Clifford numbers that is treated in detail in [1] and [2].

The Clifford algebra C,, is the associative algebra over the reals generated by
elements ¢y, 2,...,17, subject to the relations zi = —1 and ipip = —irip, h #k,
and no others. An element of C, is called a Clifford number. Every Clifford
number a can be expressed uniquely in the form a = > a;I where a; € R and
the sum is over all products I =iy, -+ -4, with 1 <4, <--- <4, <n. The
null product is included and identified with the real number ig = 1.
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The coefficient of the empty product is denoted by ag and called the real part
of a. The sum of all other terms of a is referred to as the imaginary part and
we write a = Re(a) 4+ Im(a). We sometimes denote Im(a) by a.. The Euclidean
norm of a Clifford number is given by |a|* = 3" a;? = Re(a)? + |ac|?.

There are three involutions of C,,. The major involution a — a’ replaces each
i by —ig. It determines an automorphism of C,: (ab) =a't', (a+b) =d' +¥.
The reversion a — a* replaces each I = iy, 0y, iy, With [ =4, - iy,0,, . 1t
defines an anti-automorphism: (ab)* = b*a*, (a + b)* = a* + b*. The third
involution @ — @ is a composition: @ = a’* = @*', which is again an anti-
automorphism.

We identify R™ with the subspace spanned by 1, 41, %9,...,%,_1. Clifford
numbers of the form x = zg + 141 + -+ + ,,_1ip_1 are called vectors. Every
non-zero vector z is invertible with 27! = Z|z|~2. The product of nonzero vectors
form a multiplicative group I',,, known as Clifford group.

A Clifford matrix of dimension n is a matrix g = <CCL Z) which satisfies

the conditions

(1) a, b, ¢, de T, U{0},

(2) ad* —bc* =1,

(3) ab*, cd*, c*a, d*b e R"™.

The set of all Clifford matrices is denoted by SL(2,C,,). It is Vahlen’s theorem

that SL(2,C,,) form a group whose quotient modulo + <é ?) is isomorphic to

M(I_{n), the group of orientation preserving transformations of R [2]. A Clifford
matrix in dimension 7 is also a Clifford matrix in dimension n+1. It automatically
extends the corresponding transformation in M(R") to one in M(I_{n+1)
the same matrix.

The following is the classification of Mobius transformations.

f € GM(n) is elliptic if it has a fixed point in H**1. Such maps are GM(n+1)
conjugate to x — Ta with T € O(n).

f € GM(n) is parabolic if it has exactly one fixed point, necessarily in R".
Such maps are GM(n) conjugate to © — Tz 4+ a with T € O(n), a € R™\ {0}.
A parabolic which is conjugate to x — x + a is called strictly parabolic.

f € GM(n) is loxodromic if it has exactly two fixed points, both in R". Such
maps are GM(n) conjugate to x — rTx with r > 0, r # 1 and T € O(n). If
T =1, then f is called hyperbolic.

A subgroup G of GM(n) is said to be elementary if and only if there exists
a finite G-orbit in R**!.

given by

3. Mobius transformations of R

3.1. Lemma. Suppose that f is not elliptic. Define the map 0: GM(n) —
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GM(n) by 0(g) = gfg~'. If for some n, 6"(g) and f have the same fixed point
set, then g(fix(f)) = fix(f) and hence (f,g) is elementary.

Proof. The result follows from the corresponding statement for SL(2,C) [3,
Theorem 5.1.4] and the fact that a parabolic or loxodromic element has at most
two fixed points in R". o

3.2. Lemma. Suppose that Mobius transformations f and g are represented
by

(3.3) A:(g U*O_l), B:(ﬁ Z) ad® —be* = 1.

Suppose that f is loxodromic and that g does not keep the fixed point set of f
invariant. If (f,g) is discrete, then

(3-4) d(f)? = A(lul = Jul =) /(Jul + [u|71)?,
(3.5) d(g)* = 4fbel/(1 + 2[be]),
(3.6) d(f)*(L+ [bel) = 4/(Jul + [ul~H)*.

Proof. Let z = |u|~!. Then

A(lf ()] = |=[)*

FU@) 2 G B0+ 1)

= 4(ful = [ul™)?/(fu] + |ul 7).

This proves (3.4). For (3.5), we let 1 =0, o = 0o. Since

Albd—1 2
d(9)* > d*(g(x1),21) = T+ bd 12
4
2 2
d(g)” > d*(g(z2), z2) = T Jac 12

we have (4 — d(g)?)|bc| < d(g)?|ad|. So (3.5) follows.

The proof of (3.6) requires the discreteness of (f,g). It is essentially due to
Hersonsky [11], Friedland and Hersonsky [6], and Waterman [15]. We include a
proof for completeness. Consider the Shimizu-Leutbecher sequence

(3.7) By = B, B,+1 = B,AB,, %

The relation (3.7) yields

(3.8) pt1 bpy1 ) anudfb—bnu*_lc;‘; —anubfb+bnu*_1a;‘;
' Cn+1  dpt1 cpud), — dpu 1;‘; —cnubfb-l—dnu*_la;‘; '
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We observe that if one of a,, b,, ¢,, d, is zero, then b,41c,+1 = 0. For each n
with a,b,c,d, # 0, we let

Tn=ay bny Yo =Cpidny  Pa=aafluaal,  dn = ya/luyal.
Then
|brt1Cni1| = |anbrcndn|lu — xnu*_lx,_blHu — ynu*_lyg”
(3.9) = lanbncndnld(f(pn); pn) d(f(qn); @n) (lul + ul~1)* /4

< |bncn|(1 + |bncn|)d(f)2(|u| + |u|_1)2/4'

Suppose that g = (1 + |bc|)d(f)?(|u] + Ju|71)?/4 < 1. We will obtain a contradic-
tion. We obtain, by induction,

bucal < el < Jbel.

So,

bncn — 0, and; — 1.

It follows from (3.8) that
Jan] = Jul,  |dn] = Jul 7.

Now
bn 11/ 1bn] < lanld(f)(Ju] + |ul~1)/2.

Thus, by induction, |b,|/|u|™ — 0, and similarly, |c,||u|™ — 0. So

_ u ag,u U by ut "

wegpu”™ uwdout T

has a subsequence that converges to a diagonal matrix. Since (f,g) is discrete,
U by, u* " =0 and u*"*cqp, u™ = 0 for sufficiently large k. Thus b, = ¢, =
0 for infinitely many n. Hence g(fix(f)) = fix(f) by Lemma 3.1. This contradicts
the assumption that g does not keep the fixed point set of f invariant. Therefore
pw=>1.o

3.10. Corollary. Suppose that f is loxodromic with fix(f) = {0,000} and
that g does not keep the fixed point set of f invariant. If (f,g) is a discrete
subgroup of M(n), then

max{d(f),d(g)} > .816.

Proof. Since fix(f) = {0,00}, f and g can be represented by the Clifford
matrices A and B as in (3.3). Let k = .816, s = 1.543. If |u| > s or |u|7! > s,
then d(f) > k by (3.4). If |bc| > %, then d(g) > k by (3.5). Finally, if 1/s <
lul <'s and |bc| < , then (3.6) implies that d(f) > k.
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3.11. Theorem. Suppose that (f,g) is a discrete subgroup of M(n). If f
is hyperbolic and g does not keep the fixed point set of f invariant, then

max{d(f),d(g)} > .683.

Proof. The statement is invariant with respect to conjugation by chordal
isometries. Thus by means of such a conjugation we may assume that f(co) = co.
Thus f and g can be represented by

U t a b X . _
A_<O u*_l)’ B_<c d)’ ad” —bc* =1

where u is real. Replacing f by f~! if necessary, we may assume |u| > 1. Let w
be the other fixed point of f. Then w satisfies the equation

(3.12) ww +t = wu*

1 —w

Let h be the Mobius transformation represented by C' = ( 0 1

) . Then

1 _(u O 1 [a—wc aw+b—w(cw+d)
cAC _<0 u*_l)’ CBC _< c cw+d ’

We now consider the sequence
Bni1 = B,CAC™'B 1, By =CBC™ 1.
We obtain as in the proof of Lemma 3.2 (see (3.9)) that
brt1nt1| = [anbncndn| (6]
where 5= (u— u*_l)Q. The same argument as in the proof of Lemma 3.2 yields
(3.13) 18] + |B(aw + b — w(cw + d))c| > 1.

Since
jaw + b + |ew + df* < [lg[*(1 + |w]?),
[t1?(4 — d*(£(0),0)) < d*(f(0),0),  (lul > 1)
4lc? < [lglI*d* (g(c0), 00),
it follows from (3.13) and (3.12) that
d(f)?

(3.14) 81+ 3 (1914 725 ) lolPd()? = 1.
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Now suppose that
(3.15) max{d(f),d(g)} < .683.
We will obtain a contradiction. It is a consequence of [7, Theorem 3.3] that

4+d(g)?
4—d(g)?

Hence if || < .742, then either d(f) > .683 or d(g) > .683 by (3.14). This
contradicts (3.15).
Suppose that || > .742. Notice that

lgll* <2

_ . )T+ 12
Let x = t/|ut|. We obtain
(3.16) 4d(f)72 =1 < (|t +2)%/18].
Since [t]* < d(f)?/(4—d(f)?), (3.16) yields d(f) > .683. This contradicts (3.15). o
3.17. Theorem. Suppose that (f,g) is a discrete subgroup of M(n). If f
is strictly parabolic and g does not fix the fixed point of f, then
max{d(f),d(g)} > 1.22.

Proof. The statement is invariant with respect to conjugation by chordal
isometries. Thus by means of such a conjugation we may assume that f(oco) = co.
Hence f and g can be represented by

1t a b * x _
A_<O 1), B_<c d)’ ad® —bc* = 1.

By [15, Lemma 2.1], |tc| > 1. Since

d*(£(0),0) = [t]*(4 — d*(£(0),0)),
4lel? < |lgll?d?(g(o0), o0),
4+d(g)?

2<o— 2L

[7, Theorem3.1]

we have
d(f)*d(g)*(4 +d(9)*) _
(4—d(f)?)(4—dg)?) ~—
Therefore max{d(f),d(g)} > 1.22. o




278 Chun Cao

4. Plane Mobius transformations

Let M denote the group of all orientation-preserving Mobius transformations
of the extended complex plane C = C U {oo}. We associate with each

az+b
= M d—bc=1

the matrix

A= (CC” Z) € SL(2,C)

and set tr(f) = tr(A), where tr(A) denotes the trace of A. Note that tr(f) is
defined up to sign. The matrix norm m(f) is defined by (see [9])

m(f) = |lA— A7 = (2la— d* + 4]p[* + 4[c[) /2.

The quantity ||A — A7!|| is independent of the choice of A representing f and is
invariant with respect to conjugation by chordal isometries.

For each f and ¢g in M we let [f,g] denote the multiplicative commutator
fgf~tg='. We call the three complex numbers

B(f)=tr(f)—4,  Blg) =tr(g) =4,  ~(f,9)=te([f,g]) -2,

the parameters of the two generator group (f,g). These parameters are indepen-
dent of the choice of representative matrices for f and g, and they determine
(f,g9) up to conjugacy whenever y(f,g) # 0 [8]. But see [4] for three generator
Mbo6bius groups. Note that v(f,g) # 0 if and only if f and ¢ do not have a
common fixed point in C.

There are some necessary conditions for a two generator group to be discrete.

4.1. Theorem. If (f,g) is discrete with v(f,g) # 0 and ~v(f,g) # B(f),
then

v(f, O+ B8] = 1.
4.2. Theorem. If (f,g) is discrete with ~v(f,g) # 0 and v(f, g) # B(f) and
if |B(f)] < 2(cos(27/7) + cos(m/7) — 1) = 1.0489. .., then
IV(f,g)| > 2—2cos(n/7) =0.198... .

Theorem 4.1 is due to Jgrgensen [12]. A proof of Theorem 4.2 is given in [5].
We will quantify the above statements in terms of matrix and chordal norms.
See [9] for related results.
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4.3. Lemma. Suppose that (f, g) is a discrete subgroup of M with v(f, g) #
0 and v(f,q) # B(f). If f is loxodromic, then

(4.4) m(f)m(g) > 4(2 — 2cos(x/7)) " = 1.78 ...
If f is elliptic of order greater than two, then
(4.5) m(f)m(g) > 4(2cos(2m/7) — 1)

Inequality (4.5) is sharp.

Proof. Let ¢y = 2(cos(27/7) + cos(n/7) — 1), do = 2 — 2cos(w /7). Suppose
that f is loxodromic. If |B(f)| > ¢o and |3(g)| > co, then

m(f)m(g) = 2|B(f)B(g)'/? > 2¢o = 2.097 . ..

by [9, Theorem 2.7]. If |G(g)| < co, then |v(f,g)] > do by [5, Theorem 3.1]. If
1B(f)] < co, then |y(f,g)| > dp by Theorem 4.2. Thus by [9, Theorem 2.7],

m(f)m(g) > 47(f,9)|*/? > 4y/do = 1.78.....

Suppose next that f is elliptic of order greater than two. Then by [10, Theo-
rem 3.1}, [v(f,g)| > 2cos(27/7) — 1. Therefore,

12 _q19087....

m(f)m(g) > 4(2 cos(2m/7) — 1)1/2

The (2,3,7) triangle group in [9, Lemma 4.8] shows that (4.5) is sharp. o

4.6. Remark. (i) Gehring and Martin [9] have shown that if (f,g) is
nonelementary discrete, then

m(f)m(g) > 4(vV2—-1) =1.656... .

Furthermore, m(f)m(g) > 4 if f is parabolic.
(ii) Let f, g be the Mobius transformations represented by

[ cos(m/n) isin(m/n) (i 0
A= (isin(ﬁ/n) cos(m/n) ) ’ B = (0 —i) '
Then (f, g) is discrete and v(f, g) = B(f) = —4sin*(7/n). In this case,

m(f)m(g) = 8sin(mw/n) — 0 as n — oo.

Notice that v(g, f) # B(g) and g is elliptic of order two.

(iii) If f is of order two and (f,g) # 0, v(f,9) # B(g), then m(f)m(g)
24/2. This is because that if |8(g)| > 1/2, then m(f)m(g) > 2|8(f)B8(g)|*/? > /8.
If |6(g)] < 1/2, then |y(f,g)| > 1/2 by Jorgensen’s inequality. So m(f)m(g)
Ay (f,9)|I"? > V8.

v

v
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4.7. Lemma. Let e(c) = inf{d(f) : fis elliptic and m(f) = c}. Then

. ; VL?G if0 < c<4(vV2—1)1/2,
4.8 e(e) = c
T if4(V2 —1)V/2 4

2 if4 <e.

Proof. All quantities in (4.8) are invariant with respect to conjugation by
chordal isometries. Thus by means of such a conjugation we may arrange that
fix(f) = {—r,r} where 0 <r < 1. Since f is elliptic, it is conjugate to a mapping
of the form w = €%z, —71/2 < < 7/2. By [9, Lemma 2.10],

m(f)? =2(8 —q(~r,r)*)a(~r,r)"*|6(f)]
_ (T2 + T—2)|8i9 . 6—i0|2
= (r* +r %)4sin? 0.
Note that m(f) > 4 if and only if |tan(0/2)] > r. Thus by [9, Lemma 3.1],
d(f) =2 if ¢ > 4. We now assume that |tan(6/2)] < r. Then [9, Lemma 3.1]
implies that
16d(f)~2 —2 =r?cot?(0/2) + r *tan?(0/2).
We will find the maximum value of
g(r,0) = r*cot?(0/2) + r~? tan?(6/2), 0<r<1,
subject to the constraint
h(r,0) = 4(r* + 77 %)sin® 0 — 2 = 0.
Let F(r,0) = g(r,8)+ Ah(r,0). Then the critical points satisfy the equations:
OF OF
o " oY
It follows that
(4.9) r? cot?(0/2) — r—2tan®(0/2) = 4\ (r—2 — 1?) sin? 4,
(4.10) r? cot?(0/2) — r—2tan®(0/2) = 4\ (r 2 4 1?) sin® @ cos 4.

Since |tan(6/2)| < r, (4.9)/(4.10) gives cos@ = (1 —r4)(1 +r*)~1. Hence at the
critical points,

(4.11) g(r,0) = 16/c°.

Next we consider the case r — 0. Solving 6 from the equation h(r,0) = 0, we get
(4.12) 11_1)% g(r,0) = li_l)%(rQ cot?(0/2) +r~?tan?(0/2)) = 16/c* + ¢*/16.

At the end point r = 1, sin®§ = ¢2/8. Hence

(4.13) g(1,0) =32/c* — 2.

Combining (4.11), (4.12) and (4.13), we obtain (4.8). o
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4.14. Remark. Let p(c) = inf{d(f) : f is parabolic and m(f) = ¢} and let
l(c) =inf{d(f) : f is loxodromic and m(f) = ¢}. Then

2c _
l = Y= = 2 9
(© (c+8)1/2’ ple) { 5 10 if 4 < ¢

by [9, Theorem 3.11 and Lemma 3.8]. It is easy to check that p(c), e(c), l(c) are
continuous increasing functions of ¢ and p(c) > e(c) > I(c).

4.15. Lemma. Suppose that (f,g) is a discrete subgroup of M and that f
is elliptic. If fg # gf, then

max{d(f),d(g)} > c1, 937 <¢; <1.121....

Proof. Suppose first that v(f,g) # 0 and ~v(f,g) # B(f). If f is of order
two, then d(f) = 2 by [9, Corollary 3.17]. Suppose that f is elliptic of order
greater than two. Let ag = 4(2cos(27/7) — 1)1/2, t =m(f). Then m(g) > ag/t
by Lemma 4.3. By Remark 4.14,

max{d(f),d(g)} > max{e(m(f)),l(m(g)) } = max{e(t), !(ao/t)}.

Note that e(x) is strictly increasing for x < 4 and [(ag/z) is strictly decreasing.
Hence max{e(x),l(ap/x)} obtains its minimum when z is the intersection point
xo of e(z) and [(ag/z). Solving for x, we get
1/2 1/2
2o = ((a2 + (ao/9)*)"* = (ao/4)?)"?,
mgéc{e(x), l(ag/x)} > x0/V2=937....

Suppose next that v(f,g) # 0, v(f,g) = B(f). Then either f is elliptic of order
2, 3,4, 0r 6 or g is elliptic of order 2 by [10, Lemma 2.31]. In either case,

max{d(f),d(g)} > 2sin(n/6) =1

by [9, Corollary 3.17]. Finally, suppose that v(f,g) = 0. Then f and g have a
common fixed point in C, say co. Thus every element of (f,g) fixes oo. Since
fg # gf, f,g] is parabolic by [3, Theorem 4.3.5]. So there are no loxodromic
elements in (f, g) by [3, Theorem 5.1.2]. By the structure of elementary groups [3,
§ 5.1], if S is the set of multipliers of (f,g), then S = {1,w,w?, ..., w9 !} where
w=-exp(2mi/q), 0 < g <6, qg#5. So f is elliptic of order less than or equal to
six. Therefore,

max{d(f),d(g)} > d(f) > 2sin(7/6) = 1.
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To get the number 1.121..., let (¢, ) denote the (2,3,7) triangle group with
¢? = 3 = ()7 = id. The transformations ¢ and 1 can be represented by the

matrices , .
A .Z —cosb —p , p_ (¢ 9
sina D cosb 0 e

where a = /3, b=7/7 and p = (cos®>b—sin® a)'/? [13, p. 88]. We set f = [A, B]
and g = AB. Then

B(f) = 2(cos(2m/7) + cos(n/7) — 1), B(g) = 2cos(2m/7) — 2,
v(f,g) = 2cos(2m/7) — 1.

We can find a Mobius transformation h which sends the fixed points of f to
{w, —w} and sends the fixed points of g to {1/w,—1/w}. By [9, Lemma 2.12],
such a w satisfies the equation

(wQ o 1/w2)2 =16 7(]07 g) )

p(f)B(9)
Let v = |w|*> + 1/|Jw|?>. Then m?(hfh™1) = uB(f) and m?(hgh™1) = —up(g)
by [9, Lemma 2.10]. It is a consequence of [9, Lemma 3.1] that for any Mdobius
transformation f, if m(f)? < 2(|3 + 4| +4), then

d(f) = 2(18+ 4|+ 4+ 18]) (3m(H)2 +181) "
18+ 4] + 4+ tm(f)?
L 2B +4[+4- 18) (Am(£)2 —18))"
18+ 4] + 4 + Lm(f)? '
Therefore
d(hfh™")=1121...,  d(hgh™")=1.071....0

4.16. Example. Let f = e?™/™z g = €2™/"z. Then (f,g) is a discrete
finite group with fg = gf. We have d(f) — 0, d(g) — 0, as m,n — oo.

4.17. Lemma. Suppose that (f,g) is a discrete subgroup of M and that f
is parabolic. If fg # gf, then

max{d(f),d(g)} = 1.

Proof. If v(f,g) # 0, then m(f)m(g) > 4 by [9, Lemma 4.5]. Let ¢t = m(f).
By Remark 4.14,

max{d(f), d(g)} > max{p(m(f)).1(m(9))} > max{p(t).1(4/1)}.
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Note that p(x) is strictly increasing for x < 4 and [(4/z) is strictly decreasing.
Hence max{p(x),l(4/x)} obtains its minimum when x is the intersection point
xo of p(x) and [(4/x). Solving for z(, we have

Ty = %(124\/5 —31)Y/2,
max{p(z), [(4/)} > 4/(4 + 202)/2 =1.347. ...
So,

max{d(f),d(g)} > 1.347....

If v(f,g) = 0, then f and g have a common fixed point in C, say oo. Thus
every element of (f,g) fixes co. Since f is parabolic, there are no loxodromic
elements in (f,g) by [3, Theorem 5.1.2]. Since fg # gf, g is not parabolic by
[3, Theorem 4.3.6]. Thus ¢ is elliptic. By the structure of elementary groups
[3, § 5.1], the set of multipliers S = {1,w,w?, ..., w7} where w = exp(27i/q),
0<qg<6,q#5. So g is elliptic of order less than or equal to six. Therefore,

max{d(f),d(g)} > d(g) > 2sin(7/6) = 1. o

4.18. Corollary. Suppose that (f,g) is a discrete subgroup of M and that
f is parabolic. If v(f,g) # 0, then

max{d(f),d(g)} > ca, 1.347 < ¢y < 1.6.

Proof. It follows from the proof of Lemma 4.17 that max{d(f),d(g)} > 1.347.
The subgroup generated by
(1 0
7=\1 1

1 1
is discrete. We have d(f) =d(g) =8/5. o

4.19. Example. Let f =2+ 1/m, g = z+ 1/n. Then (f,g) is a discrete
group with fg = gf. We have d(f) — 0, d(g) — 0, as m,n — oo.

4.20. Lemma. Suppose that (f,g) is a discrete subgroup of M and that f
is loxodromic. If fg # gf, then

max{d(f),d(g)} > cs, 863 <3 < .911....

Proof. By Lemma 4.15 and Lemma 4.17, we may assume that g is also
loxodromic. Thus v(f,g) # B6(f) by [10, Lemma 2.31]. We also have v(f,g) # 0
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since otherwise f and g have one common fixed point, and hence two common
fixed points by [3, Theorem 5.1.2]. Thus fg = gf, a contradiction.

Since f is loxodramic, it is conjugate to a mapping of the form w = p?e
—m/2<0<7/2,0<p#1.

By [9, Theorem 2.7 and Theorem 3.11],

12027

(4.21) 216(f)| < m(f)? < 8 cos? e#

Let co = 2(cos(27/7) + cos(n/7) — 1), dy =2 — 2cos(n /7). It follows from (4.21)
that if |3(f)| > co, then

cos(2m/7) + cos(m/7) — 1>1/2 = 911....

df) = 2(608(27T/7) +cos(m/7)+ 1

Suppose that max{|3(f)|,18(9)|} < co. Let v =1(f,g9), B = B(f), v = cos?0,
a=0.21.If |y| > a, then by [9, Theorem 2.7 and Corollary 3.15],

4|2

1/2
TN S ggs.
RIREEE 2> -

max{d(f), d(g)} > (

We now assume that |y| < a. Then || > 1 — a by Jgrgensen’s inequality (4.1).
Let g1 =gf g~ fofg~'f 9. T v(f,91) # 0 and (f, 1) # B(f), then

V(90| = 7 (3 = (B=1)v = (B—1))°| > do

by [5, Corollary 3.8]. It follows that

(4.22) 3 —1] > H%(\/do/a —a?).
Since 1 —a < |f] < ¢y and
B = 1" = =160 +4(4 — [B))v + (8] + 1)*,

it follows from (4.22) that v < .971. If m(f) > m(g), then

1.78 < m(f)m(g) < m(f)? < %

by Lemma 4.3 and (4.21). Therefore,

max{d(f),d(9)} = d(f) = .863.
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If v»—(B—1)y—(8—1) =0, then 8= (1+v+~%)/(1+7). Since |7 <a,

1+z

< -z
= 142+ 22

18] ~ |zl=a

It follows from (4.21) that d(f) > .877.
We finally show that v(f,g1) = B(f) can not occur. By [10, Lemma 2.29],
there exists an elliptic h of order two such that (f,h) is discrete with v(f,h) =

v(f,g). Let go = hf *th=tfhfh=tf~1h. Suppose that v(f,g1) = B(f). We will
obtain a contradiction. Since Y(f, g2) = v(f,91) = 8(f), g2 is of order two by [10,
Lemma 2.31]. After a conjugation, we may assume that f and h are represented

by
_fu O _ [ €11 e12
A_<O 1/U)’ B_<621 622).

Thus 3 = (u—1/u)?, v = —e12e21(u — 1/u)?. Elementary calculations show that

‘ < 1.05.

BAT'B 'ABAB 'A7'B =
< e1((v+1)* —yu?) e12(y? = (B— 1)y — (B - 1)))
e (72 = (B-1)y—(8-1)) ea((v +1)% —yu?) '
Since hf~'h='fhfh='f~'h is of order two,
(4.23) er1 (v + 1) —yu?) + e ((v +1)* —yu?) = 0.

Notice that e;; + esa = 0 (h is of order two). If e;; # 0, then (4.23) implies
that 5(8 +4) = 0, a contradiction. If e;; = 0, then ejpe0; = —1. Hence v = 3,
another contradiction.

The number .911... occurs in the (2,3,7) triangle group (see [9]). o

4.24. Example. Let f = (1+1/m)z, g = (1+1/n)z. Then (f, g) is discrete
and fg=gf. We have d(f) — 0, d(g) — 0, as m,n — oco.

4.25. Theorem. Suppose that (f,g) is a discrete subgroup of M. If
fg# gf, then

max{d(f),d(g)} > ¢, 863 <c<911....

Proof. This follows from Lemma 4.15, Lemma 4.17 and Lemma 4.20. o

4.26. Corollary. Suppose that (f,g) is a discrete subgroup of M. If
v(f,g9) # 0 and g is not of order two, then

max{d(f, g),d(f,g~")} = .863.

Proof. This follows from the fact d(f,g) = d(fg~!) and Theorem 4.25. o
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4.27. Theorem. Suppose that G does not have a G-orbit in C that has less
than three points. Then G is discrete if and only if for each pair f,g € G\ {id},

either fg # gf or
max{d(f),d(g)} > .863.

Proof. By Theorem 4.25, it suffices to prove that G is discrete if for each pair
f, g € G\ {id}, either max{d(f),d(g)} > .863 or fg = gf. Suppose that G is
not discrete. We will obtain a contradiction. Since G is not discrete, there exists
distinct elements f1, fa, ---(# id) in G such that d(f,,id) — 0 as n — co. So
there exists an N > 0 such that d(f,,id) < 1/2 if n > N. Thus forall m, k > N,
fmfx = frfm by hypothesis. So we may assume that there exists a sequence {f, }
such that

d(fn,id) — 0, as n — 0o
fmfk::fkfm7 for all m7k21

Furthermore, since all f;’s are distinct and d(f,,id) — 0, by passing to a sub-
sequence of {f,} if necessary, we may assume that fj is not of order two for all
k > 1. Since fx and f,, commute for all k, m > 1, fix(fx) = fix(fin) by [3,
Theorem 4.3.6]. Let fix(fx) = {a,b} for all k¥ > 1 (it is possible that a = b).
For any g € G\ {id}, d(gfng™!) — 0, as n — 00. So there exists an ng such
that max{d(gfng™'),d(f,)} < 1/2 if n > ng. By hypothesis, gfn,g9  fn, =
frno9fneg~ 1. Since f,, is not of order two, fix(gf,,g7 ") = fix(fn,) = {a,b} by [3,
Theorem 4.3.6]. Thus g{a,b} = {a,b}. Since g is arbitrary, Npech(a) C {a,b}.
This contradicts the assumption that G does not have a (G-orbit that has less
than three points. o

Acknowledgment. The author wishes to thank Professor F.W. Gehring for
suggesting this topic and for many helpful conversations. He also wishes to thank
the University of Auckland for its hospitality during part of this work and the
referee for the careful reading of the manuscript.

References

[1] AHLFORS, L.V.: Mébius transformations and Clifford numbers. - In: Differential Geometry
and Complex Analysis, H.E. Rauch Memorial Volume, Springer-Verlag, 1985.

2] AHLFORS, L.V.: On the fixed points of Mdbius transformations in R™. - Ann. Acad. Sci.
Fenn. Ser. A. I. Math. 10, 1985, 15-27.

3] BEARDON, A.F.: The Geometry of Discrete Groups. - Springer-Verlag, 1983.

[4] CA0, C.: On three generator Mébius groups. - New Zealand J. Math. 23, 1994, 111-120.

[5] CAo, C.: Some trace inequalities of discrete groups of Mdbius transformations. - Proc.
Amer. Math. Soc. 123, 1995, 3807-3815.

[6] FRIEDLAND, S., and S. HERSONSKY: Jgrgensen’s inequality for discrete groups in normed
algebras. - Duke Math. J. 69, 1993, 593-614.

[7] GEHRING, F.W., and G.J. MARTIN: The matrix and chordal norms of Mébius transfor-

mations. - Complex Analysis, Articles Dedicated to Albert Pfluger on the Occasion
of his 80th Birthday, Basel-Stuttgart—Boston, 1988, 51-59.



The chordal norm of discrete Mébius groups 287

GEHRING, F.W., and G.J. MARTIN: Stability and extremality in Jgrgensen’s inequality.
- Complex Variables Theory Appl. 12, 1989, 277-282.

GEHRING, F.W. and G.J. MARTIN: Inequalities for Mobius transformations and discrete
groups. - J. Reine Angew. Math. 418, 1991, 31-76.

GEHRING, F.W. and G.J. MARTIN: Commutators, collars and the geometry of Mobius
groups. - J. Anal. Math. 63, 1994, 175-219.

HERSONSKY, S.: A generalization of the Shimizu-Leutbecher and Jorgensen inequalities
to Mobius transformations in R . - Proc. Amer. Math. Soc. 121, 1994, 209-215.

JORGENSEN, T.: On discrete groups of Mobius transformations. - Amer. J. Math. 98, 1976,
739-749.

MAGNUS, W.: Noneuclidean Tesselations and their Groups. - Academic Press, 1974.

MARTIN, G.J.: On discrete Mobius groups in all dimensions: A generalization of Jgrgen-
sen’s inequality. - Acta Math. 163, 1989, 253—-289.

WATERMAN, P.: Mébius transformations in several dimensions. - Adv. Math. 101, 1993,
87-113.

Received 7 March 1995



