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Abstract. We develop a capacity theory based on the definition of Sobolev functions on
metric spaces with a Borel regular outer measure. Basic properties of capacity, including mono-
tonicity, countable subadditivity and several convergence results, are studied. As an application
we prove that each Sobolev function has a quasicontinuous representative. For doubling measures
we provide sharp estimates for the capacity of balls. Capacity and Hausdorff measures are related
under an additional regularity assumption on the measure.

1. Introduction

The purpose of this paper is to develop a capacity theory based on the def-
inition of Sobolev functions on metric spaces due to Hajlasz [Ha]. His definition
makes use of the fact that a smooth real-valued function v on R" satisfies

(1.1) u(z) —u(y)| < clo —y|(A|Vul(z) + #|Vul(y)),

for every x,y € R"™, where .# f is the Hardy—Littlewood maximal operator of a
locally integrable function f defined by

1
Mf(x) =sup ——
() = S0 B ] o

F(y)| dy.

Here B(z,r) is the open ball with center x and radius r and |E| stands for the
Lebesgue measure of E. By the celebrated theorem of Hardy, Littlewood and
Wiener, the maximal operator .# is bounded in LP(R™) for 1 < p < oo, and
hence an approximation procedure shows that for each function uw belonging to
the Sobolev space W1P(R™), 1 < p < oo, the inequality (1.1) holds for every
r,y € R"\ E, x # y, with |[E| = 0. The Sobolev space W1P(R") consists of
functions u € LP(R™) whose first distributional derivatives also belong to LP(R").
Hajtasz showed in [Ha] that (1.1) also gives a sufficient condition for a function to
belong to the Sobolev space W1P(R™) for 1 < p < oo and hence it can be taken
as a definition for the Sobolev function. Let (X, d) be a metric space with a Borel
regular outer measure p. Recall, that the outer measure p is Borel regular if it
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is a Borel measure and for every EE C X there is a Borel set B C X such that
E C B and pu(E) = p(B). A function u € LP(X) belongs to the Sobolev space
WLP(X), 1 < p < oo, if there is a non-negative function g € LP(R™) such that

(1.2) lu(z) —u(y)| < d(z,y)(9(x) + g(y))

for every z,y € X \ F', © # y, with u(F) = 0. In the Euclidean case with the
Lebesgue measure this definition is equivalent to the standard definition of the
Sobolev space. Observe that in this case we may choose g = .Z|Vu| in (1.2), but
we cannot take g = |Vu/, in general. The space W1P(X) is endowed with the
Sobolev norm

1/
(1.3) lullwrocxy = (Tl ) + Tl )

where
ull re(xy = inf{||g]|Le(x) : g satisfies (1.2) }.

This norm enables us to define the Sobolev p-capacity of an arbitrary £ C X by

(14) Co(E) = inf  ullyrax)

where

A (E)={ueW"P(X):u>1on aneighbourhood of E}.

Clearly, this generalizes the classical definition of the Sobolev p-capacity in the
Euclidean case with the Lebesgue measure which is analogous to definition (1.4)
except that the norm

1/
(L5) allw ooy = (el gy + 17 )

is used, see [FZ], [HKM, Section 2.35] and [K]. In the Euclidean case with the
Lebesgue measure the norms defined by (1.3) and (1.5), and hence also the capac-
ities, are equivalent. The capacity (1.4) shares many properties with the classical
Sobolev capacity. These include monotonicity, countable subadditivity and sev-
eral convergence results. All these are studied in detail in Section 3, where we
also prove that each function in W1?(X) has a p-quasicontinuous representative.
For the classical case, see [MK] and [HKM, Chapter 4]. In Section 4 we relate the
Sobolev capacity to various measures. Here an obvious choice is the measure .
If the measure p is doubling, which means that there is ¢ > 1 so that

w(B(z,2r)) < cu(B(z,7))

holds for every z € X and r > 0, then we provide quite precise capacity estimates
for balls in X . In this case our space is a special case of a space of homogeneous
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type in the sense of Coifman and Weiss, see [CW]. A nontrivial example of a
metric space with a doubling measure is given by vector fields in R" satisfying
Hormander’s condition with the Lebesgue measure, see [FGW], [NSW] and [CDG].
Moreover, if p is regular with dimension s, which means that there are s > 0 and
¢ > 1 so that
c s < ,u(B(x,r)) <ert

for all z € X and 0 < r < diam(X), then we prove counterparts of the classical
results relating the capacity and the Hausdorff measure. A similar problem on
Carnot groups is studied in [He]. In fact, if p is regular with dimension s, then
the Hausdorftf dimension of X equals s and p and the s-dimensional Hausdorff
measures are bounded by constant times each other. As examples of regular metric
spaces we mention self-similar fractals with an invariant measure, the Carnot group
with the Carnot—Carathéodory metric and the bi-invariant Haar measure, see [FS].
For further examples we refer to [S1] and [S2].

2. Sobolev space

Let (X,d) be a metric space and let p be a non-negative Borel regular outer
measure on X . In the following, we keep the triple (X,d, u) fixed, and for short,
we denote it by X. Let 1 < p < co. Then LP(X) is the Banach space of all
p-a.e. defined p-measurable functions u: X — [—o0, oo] for which the norm

- ( / |u|pdn)

is finite. Suppose that u: X — [—00,00] is p-measurable. We denote by D(u)
the set of all p-measurable functions g: X — [0, co] such that

(2.1) u(z) = u(y)] < d(z,y)(9(z) + g(y))

for every z,y € X \ F', x # y, with u(F) = 0. Note that the right hand side
of (2.1) is always defined for = # y. At the points =,y € X, x # y, where the
left hand side of (2.1) is undefined we may assume that the right hand side is
+00. Following the original definition due to Hajtasz, the Dirichlet space L'P(X)
consists of all y-measurable functions u with D(u)NLP(X) # (); the space LYP(X)
is endowed with the seminorm

(2.2) lullLrrx) = inf{llgllLe(x) : g € D(w) N LP(X)}.

The Sobolev space W1P(X) is the space of all functions u € LP(X) for which
D(u) N LP(X) # (. Tt is clear that (2.2) defines a seminorm in WP(X). An
application of the the uniform convexity of LP(X) implies that there is a unique

minimizer of (2.2); this means that the infimum is attained by a unique function
in D(u) N LP(X). We equip the Sobolev space W?(X) with the norm

1/
(2.3) ”UHWLP(X) = (Hu”ip(x) + ”uHﬁl,p(x)) g

Then W1P(X) is a linear space. In addition, it satisfies the following lattice
property.
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2.4. Lemma. Suppose that uy,us € WYP(X). If g € D(uy) and go €
D(us), then
(i) u=max(ui,us) € WHP(X) and max(g1,g2) € D(u) N LP(X),
(i) v =min(u1,us) € WHP(X) and max(gi,g2) € D(v) N LP(X).

Proof. 'We prove the case (i) only. Let g = max(g1,¢2) and suppose that
Fy and F, are the exeptional sets for u; and wy in (2.1), respectively. Clearly
u,g € LP(X). It remains to show that g € D(u). To see this, let A = {z €
X\ (FLUF): ug(z) > ug(a)}. If 2,y € A, then

u(z) —u(y)| = lur(z) —ui(y)] < d(z,y)(91(x) + 91(y)).

Analogously, for z,y € X \ A we obtain |u(z) — u(y)| <

| < d(z,y)(92(2) + 92(v)) -
For the remaining cases, let x € A and y € X \ A. If uy(x) >

Uz (y> 3 then

lu(z) — u(y)| = ui(x) — uz(y) < ui(x) —ui(y) < d(z,y)(91(x) + g1(y)).

If ui(z) < ua2(y), then

lu(z) — uy)| = uz(y) — u1(z) < uz(y) — uz(z) < d(z,y)(92(x) + 92(y))-

The case z € X \ A and y € A follows by symmetry and hence

lu(z) —u(y)| < d(z,y)(9(x) + g(y))

for all x,y € X\ (F1 U Fy) with u(Fy U Fy) =0.

The following lemma shows that W1P(X) is closed under p-a.e. convergence
in a certain sense.

2.5. Lemma. The function u belongs to WP(X) if and only if u € LP(X)
and there are functions u; € LP(X), i = 1,2,..., such that u; — u p-a.e. and
gi € D(u;) N LP(X) such that g; — g p-a.e. for some g € LP(X).

Proof. If u € W1P(X), then the claim of the lemma is clear. To see the
converse, suppose that u,g € LP(X), ¢; € D(u;) N LP(X) and u; — u p-a.e. and
gi — g p-a.e. Then

(2.6) Jui(z) = ui(y)| < d(2,y)(gi(z) + i (y))
for all x,y € X \ F; with u(F;) =0, ¢ = 1,2,.... Let A C X be such that

ui(z) — u(z) and g;(x) — g(z) for all x € X \ A and u(A) = 0. Write F =
AUU;Z, F;; then u(F)=0. Let z,y € X \ F,  #y. From (2.6) we obtain

lu(z) —u(y)| < d(z,y)(9(x) + 9(y))

and thus g € D(u) N LP(X). This completes the proof.
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Another important property of the Sobolev functions is the following Poincaré
inequality. The proof can be found in [Hal], but we present it here for the sake of
completeness. We use the familiar notation

E=]{Efdu=ﬁ/Efdu

for p-measurable £ C X of positive and finite measure.

2.7. Lemma. If u € W'?(X) and E C X is p-measurable with 0 <
w(E) < 0o, then for every g € D(u) N LP(X) we have

/ lu —up|?du < 2P diam(E)p/ g dp.
E E

Proof. By the Holder inequality

lu(z) —uE|<][|u )| duly (][|u — i) duly )) "

An integration completes the proof, because

[ u@) = usl du@) < [ jute) = o) duto) duto)

<2 tain(E) [ (ser+ o) duto)) dute)

E
=2P diam(E)p/ g dpu.
E

3. Capacity
For 1 < p < oo, the Sobolev p-capacity of the set F C X is the number

Cp(E) = inf

p
westtmy 1w 0o

where
o (E)={ueW"P(X):u>1on a neighbourhood of E}.

If o/(E) =0, we set Cp(E) = co. Functions belonging to «/(E) are called
admissible functions for E.

3.1. Remark. We can restrict ourselves in the definition of the capacity to
those admissible functions u for which 0 <« < 1. Indeed, if

A'(E)={ue S (E):0<u<l1},
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then «/'(F) C &/(E) implies

; p
CoE) < inf - lullfy .

For the reverse inequality, let € > 0 and take u € &/(FE) such that
[ellfyin(x) < Cp(E) + e

Then v = max (0, min(u, 1)) belongs to «/’(F) and by Lemma 2.4 we have D(u) C
D(v). Therefore

3 p p p
o0 Ny < N0l < Helyrnry < ColE) +2

and letting ¢ — 0 we obtain

: p
Sl < Co(B).

This completes the proof.

In the Euclidean case with the Lebesgue measure the Sobolev p-capacity
enjoys many desirable properties, one of the most important of which says that it
is an outer measure. This is also true in our context.

3.2. Theorem. The Sobolev p-capacity is an outer measure.

Proof. Clearly C,(0) = 0 and the definition of the capacity implies mono-
tonicity.

To prove countable subadditivity, suppose that E;, ¢ = 1,2,..., are subsets
of X. Let ¢ > 0. We may assume that > .~ C,(E;) < oco. Next we choose
u; € & (F;) and g, € D(u;) N LP(X) so that

HuiHiza()Q + ||gui||ip(x) < Cp(E;) + 52_17

for i = 1,2,.... We show that v = sup,; u; is admissible for |J;-; F; and g =
sup; gu;, € D(v) N LP(X). First we observe that v,g € LP(X). Then we define
U = maxXi<;<i %;. By Lemma 2.4 the function g,, = maxj<;<x g,, belongs to
D(vx) N LP(X). Since vy — v p-a.e. and g,, — ¢ p-a.e., Lemma 2.5 yields
v e WhP(X). Clearly v > 1 in a neighbourhood of | J;2, E;. This implies that

Co(U B:) < ol < 30 (il + 9w o)) < D0 Col )+,
=1 =1

1=1

The claim follows by letting ¢ — 0.
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3.3. Remark. The Sobolev p-capacity is an outer capacity, that is,
Cp(E) =inf{C,(0) : O D E, O open}.

Indeed, by monotonicity, Cp(E) < inf{C,(O) : O open, E C O}. To see the
inequality into the other direction, let ¢ > 0 and take u € o/ (F) such that

lly sy < ColE) + <.

Since u € &/(FE) there is an open set O containing F such that v > 1 on O,
which implies
Cp(O) < [ulllysi) < CplE) +<.

The equality follows by letting ¢ — 0.

3.4. Lemma. If X D C; D Cy D --- are compact sets and C = (;2, Ci,
then
CP(C) = .lim CP(CZ)

11— 00

Proof. First we observe that monotonicity yields lim; .., Cp(C;) > Cp(C).
On the other hand, let O be an open set containing C'. By the compactness of C',
C; C O for all sufficiently large i. Therefore lim; .., Cp(C;) < Cp(O) and since
the Sobolev p-capacity is an outer capacity, see Remark 3.3, we obtain the claim
by taking infimum over all open sets O containing C'.

3.5. Theorem. If Oy C O3 C --- are open subsets of X and O =J;-, O;,
then

Cp<0) = .lim CP(OZ)

Proof. Monotonicity implies lim; ., Cp(O;) < Cp(O). To prove the opposite
inequality, we may assume that lim; .., Cp(O;) < co. Let € > 0 and u; € &7/(0;),
i=1,2,...,and g, € D(u;) N LP(X) be such that

||Ui||1£p(x) + ||gui||}£P(X) < Cp(0i> +e€.

Now (u;) is a bounded sequence in LP(X) and hence it has a weakly convergent
subsequence, which we denote again by (u;). The sequence (g,,) is also bounded
in LP(X) and hence, by passing to a subsequence, we may assume that u; — u
weakly in LP(X) and g,, — g weakly in LP(X). Using the Banach—Saks theorem

we see that the sequence v; = gy

gt 5:1 gy, converges to ¢g in LP(X). Now there is a subsequence of (v;) so

that v; — u p-a.e. and g,, — g p-a.e. The function u belongs to W1?(X) by
Lemma 2.5. On the other hand v; — 1 p-a.e.in O and hence u > 1 p-a.e. there.
This means that u € o/(0O). By the weak lower semicontinuity of norms

i—1 u; converges to u in LP(X) and g,, =

CP(O) < ||U||]£p(x)+||9||]£p(x) < ligglf(||ui||]£p(x)+||gui||}£p(x)) < Zlggo Cp(Oi)+5

from which the claim follows by letting ¢ — 0.
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Before proving the next lemma we recall some terminology. We say that a
property holds p-quasieverywhere (p-q.e.), if it holds except of a set of p-capacity
Zero.

3.6. Theorem. For each Cauchy sequence of functions in WP (X) N C(X)
there is a subsequence which converges pointwise p-q.e. in X . Moreover, the
convergence is uniform outside a set of arbitrary small p-capacity.

Proof. There is a subsequence of (u;), which we still denote by (u;), such
that

Z QZPHUZ — ui+1H€V1,p(X) < Q0.

i=1
For i =1,2,..., denote E; = {z € X: |u;(z)—ui1(x)| > 27"} and Fj = Uiz; Bi-
By continuity 2%(u; — u;11) is admissible for E;, which implies

Cp(Ei) < 2PJui — w1 Y10 x)

and by subadditivity we obtain

Col(F)) <3 ColEr) <327l — wiga [ -
i=j i=j
Hence

Cp(ﬁ Fj) < lim Cp(F;) =0

— 00
j=1 ’

and (u;) converges in X \ ()72, F;. Moreover,

k—1 k—1
fuj —ur] <Y fui — | < Y 270 <2
i=j i=j

in X \ F for every k > j, which means that u; convergence is uniform in X \ Fj.
The theorem follows.

A function u: X — [—o00,00| is p-quasicontinuous in X if for every € > 0
there is a set E such that C,(E) < ¢ and the restriction of u to X \ E is
continuous. By outer regularity (Remark 3.3), we may assume that E is open.
By [Ha, Theorem 3], W1P(X) is a Banach space and by [Ha, Theorem 5], C(X)N
W1P(X) is a dense subspace of W1P(X) and hence completeness implies that
W1P(X) can be characterized as the completion of C'(X)NW?1P(X) in the norm
defined by (2.3). This means that v € WP (X) if and only if there exist sequences
of functions w; € LP(X) N C(X) and g; € D(u; — u) such that uv; — u and
gi — 0 in LP(X). We deduce from the previous theorem that the limit function
is p-quasicontinuous and hence each Sobolev function has a p-quasicontinuous
representative.

3.7. Corollary. For each u € W1P(X) there is a p-quasicontinuous function
v € WHP(X) such that w=v p-a.e. in X.
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4. Capacity and measure

We are mainly interested in the sets of vanishing capacity, since they are in
some sense exceptional sets in the theory Sobolev spaces. Our first result is rather
immediate.

4.1. Lemma. p(E) < Cp(E) for every E C X.

Proof. If u € o/ (F), then there is an open O D E such that v > 1 in O and
hence

W(E) < 1(0) < lullh, ) < Nl

We obtain the claim by taking the infimum over all u € &7 (F).

In particular, sets of capacity zero are also of measure zero. From now on we
assume in this section that the measure is nontrivial, Borel regular and that there
is ¢q > 1 such that

(4.2) p(B(z,2r)) < cap(B(z,r))

for all x € X and r > 0. A measure satisfying the condition (4.2) is said to be
doubling and the constant cy is called the doubling constant. If p is doubling,
then every open set has a nonzero measure. If 0 <r < R < oo and x € X, then
iterating the doubling condition we get

(4.3) n(B(z, R)) < c(?)su(B(x,r)),
where
(4.4) s = lﬁ)ggcg

and ¢ depends only on the doubling constant c;. Observe that in the Euclidean
case with the Lebesgue measure s equals to the dimension of the space. Hence
(4.4) defines a dimension related to the doubling measure .

4.5. Capacity estimates. Here we provide a sharp upper bound for the
p-capacity of a ball.

4.6. Theorem. Let o € X and 0 <r < 1. If u is doubling, then
(4.7) Cp(B(zo,1)) < cr P u(B(wo,7))

where ¢ depends only on the doubling constant and p.
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Proof. Let 0 < r < R and define

m? .’BGB(LE(),R)\B(.’,E(),T'),
u(z) = R—r

1, x € B(xg, 1),

0, z € X\ Blzo, R),

and

1
B
g(x):{R—’l“, UAS (.To,R),
0, z € X\ B(zo, R).

We show that g € D(u). Let first z,y € A = B(xo, R) \ B(xg,7). Then
— |d(CL’, QI?()) - d(y7 $0)| d(x7 y)

— < .
() — u(y) )zl Ay
Hence (2.1) follows in this case. Next let x € A and y € B(xg,r). Now
d(z,xo) — 1
— =1— =0
u(z) = u(y)] u(z) 7,

Since d(z,xz¢) > r > d(y,xo), we have
d(CL’, QL‘()) —r< d(CL’, ,CL‘()) - d(y7 CI?()) < d(’r7 y)

and (2.1) follows. The case y € A and = € B(x,r) is completely analogous. If
x,y € B(xg,r) or z,y € X \ B(xg, R), then clearly (2.1) holds. For the remaining
cases, let y € B(xo,7) and =z € X \ B(zg, R). Now

. R—r _d(z,y)
u(w) — u(y) =1 = H=L < o)

which implies (2.1). Finally, if z € A and y € X \ B(xg, R), then

R —d(x, )
B R—r

u(z) — u(y)| = u(z)
and since d(z,x0) < R < d(y,x0), we obtain
R —d(z,x0) < d(y,z0) — d(z,z0) < d(z,y)
and (2.1) again holds. Thus g € D(u), u belongs to &/ (B(zo,r)) and

CAM%JDS/

updu+/ g’ dp < (14 (R—=r)"")pu(B(zo, R))
B(zo,R) B(zo,R)

R\s
<c¢(l+(R-r)?) <?) w(B(zo,7)).
This leads to (4.7) if we choose R = 2r.

Next we improve estimate (4.7) in the case p = s where s is defined by (4.4).
To this end, we need a simple equality which holds for any Borel measure p.
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4.8. Lemma. If s >0, R >0 and xzg € X, then

—s R 11 (B(xo, p) .
/B(w(),R) dl@, 20) ™" dpu(z) = S/O % dp+ R~ *u(B(zo, R)).

Proof. The Fubini theorem implies

oo

/ d(z,xo)” du(z) = s/ P tu({z e X 1 d(z,z0) " > p}) dp
B(zo,R) 1/R

+ R u({z € X : d(z,z0) < R})

and the claim follows by changing variables in the first integral on the right hand
side.

4.9. Theorem. Let zo € X and 0 < r < L. If y is doubling and s is

2
defined by (4.4), then

(4.10) Cs (B(wo, 7‘)) < c(log %)1_Sr_3u(B(x0, r))

where ¢ depends only on the doubling constant.

Proof. Let 0 <r < 5 and set B = B(zo,1). Define

1\1 1
1 —) 1 B\ B(xo,7),
(ogr Ogd(m,mo)’ x € B\ B(xg,7)
1
0

u(z) = , x € B(zg, 1),
, xe X\ B,
and
Q 1y4 ! € B\ B(xo,7)
- r
og r d(.’L’,QI/‘())’ X X, 9
= 1\—-11
9(x) (log —) -, x € B(zg, 1),
r r
0, re X\ B.

We show that ¢, € D(u). To see this, let z,y € A = B\ B(zo,7). If d(y,x0) <
d(z,xg), then

<1Og 1)—1 o d(z, xo) < (10g 1)—1 d(x,x;()y,—wc(l)()y,xo)

u(z) — ufy)| -
(log %)_1% = (log %>_1d(m, v) (d(m:,lmo) * d(y:,lmo)>'

IN
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Here we used the elementary inequality logt <t —1 for ¢ > 1. By symmetry, a
similar estimate holds whenever d(z,xq) < d(y,zo). For the remaining cases, let
next z € A and y € B(zo,r). Now

) = ()| =1 = u(e) = (toz 1) (log ; +1og (. : =)
= (1035 1) o log d(x;nxo) (log >_1%
(log >_1 d(z,y) —

d(y, z0) _ (1 og ) Ld(z,y)
= (log %>_1d(x, v) (% * d(x:,lmo)>

"
and hence (2.1) holds also in this case. By symmetry it holds for x € B(z¢,r) and
y e A. For x,y € B(zg,r) and z,y € X \ B inequality (2.1) is clear. If y € X\ B
and x € A, then

ju(e) —uy)| = u(@) = (1o 1) log o < (log 1) 1 A T0)

d(z,xo) d(x,xo)
1 —1d(y,x0) d(x7 (; < (1 I\ —1 d(x7y> 0
( & ) d(z,xo) - ( ©8 ;) d(x, zo)

and (2.1) holds also in this case. It remains to check (2.1) when z € X \ B and
y € B(xg,r). Now

) — ()] = 1= G2 < G20 o (10 1) DD

and hence (2.1) holds. Thus ¢g € D(u) and since u = 1 in B(xq,r), the function
u belongs to & (B(zo,r)). Now

/gsduz/ gsdu+/ g° du.
B B(zo,r) B\ B(zo,r)

The first integral on the right hand side is

1\ —s p(B(xo,
/ g% dp = (log —) p(Blao. 1) :
B(zo,r) r

T-S

For the second integral we employ Lemma 4.8,

/B\B(:L-o,r) g dn = (log %) B /B\B(:L-W) d(z,zo)"* du(x)
= (1os,) (/ ww—i—u(f)’) “(Blenr) ).



The Sobolev capacity on metric spaces 379

Using (4.3), we obtain

/Bgsduz (log%)_s(S[ W@JW(B))

1\ —s 1
<er™® (log ;) (s log . + 1>N(B(x0,r))

<ecr <log%)1_s (s—l— ),u(B(xO,r)).

Clearly u < g and hence

log 2

Cp(B(zo,7)) < Q/Bgs du

which completes the proof.

4.11. Hausdorff measures. We recall the definition of Hausdorff measures.
Let £ C X and suppose that h: [0,00) — [0,00) is a non-decreasing function so
that
lri?ol h(r) = h(0) = 0.

For 0 < d < oo and E C X we define
HE) = inf{z h(r) : E C | Blai,ri), 1 < 5}.
i=1 i=1

Now
AME) = lim A (E) = sup A3 (E)
610 §>0
produces the standard (spherical) h-Hausdorff measure of E. If h(t) = ¢° for
0 < s < oo, then we obtain the s-dimensional (spherical) Hausdorff measure
which we denote by #°. The Hausdorff dimension of a set £ C X is

dim F = inf{s : 7##°(F) = 0} = sup{s : #°(F) = oo}.

For the properties of Hausdorff measures we refer to [F, 2.10].
We say that a measure p is regular with dimension s > 0, if there is ¢ > 1
such that

(4.12) clrs < w(B(z,r)) < er?
for each z € X and 0 < r < diam(X). If p is regular with dimension s, then p is

doubling and it satisfies (4.3). Moreover, X has Hausdorff dimension s and there
is a constant ¢ > 0 such that ¢ 1#%(E) < u(E) < c#°(E) for every E C X.
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4.13. Theorem. Let h: [0, 00) — [0,00),

{ t57P, for s > p,

ht) = (log %)1_3, for s = p.

If v is regular with dimension s, then for every £ C X,
Cy(E) < " (E).

The constant ¢ depends only on p and the constant in (4.12).

Proof. Let B(x;,r;), i = 1,2,..., be any covering of E such that the radii
satisfy r; < 3. Now (4.7) and (4.10) yield

1\1-s
Cp(B(zi, 7)) < C<log r_) , for s =p,

cr; P

7 )

for p < s,

and subadditivity implies

Cp(E) < ZCP(B(xi,ri)) < cZ h(r;).

The claim follows by taking the infimum over all coverings by balls and letting the
radii tend to zero.

4.14. Corollary. Let h be as in Theorem 4.13. If s#"(E) = 0, then
Cp<E) =0.

We next consider the converse of Theorem 4.13. We prove that if u is reg-
ular with dimension s, then sets of p-capacity zero have Hausdorff dimension at
most s —p.

4.15. Theorem. If E C X with C,(E) = 0, then J*(E) = 0 for all
t>s—p.

Proof. Let E C X be such that Cp(E) = 0. Then for every i = 1,2,...,
there is u; € &/(E) and g,, € D(u;) N LP(X) such that

27¢,

”ul”ip(x) + ”guz Z[)/p(x) <

Define u =Y > u; and g = .o, gi. We show that u € &/(E). To this end, let
v = Zle u; and g,, = Ele gu; for k=1,2,.... Then g, € D(vx)N LP(X),
vy — u p-a.e. and g, — g p-a.e. Since u,g € LP(X) we see from Lemma 2.5
that uw € WHP(X) and g € D(u). Moreover, u > 1 p-a.e. on a neighbourhood of
E which means that u is admissible for E.
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For every A > 0 and for every x € E there is r, such that p-a.e. point of
B(z,r;) belongs to {x € X : u(x) > A} and therefore

(4.16) lim sup ][ udp = oo.
r]0 B(z,r)

Fix z € F and assume that there is ¢ < oo such that

lim sup r_t/ gPdu < c.
rl0 B(z,)

Next we choose R > 0 so small that

/ gP du < crt
B(z,r)

for every 0 < r < R. Denote B; = B(x,27'R), i = 1,2,.... Then by the
Poincaré inequality (Lemma 2.7) and the n-regularity assumption (4.12) we have

1/p
1(Bi) (][ )
up,,, —up,| < u—upg,|dp < ——— u—ug,|Pd
e LIty <t § LA
| V.
§02_1R<][ gpd,u) SC(Q_ZR)(”_SH)/”.
B;

Hence, for k > j

k—1 k—1
|U’Bk - qu‘ < Z |U’Bi+1 - uBi| < CZ(Q_iR)(p_S_H)/p

and so (up,) is a Cauchy sequence if ¢ > s —p. This contradicts (4.16) and hence

EC{xEX:limsupr_t/ gpd,u:oo}.
r]0 B(z,r)

EA:{xGX:limsupr_t/ gpd,u>)\}.
r10 B(z,r)

Then E C E) for every A > 0 and by [F, 2.10.19 (1)] we obtain

/ 9" du
X

for every A > 0, which implies #*(E) = 0.

HHNE) <

> o
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