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Abstract. We continue the investigation of (p,c)-uniform domains in a normed space.
Special emphasis is on the basic properties of homological (p, ¢)-uniformity.

1. Introduction

1.1. This paper is a continuation to [Al], in which the first author introduced
the class of (p, ¢)-uniform domains, where p > 0 is an integer and ¢ > 1. We recall
the definition. Suppose that FE is a real normed space with dim £ > 2. A domain
G C E is homotopically (p,c)-uniform if every continuous map f: SP — G has a

continuous extension g: BPT! — G satisfying the lens condition
(1.2) d(z,|f]) < cd(z,0G) for all = € |g|,

and the turning condition

(1.3) d(lgl) < cd(|f1)-

Here |f| =im f, and d(A) is the diameter of a set A. Together these conditions
are called the uniformity conditions. For p = 0, we obtain the c-uniform domains
in the ordinary distance sense. The class defined above has been independently
considered by J. Heinonen and S. Yang [HY].

A homological version of the definition was also given in [Al]. The domain G
is homologically (p, c)-uniform if each reduced singular p-cycle f in G bounds a
chain g such that (1.2) and (1.3) are true; now |f| is the carrier of f.

To abbreviate terminology we shall often replace the word ‘homotopically’
and ‘homologically” by ‘htop’ and ‘hlog’, respectively.

The main emphasis in this paper will be on the basic properties of homological
uniformity. Several results on hlog (p, ¢)-uniformity were given in [Al] only for
p = 1. Our first task is to extend these for arbitrary p. This is done in Section 3.
Before that, we develop in Section 2 a technique to construct singular homologies,
called the prismatic method. In the rest of the paper we shall consider relations

1991 Mathematics Subject Classification: Primary 30C65.



412 Pekka Alestalo and Jussi Véisala

between htop and hlog uniformity, some related topological properties, and p-
dimensional plumpness, which was introduced in [Al] in the homotopical case; a
homological version will be given in Section 6.

Part III of this investigation is under preparation. It will contain, for example,
results on cartesian products and planar sections of null-sets for htop and hlog
(p, ¢)-uniform domains.

We thank J. Partanen, who read the manuscript and made valuable remarks.
Part of this article was written while the first author was visiting the University
of Bielefeld in 1995-96. The hospitality of SFB 343 is hereby acknowledged.

1.4. Terminology and notation. The basic notation will be the same as in
the first part; see [Al, p. 6]. Throughout the paper, E will denote a real normed
space, and we shall usually assume that dim £ > 2. However, results dealing with
porosity are relevant also in the one-dimensional case. We let |a — b| denote the
distance between points a,b in any metric space X . Open and closed balls in X
are written as B(a,r) and B(a,r). More generally, if A C X, we let B(A,r)
and B(A,r) denote the open and closed r-inflations of A. By a map we mean
a continuous function. The image set of a map f: A — B will be written as
|lfl=fA.If f,g: A — X are two maps, we set || f —g|| = sup{|fa—ga|:a € A}.

Our main reference on homology theory is the book [Ro] of J.J. Rotman.
We shall use reduced singular homology with integral coefficients. Let X be a
topological space and let p be an integer. The group S,(X) of singular p-chains
is the free abelian group generated by all singular p-simplexes, that is, maps
o: AP — X of the standard p-simplex AP. Thus each v € S,(X) has a normal
representation vy = Zjej n;oj, where J is a finite set, the singular simplexes
o; are all distinct, and the integers n; nonzero. We write ¢ < 7 if o is a
singular simplex appearing in the normal representation of the chain ~. The
normal representation can then be written in the form v = > o. The
carrier of 7y is the set

o<y No

vl = U{lo]: o <.

For p = —1 there is a unique (empty) map o: A~! = & — X, and we identify
S_1(X) =1Z. For p < —2 we have S,(X) = 0. The boundary homomorphism
0 = 0p: Sp(X) — Sp—1(X) is defined in the well-known way. For a 0-chain
Y=gy Moo We have Oy =3 __ no,. The kernel of 0, is the group Z,(X) of
p-cycles, and the p*® homology group of X is H,(X) = Z,(X)/im0,.1. In the
literature, the group Ho(X) is often written as ITIO(X ). It is a free abelian group
of rank m — 1 where m is the number of the path components of X. The group
H_1(X) is trivial unless X = &, in which case H_1(X) =Z. We write z ~ 2’ if
the cycle z is homologous to z’.

Suppose that Q(p) is a property of a set involving an integer p > 0. We say
that a set A has the property Q(p) completely if A has the property Q(k) for
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all 0 < k <p. For example, a domain G is completely hlog (p, c)-uniform if it is
hlog (k, c)-uniform for all 0 < k <p.

A domain is hlog (p)-uniform if it is hlog (p, ¢)-uniform for some ¢ > 1. A
similar convention is applied to any property involving a pair (p,c) with p € Z
and ¢> 1.

To illustrate the difference between complete and noncomplete uniformity, we
consider the infinite cylinder Z = B" 1 xR C R", n> 3. It is not difficult to
show that Z is htop and hlog (p)-uniform for all 1 < p < n — 2, in fact, (p,v2)-
uniform. However, Z is not (0)-uniform and hence not completely htop or hlog
(p)-uniform for any p.

It is possible to consider (p,c)-uniform domains G in the extended space
E = E U {oo} with co € G. However, this essentially means that G\ {oco} is
(p, ¢)-uniform; see [Vas, 5.4]. In this paper we consider only the case G C E. All
closures and boundaries are taken in E, except when we are using the compactness
method in R".

2. Prisms

2.1. Summary of Section 2. We develop the prismatic method, which produces
homologies of a given singular cycle. It will be applied several times in later sec-
tions. The method can be regarded as an elaboration of the proof of the homotopy
axiom in singular homology.

2.2. Basic concepts. Let A = [vg,...,v,] be a p-simplex in R"™ with the
given order of vertices. We let A denote the simplicial complex consisting of all
faces of A, including A. For I = [0, 1] we consider the prism A x I C R""1. We
identify A = A x {0} and write v, = (v;,1) for 0 < j <p. The vertices of A x I
are ordered as (vo, ..., Vp,vp,...,v,). Let PA be the standard triangulation of
A x I.Its (p+ 1)-simplexes are

~N—

@Q

/ /
8j = [Vo, -+, 05, V], U],

0 < j < p. The ordering of the vertices of PA defines an orientation of PA.
For any oriented simplicial complex K, we let C\(K) = (Cp(K ))p <z denote
the associated augmented chain complex with integral coefficients; see [Ro, p. 147].
We consider the case where A is the standard p-simplex AP = [eg,...,¢ep].
Let ag: C,(AP) — C,(PAP) be the chain map induced by the inclusion A? C
PAP. Let X be a topological space and let o: AP — X be a singular p-simplex
in X. By a prismoid of ¢ we mean a chain map

p: O (PAP) — S.(X)
satisfying the condition

(2.3) o = pagAP;
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here AP is considered as an element (generator) of C,,(AP). Figure 1 illustrates two
prismoids 1, o of a singular 1-simplex o. The chain map ¢; maps all elementary
chains to elementary chains; the prismoid s is somewhat more complicated.

€o e1

o o
PAl €1 901 902

€o

Figure 1

Let 0<g<p-—1 and let e: A? — AP be an order-preserving isometry onto
a g-face of AP. Then ¢ induces a chain map ex: C.(A%) — C,(AP). Moreover,
the map ¢ x id: A? x [ — AP x [ defines a simplicial map © = n.: PA? — PAP
and a chain map my: Cy(PA?) — C,(PAP). The following functorial property is

easily verified: If A" AT S, AP are order-preserving isometries onto faces,
then

(2.4) Te¢ = TeTgy  (MeQ) st = Megp M-

Suppose that ¢ and 1 are prismoids of singular p-simplexes o and 7, re-
spectively. We say that these prismoids are compatible if pm.4 = Y7 4 whenever
0<g<p-—1and e (: A? — AP are order-preserving isometries onto faces such
that e = 7(. Observe that this is a relevant property also in the case o = 7,
@ = 1; we may then say that ¢ is self-compatible. See Figure 2.

Let 7 be a singular p-chain in X with normal representation v = >
A prism of ~ is a chain map

o<y N0 -

= Z Nepe: Cu(PAP) — S, (X)

o<y

such that

(1) s is a prismoid of o for each o < 7,

(2) ¢, and ¢, are compatible for all pairs 0,7 < 7, including the case
oc=T.

By a prism of the zero chain we mean the zero map. We see that a prismoid
of a singular simplex is a prism if and only if it is self-compatible.
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Figure 2

2.5. Construction of prisms. We shall make use of prisms several times in
this paper to obtain homologies of given cycles and sometimes also prisms of more
general chains. The prisms will be constructed by a process where we start with
the 0-chains of PAP and proceed by induction to higher-dimensional skeletons
of PAP. We shall next explain this process.

Let X be a topological space and let

’YZZTLUU

o<y

be a p-chain in X. We want to construct a prism ¢ = ZG<V news of v. The
aim of the construction usually is to get a chain v; = pa; AP, where the chain
map a;: Cy(AP) — C,(PAP) is induced by the natural embedding of AP onto
AP x {1}, such that ~; is in some sense better situated than ~.

Starting with O-chains, let v be a vertex of PAP. If v = e; for some 0 <
j < p, we let p,v be the elementary O-chain ov € X. If v = ¢} = (e;,1),
we can choose ¢ v to be a rather arbitrary point in X . However, to ensure the
compatibility of the various ¢, , we choose these points in a compatible way, which
means that cpae;- = p,e;, whenever oe; = Tei. The maps ¢, are then extended
linearly to homomorphisms ¢,: Cy(PAP) — Sp(X).

Assume that 0 < ¢ < p and that we have defined the chain maps ¢,: Cy(PAP)
— S4(X) for all 0 < . Let s be a (¢+ 1)-simplex of PAP and let o < . If
s € AP, we set p,8 = oeg € Sy+1(X), where g5: ATl — AP is the order-
preserving isometry onto s. Assume that s is not in AP. Then ds € Cq(PAP),
and thus ¢,0s is defined. The chain p,s € Cy41(X) must satisfy the condition
0pss = p,0s. In the applications this will be possible by some conditions which
are valid in the situation. Otherwise we can choose ¢,s rather arbitrarily, but
to ensure compatibility, we choose ¢,s = ¢t whenever p,0s = ¢,0t. We again
express this by saying that the chains ¢,s are chosen in a compatible way. The
maps ¢, are extended linearly to homomorphisms ¢,: Cyy1(PAP) — So11(X).

After the case ¢ = p we clearly have chain maps ¢,: C.(PAP) — S, (X),
which are prismoids of o. It is a routine exercise to show that ¢ = > _ 4 NoPo
is a prism of ~.
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In the applications, at the step ¢ = 0 of the induction, the 1-chains ¢,s can
usually be chosen to be singular 1-simplexes, but for ¢ > 1 we must in general
choose a more general chain.

2.6. Simple prisms. Every continuous map h: AP x I — X induces a chain
map h: C,(PAP) — S,(X) in the following way: Let s be a g-simplex of PAP,
and let e5: A? — s be the order-preserving affine homeomorphism. Then hs is
the singular simplex heg: A1 — X.

Suppose that o: AP — X is a singular p-simplex and that h: AP x [ is a
continuous extension of o. Then clearly h is a prismoid of o, but A need not be
self-compatible. For example, if p = 1, then h is self-compatible if and only if
either o(eg) # o(ey) or h(eg,t) = h(ey,t) for all t € I.

We say that a prism ¢ = ZJ<7 Nnsp, of a p-chain vy is simple if each ¢, is
of the form h, for some h,: AP x [ — X.

To construct a simple prism of a chain v = ) _ <4 Moo we can apply the
method of 2.5. Now the maps h, are defined by skeletonwise induction. At the
first step, the points h,e} are chosen in a compatible way, by which we mean that
hye€}, = h7—69 whenever oe; = Te;. Assume that the maps h, are defined in the

g-skeleton of PAP and that s is a (¢ + 1)-simplex in PAP \ AP. Then h,|ds
is defined, and we must extend this map to s. These extensions are chosen in a
compatible way, that is, h,|s = h.|t whenever h,|0s = h,|0t.

We remark that the standard direct proof of the homotopy axiom of singular
homology makes use of simple prisms. Indeed, suppose that h: X x I — Y is a
homotopy connecting the maps fo, fi: X =Y. Let 2 =) _, n,0 be a p-cycle
in X. Setting h, = ho (0 xid): AP x I — Y we obtain a simple prism of fyxz.
It follows from Theorem 2.10 below that foxz is homologous to fixz.

2.7. Preparations. We introduce some concepts and notation in order to state
and prove the main result 2.10 on prisms. Let A = [vg,...,v,] be an ordered p-
simplex in R"™. As above, we let ag,a;: Co(A) — C,(PA) be the chain maps
induced by the vertex maps v; + v; and v; — v = (v;,1), respectively. It is
well known that oy and a7 are connected by a chain homotopy D = Da defined
as follows: For each g-face s = [up,...,uq] of A, considered as an element of

Cy(A), Ds is the (g + 1)-chain

q

Ds = Z(—l)j[uo, ) ..,uj,u;-, . ..,u;]
§=0

in C,11(PA). This map is extended linearly to a homomorphism D: Cy(A) —
Cq+1(PA) for each 0 < ¢ < p. The chain homotopy law states that

(28) oD -+ Do = a1 — Q.
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The chain homotopy D has the following functorial property: Suppose that
I' = [ug, ..., uy| is another ordered simplex with ¢ < p and that e: ' — A is an
affine order-preserving embedding onto a g-face of A. Then ¢ induces a chain map
ey: C.(T) — C.(A). Moreover, the affine embedding € xid: I'x I — AxT induces
a simplicial map 7.: PI' — PA and a chain map m.4: C.(PT') — C.(PA). Then
for each j € Z we have the commutative diagram

~ E# ~

C;(T) C;(A)

Drl lm

Cj41(PT) —— Cj11(PA).

Tt

Furthermore, if T'y £, I'y — A are order-preserving affine embeddings, then
obviously

(2.9) T(eQ# = Te#T(H#-

Suppose that + is a singular p-chain in a topological space X and that ¢ is a
prism of 7. Let D?: C,(AP) — C,(PAP) be the above chain homotopy connecting
the chain maps g, ay: Cx(AP) — C,(PAP). We again consider AP as an element
of C,(AP). The chain

9(p) = pDPAP € 511 (X)

will play a central role in the theory.

For 0 < j < p we let ¢;: AP~ — AP denote the standard face map, which
embeds AP~! onto the face of AP opposite to e;. Then ¢; xid induces a simplicial
map mj: PAP~! — PAP as above, and we can define the chain maps

(~1)ejp: Cu(APY) — CL(AP),

I
-

<
Il
o

(—1)im;0: CL(PAP~Y) — C,(PAP).

i
o

<
Il
o

Observe that eAP~! = AP,
With this notation we give the basic result of prism theory:

2.10. Theorem. Suppose that ¢ is a prism of a singular chain v € Sp(X).
Then ) = @7 is a prism of 0v. Setting v1 = a1 AP we have

99(p) +9(¥) =7 — 7.

If ~v is a cycle, then v is also a cycle, and Jg(p) =v1 — 7.
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Proof. Let v = >_." n;o; be the normal representation. We define an equiv-
alence relation in the set {1,...,m} x {0,...,p} by calling (i,7) equivalent to
(k,1) if 0;6; = oker. Let G be the set of all equivalence classes and let H € G.

Set ‘
myg = Z (—1)]’/11',

(i,j)€H
and let 7y denote the map o;e;: AP~! — X for (i,5) € H. Then

m

p
oy = ZZ( Inoiej = Z Z Ynioie; = Z MHyTH,

i=1 j=0 HeG (i,5)eH HeG

where the singular (p — 1)-simplexes 7y are all distinct. However, this is usually
not a normal representation, since some numbers my may be zero. In particular,
if 0y =0, then my =0 for all H € G.

By the compatibility condition of the prism ¢ = >, n;¢;, the chain map
o;mjp: Cu(PAP™1) — S, (X) does not change if (i, j) is replaced by an equivalent
pair. Given H € GG, we can therefore write ¢y = ;74 for all (i,j) € H. Clearly
Y is a prismoid of 7. Moreover,

p=pr= Y (Wnipimyg =) mudn.

HEG (i,j)eH HeG

To prove that 1 is a prism of Ov it suffices to show that if H, K € G,
then the prismoids ¢y and ®¥g are compatible. Assume that 0 < ¢ < p—1
and that e, ex: A9 — AP~1 are order-preserving isometries onto faces such that
THey = Tkék. Choose (i,j) € H and (k,l) € K. Writing 7y = m.,, and
TK = Te, We must show that Yymry = Ygmrs, that is,

(2.11) gpﬂj#mq# = (,Dkﬂ'l#ﬂ'K#.

Setting ¢ = €jeg and n = gex we have 0, = Tyeg = Tkex = oxn. The
maps (,n = A? — AP are order-preserving isometries. By the compatibility of
the prismoids ¢; and ¢, we have @;mcx = ppmpx. This implies (2.11) by (2.9),
and we have proved that ¢ is a prism of 9v.

The chain homotopy law (2.8) and the chain map law dg = g0 give

9g(p) = OpDPAP = ODP AP = pay AP — pag AP — pDPOAP = v —~ — pDPOAP.
On the other hand, the functorial property of D implies
g(¥) = rDPTIAPTY = pDPeAPT! = pDPOAP,

and we obtain the formula of the theorem. The last statement is a direct conse-
quence. o
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2.12. Metric conditions. In applications, the space X will always be metric,
and we want that the chains v, g(¢) and g(¢) of 2.10 satisfy some metric con-
ditions. In particular, we want that g(¢) and g(1)) are not too far from ~ and
07, respectively. Let pry: AP x I — AP be the projection and let s be a simplex
of PAP. Let v = Z:Zl n;o; be the normal representation. The construction of
2.5 will be carried out in such a way that

(2.13) lpis| C E(ai prys,r)

for some 7 > 0 and for all s and 4. It is then clear that |g(¢)| C B(|y|,r). We
show that also |g(v)| € B(|0],7). Let = € |g(x))|. With the notation of the proof
of 2.10, we have = € | t| for some p-simplex t € PAP~! and for some H € G
with mg # 0. Choose (4,j) € H. Then ¢y = p;mj% and 7y = 0. Moreover,
7j = €; x id maps t onto a p-simplex s € PAP with pr;s = ¢, pr;t, and thus
o;pris = 046 pryt C |7 |. By (2.13) this implies

[Wut| = |gis| € B(|tul,r).

Since my # 0, we have |7g| C |07|, and hence = € B(|0v|,7). We have proved
the following result:

2.14. Theorem. Let X be a metric space and let v € S,(X) be a chain
with normal representation v = 221 n;o; . Suppose that r > 0 and that ¢ =
S miw; Is a prism of v such that (2.13) holds for all simplexes s € PAP and
for all 1 <1 < m. Then, with the notation of 2.10, we have

lg(@)l € B(yl,r),  lg()| C B(|9y],r).o

3. Homological uniformity

3.1. Summary of Section 3. We extend the results of [Al] on hlog (1,c¢)-
uniformity to hlog uniformity of all orders. The central result is Theorem 3.10,
which states that complete hlog (p, ¢)-uniformity follows from lower-order unifor-
mity and an apparently weaker condition, which involves only ‘nicely’ situated
p-cycles. We apply this result to characterize the complements of completely hlog
(p, ¢)-uniform domains in R™ in terms of compact families of sets.

3.2. Remark. It is possible to characterize the hlog (p,c)-uniform domains
in terms of homology groups without mentioning cycles and chains. Let A be a
compact subset of a domain G C E, and let ¢ > 1. Set

W(A, ¢,G)={z € G:d(z,A) <c(d(A) Nd(z,0G))}.

Then the following conditions are quantitatively equivalent:
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(1) G is a hlog (p, ¢)-uniform domain.

(2) The homomorphism H,(A) — H,(W(A,¢c,G)) is zero for all compact
sets A C G.

More precisely, (1) implies (2) with the same constant ¢, and (2) implies (1)
with ¢+ 2c+ 1. The proof is straightforward.

We start with an elementary lemma, which is often useful when working with
uniform domains.

3.3. Lemma. Let U C E be open and let A C B be subsets of U satisfying
the lens condition

d(z, A) < cd(x,0U)
for some ¢ > 1 and for all z € B. Then d(A,0U) < 2¢d(B,dU).

Proof. We may assume that A # @ and U # E. Write r = d(A,0U) and
let x € B. If d(x, A) <r/2, then d(x,0U) > r/2>r/2c. If d(z,A) > r/2, then
d(z,0U) > d(x,A)/c > r/2c. Hence d(xz,0U) > r/2c. o

3.4. Properties HT and HT*. Let G C E be a domain and let p € N,
c>1,cd >1. Werecall from [Al, 4.3] that G is said to have property HT (p, ¢, ¢)
if for each (reduced) singular p-cycle z in G with d(|z|) < ¢/d(|z|,0G) there is
g € Sp+1(G) such that

(3.5) 99 =z, d(|g]) < cd([2]), d(z, |z]) < cd(z, 0G)

for all x € |g|. This was proved in [Al, 4.5] to be quantitatively equivalent to
another condition HT'(p, ¢/, ¢). For our present needs, it is convenient to introduce
a third condition, still quantitatively equivalent to HT (p,c,c¢). We say that G
has property HT*(p,c,c) if for each p-cycle z in G with d(|z]) < dd(|z],0G)
there is g € Sp4+1(G) such that

(3.6) dg =z, d(lg]) < cd([z]), d(]z],0G) < cd(|g|, 0G).

3.7 Lemma. For a domain G C FE, property HT(p,c,c) implies
HT*(p, ¢, 2¢), and HT(p, ¢, ¢) implies HT(p, ', c'c?).

Proof. The first part of the lemma follows from 3.3. Suppose that G has
property HT"(p,c’,¢). Let z be a p-cycle with d(|z|) < ¢'d(|z|,0G). Choose g
satisfying (3.6), and let = € |g|. Then

d(z, |2]) < d(|gl) < ed(|2]) < ced(]2],0G) < 'c?d(|g], 0G) < ¢ c*d(x, 0G).

Hence (3.5) is true with ¢ replaced by ¢/c?. o
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3.8. Lemma. Suppose that p > 1 is an integer, that c,c; > 1 and that
G is a completely hlog (p — 1, c¢)-uniform domain in E. Write ¢ = (¢,p) =
8(2¢)**1(1 + 2(4¢)P). Suppose also that G has property HT*(p,c,¢1) and that
z is a p-cycle in G such that d(|z|,0G) > r > 0 and d(|z|) > ¢/r. Then there is
a chain g € Sp+1(G) such that writing z1 = 0g + z, co = 4(4¢)P(2¢)P! = ¢o(c, p)
and ¢y = ¢ + 3coc1 = c2(c, c1,p) we have

(1) 21| € B(|zl, cor),

(2) d(]=],0G) > 2r,

(3) |g| € B(|z], car),
(4) d(lgl,0G) = r/ca.

Proof. Let z = ) _, ns0 be the normal representation. Let Sdz be the
barycentric subdivision of z; see [Ro, p. 114]. Then |Sdz| C |2| and z — Sdz
bounds in |z|. Hence it suffices to prove the lemma with z replaced by Sdz.
Iterating this argument we see that we may assume that d(|o|) <7’ = 4(2¢)PT1r
for all o < 2.

Following the method described in 2.5 we construct a prism ¢ = __ nsps
of z. Starting with O-chains, assume that v is a vertex of PAP. If v € AP, we
set of course ¢,v = ov. Suppose that v = ¢} = (e;,1). Since G is (0, ¢)-uniform,
it is 4c-plump by [Vaq, 2.15]. Since ' < ¢r < d(|z]) < d(G), we can choose the
point ¢,v € G such that

lpov —oej| <7/, d(pov,0G) > r'/4c.

Moreover, the points c,oge; are chosen in a compatible way; see 2.5.

Proceeding inductively, assume that 0 < ¢ < p — 1 and that the homomor-
phisms ¢,: Cy(PAP) — S,(G) have been defined in such a way that the following
three conditions are satisfied for every g-simplex s € PAP and for every o < z:

(i) leos| € B(|al, (4c)r'),

(ii) d(|eos|,0G) = r/(2c)1,

(iii) d(|pss|,0G) > 1'/2(2c)9T! whenever s C AP x {1}.

The conditions are easily verified for ¢ = 0.

Let 0 < z. To define p,: Cyi1(PAP) — Sy41(G) assume that s isa (g+1)-
simplex of PAP. If s C AP, we set of course p,s = oey; see 2.5. The conditions
(1), (ii), (iii) are easily verified for such s. Assume that s is not in AP. Now ¢,0s
is defined, and it is a g-cycle in G. If ¢,0s = 0, we set p,s =0. If p,0s # 0, we
apply the hlog (g, ¢)-uniformity of G and Lemma 3.3 to find a chain ¢,s € S,(G)
such that

0pss = 0,08, d(|vss|) < cd(|lps0s|), d(|ps0s|,0G) < 2cd(|pss|, 0G).

Moreover, the chains ¢,s are chosen in a compatible way; see 2.5.
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We show that the conditions (i)—(iii) hold for each (g + 1)-simplex s. We
may assume that @ds # 0. By the inductive hypothesis we have |¢,0s] C
B(|o], (4¢)%r'), which implies that |p,s| C B(|o|, ") where

" = (4¢)%" + cd(|py0s|).

Since d(|o]) < 7', we have d(|p,0s|) < r' + 2(4c)?r’, and hence r” < (4c)9t1r!,
which proves (i).
By the inductive hypothesis we have d(|p,0s|, 0G) > r/(2¢)?, which implies
that
d(l¢os],0G) = r/(2c),

and hence (ii) is true. Finally, if s C AP x {1}, we apply (iii) of the inductive
hypothesis and obtain d(|p,0s|,0G) > r'/2(2c)4T1 | which yields

d(|pss|, 0G) > 1" /2(2¢)972,

and hence (iii) is true for s.

As the last step of the induction we obtain chain maps ¢,: Cp(PAP) —
Sp(G), o0 < z. We shall continue by one step to ¢,: Cpi1(PAP) — S,11(G), but
instead of uniformity, we shall apply the property HT*(p,, c).

Let s be a (p+1)-simplex of PAP and let 0 < z. We again have the p-cycle
v,0s in G. Assuming that ¢,0s # 0 we infer from (i) and (ii) that

Apo0s]) _ (1+2(4c)")r

d(|lps0s|,0G) —  r/(2c)P =cd/2<c.

Hence property HT*(p, ¢, ¢1) gives a (p + 1)-chain ¢, s such that dp,s = p,0s
and such that

d(lgss|) < c1d(eps,0s|) < 1 (1 + 2(4c)p)r',

(3.9) d(|pss|,0G) > d(|ps0s|,0G)/c1 > r/c1(2¢)P.

These chains are also chosen in a compatible way. The construction of the prism
© =73 ,c.NoWs has now been completed.

Setting z1 = a1 AP and g = g(¢) we have dg = z; —z by 2.10. We show that
the conditions (1)—(4) of the lemma are true. Since z; = ps with s = AP x {1},
(1) follows from (i). The condition (2) follows from (iii), since r’/2(2c)PT1 = 2r.
To prove (3) let x € |g|. Then x € |p,t| for some (p + 1)-simplex ¢t € PAP and
some o < z. Now (i) implies that

0s0t| € B(lol, (4¢)Pr") = B(lo|, cor).

Since d(|o|) < r' < cor, this proves d(|p,0t)] < 3cor. By (3.9) we obtain
d(|pot|) < 3coeqr. It follows that = € B(|z|, car), and (3) is proved.
Finally, (4) follows from (3.9), since d(|g|,0G) > r/c1(2¢)P > r/cq. O
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We next extend [Al, 4.13] to uniform domains of all orders.

3.10. Theorem. Suppose that p > 1 and that G C E is a completely hlog
(p—1, ¢)-uniform domain with property HT"(p,, ¢1), where ¢ = (¢, p) is given
in 3.8. Then G is hlog (p, c2)-uniform with co = co(c,c1,p).

The theorem is valid also in the case p = 0; the (—1, ¢)-uniformity is inter-
preted as c-plumpness.

Proof. The case p = 0 was given in [V&;, 2.15]. Assume that p > 1, and
let zp be a p-cycle in G. We look for a chain g € Sp4+1(G) with dg = 2z and
satisfying the uniformity conditions. Write

d():d(|20|>, T():d(|20|,aG).

If dy < 'rg, the desired g is given by HT*(p, ¢, ¢) and Lemma 3.7. Suppose that
do > 'rg. By successive applications of 3.8 we get sequences

20, .-, 2k € Zp(Q), 91,9k € Spy1(G)
such that dg; = z; — z;_1 and such that writing d; = d(|z;|), r = d(|z], 0G) we
have for all 1 <i <k

(1) |zl € B(|zi-1], cori-1),

(2) ri>2ri 1,

(3) lgil € B(|zi-1], cari-1),

(4) d(lgsl,0G) = ri—1/c2,
where the constants ¢y = ¢o(¢,p) and c2 = cao(c, c1,p) are as in 3.8. We proceed
with the construction as long as we get an index k such that dy < 'rp. We first
show that such an index exists. Assume that d; > ¢/r; for 0 < ¢ < k—1. We
show that

(311) dz < d() + 4607‘i_1 < 2d0

forall i =1,...,k.
By (1) we obtain d; < d;—1 + 2cor;—1. By iteration and (2) this gives

di < do+2co(ri—1 4+ +ro) <do+2cori—1(1+27 +--- 427" < dy + 4egry—1,

which is the first inequality of (3.11). The second inequality follows by induction,
since assuming d; 1 < 2dy and observing that ¢’ > 8¢y we obtain

degrig < 400d¢_1/6/ < d¢_1/2 < dp.
If d < 'ry, then (3.11) and (2) give

8co < ¢ < dy/rr <do/ri + deor_1/TE < 2_kd0/r0 + 2c¢p.



424 Pekka Alestalo and Jussi Véisala

Since this gives a contradiction for large k, we can choose the smallest £ > 1 for
which di < ¢'ri. Then (3.11) holds for 1 <i < k.
By property HT*(p, ¢/, ¢1) there is gx+1 € Sp41(G) such that

(3.12) 0gk+1 = —2k, d(|lgk+1]) < crdi,  d(|gk+1l, 0G) > ri/cq.

Setting
k+1

9= _Zgi
i=1

we have 0g = z5. We show that ¢ satisfies the uniformity conditions in G with
some constant c3 = c3(c, c1,p).

To prove the turning condition let = € |g|. Then x € |g;| for some 1 < i <
k+1.1If i <k, then (1), (2) and (3) yield

(313) d(.’]?, |20D S CoTi—1 + C()(TO + -+ ’I“Z'_Q) S (CQ + CO)Ti—l-

Since 1,1 < d;—1/¢ < d;—1 < 2dy by (3.11) and since co > cg, we get d(zx, |zg]) <
dcody. If i = k+ 1, then (3.12) and (3.11) give

d(w, |21]) < d(|gr+1]) < erdy < 2e1dp.
Since |2x| C |gx] C B(|20],4cado) by the first case, we have d(w,|20]) < (2¢1 +
4c9)dp in both cases. This gives the turning condition d(|g|) < (1 + 4cy + 8¢z)dp .

To prove the lens condition let again x € |g;| for some 1 < i < k+ 1. If
i <k, then (4) implies d(z,0G) > r;_1/ca. By (3.13) we obtain

(3.14) d(z,|z0]) < ca(ca + co)d(z, 0G).
Assume that i = k+ 1. Now (3.12) implies that
(3.15) d(z,0G) > d(|gk+1]|, 0G) > ri/cq.
Choose a point y € |zx|. Then (1) and (2) yield

d(y, [20]) < co(ro+ -+ rK-1) < cor-
By (3.12) and (3.15) this gives

d(z,[20]) < |2 —yl +d(y, 20) < d(|g+1]) + cors
< crdyg + cory < (c1d + o).
< ci(ard + co)d(z, 0G).

This and (3.14) prove the lens condition. o
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3.16. Uniformity and compactness. With the aid of Theorem 3.10, we shall
generalize the results of [Al, §6] on hlog (1)-uniform domains to hlog (p)-uniform
domains with arbitrary p. For p = 0 these results were known earlier.

We recall that an open set U C E is c-plump if for each x € U and 0 < r <
d(U) there is z € B(x,r) with B(z,r/c) C U. If, in addition, int(E \ U) = @,
the closed set E'\ U is said to be c-porous.

We recall some notation and terminology of [Al, §6]. Let K2 be the family of
all compact sets A with oo € A € R® = R" U {oo}. Each closed subset A of R"
will be identified with A U {cc} and considered as an element of K. . With the
Hausdorff metric induced by the spherical metric, K7 is a compact metric space.
For 0 <p <n-—2,let HU(p, c) denote the family of all A € K7 such that R"\ A
is a completely hlog (p, ¢)-uniform domain, and let HU(—1, ¢) be the family of all
sets A € K such that R™\ A is c-plump. We set HU(p) = U{HU(p,c) : ¢ > 1}.

We fix a unit vector e; € R". A family H C K. is stable if H is invariant
under similarities and if H? = {A € H : {0,e;} C OA} is compact in K?. To
each H C K we associate the subfamily

o(H)=U{L C H : L stable}.

A filtration of o(H) is a function ¢ +— M., defined for ¢ € [1,00), such that
(1) ¢ < d implies M, C My,
(2) each M, is contained in a stable subfamily of H,
(3) each stable subfamily of H is contained in some M.,.

For —1 <p <n—2let D, be the family of all A € K7 such that Hy(R" \
A) =0 for k < p. By Alexander duality, a set A € K2 isin D, if and only if
HY(A) =0 for n —p—1 < q < n, where H7(A) denotes the ¢** reduced Cech
cohomology group of A. Observe that D_; = K2\ {R"}.

3.17. Theorem. For every —1 < p < n — 2 we have o(D,) = HU(p), and
the function ¢ — HU(p, ¢) is a filtration of o(D)).

Proof. The case p = —1 is [Vay, 3.4]. Let p > 0. The inclusion HU(p) C
o(D,) was proved in [Al, 6.6]. In fact, the proof shows that each HU(p,c) is
contained in a stable subfamily of D, . Conversely, assume that M C D, is a
stable family. Using inductively [Al, 6.4], 3.7 and 3.10 we see that M is contained
in some HU(p,¢). o

3.18. Corollary. A domain G C R™ is not completely hlog (p)-uniform if
and only if there is a sequence (o) of similarities of R™ such that

(1) {0,e1} C ;0G,

(2) R”\osz — A€ K2, and either 0 € intA or H(R™ \ A) # 0 for some
0<Ek<p
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3.19. NUD sets. We recall that a closed set A C R"™ is hlog (p,c)-NUD
(null-set for uniform domains) if intA = @ and if R™ \ A is a hlog (p, ¢)-uniform
domain. For 0 <p <n — 2 let HN(p,c) denote the family of all completely hlog
(p,c)-NUD sets in R™, and let HN(—1, ¢) be the family of all c-porous sets. We
set HN(p) = U{HN(p,c) : ¢ > 1}. Let L, be the family of all closed sets in R"
with topological dimension at most p.

3.20. Theorem. Let p > —1 and q > 0 be integers with p4+q =n—2. Then
o(Ly) = HN(p), and ¢ — HN(p, c¢) is a filtration of o(Ly).

Proof. The case p=—1, g=n—1,1is [Vay, 5.4]. Let p > 0. In [Al, 6.10] it
was proved that the closure of HN(p, ¢) is a stable subfamily of L,. Conversely,
let M C L, be stable. By [HW, VIIL4F, p. 137|, we have L, C D,. Hence
M C HU(p, ¢) for some ¢ by 3.17, which implies that M C HN(p,c). o

3.21. Theorem. Suppose that A € HU(p,¢) and that f: A — R" is a
0 -quasimébius map with oo € fA. Then fA € HU(p,¢1) with ¢1 = ¢1(c,0).

Proof. See [Al, 6.11]. The condition co € fA is unnecessary if we allow the
possibility co € G for uniform domains; see [Vas, 5.4]. o

3.22. Theorem. Let E be a normed space of dimension at least n with
n > 3. Let v C E be an arc of c-bounded turning. Then v is completely hlog
(n —3,¢1)-NUD with ¢; = ¢i1(c,n).

Proof. This follows inductively from 3.7, 3.10, and [Al, 5.4]. ©

3.23. Remark. Theorem 3.22 is valid in the case dim ' = oo. However, one
can show that in this case, every compact set in E is htop (p, co)-NUD for every
p > 0 with a universal constant cg. This will be proved in Part III.

4. Relations between homotopical and homological uniformity

4.1. Summary of Section 4. Roughly speaking, homotopical properties im-
ply the corresponding homological properties. For example, if a space X is p-
connected, it is also p-acyclic, that is, Hx(X) = 0 for 0 < k < p. The converse
is not true, but it is true for 1-connected spaces. This follows directly from the
Hurewicz theorem [Sp, 7.5.5].

In this section we consider quantitative versions of these results. We show
in 4.2 that a completely htop (p,c)-uniform domain is completely hlog (p,c1)-
uniform with ¢; = ¢1(¢,p). The case p = 0 was given in [Al, p. 7] and the case
p = 1 in [Al, 1.7], both with ¢; = 2¢+ 1. The converse is true for p = 0 [Al,
p. 7] but not for p > 1, since for n > 4, the complement of a BT arc in R™ is
completely hlog (n — 3)-uniform by 3.22, but it need not be simply connected and
hence not htop (1)-uniform; see [Al, pp. 32-33].
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We conjecture that the converse of 4.2 is true for htop (1, ¢)-uniform domains.
In 4.5 we prove this conjecture in R™, but the proof makes use of compact families
of sets, and hence the bound for the htop uniformity depends also on n.

4.2. Theorem. If a domain G C E is completely htop (p,c)-uniform, it is
completely hlog (p, c¢1)-uniform with ¢; = ¢1(¢,p).

Proof. The easy case p = 0 was given in [Al, p. 7] with ¢; = 2¢ + 1.
Proceeding inductively, we see that it suffices to prove that if G is completely
htop (p, ¢)-uniform, it is hlog (p,c;1)-uniform with ¢ = ¢1(¢,p). By 3.10, it
suffices to show that G has property HT*(p, ¢, c¢1) where ¢ = (¢, p) is given
in 3.8.

Let z € Z,(G) be such that d < ¢'r where d = d(|z|) and r = d(|z|,0G).
We must show that z = dg for some g such that

(4.3) d(lg) < erd,  d(lg],0G) = r/er.

Let z = ) _,n,0 be the normal representation. Fix a point a € |z|. We use
the method described in 2.5 and 2.6 to construct maps hy,: AP x I — G such
that o = > _, nehe is a simple prism of z. For 0 < ¢ < p+ 1, let K, be
the subcomplex of PAP consisting of the simplexes s € PAP such that either
s C AP x {0,1} or dims < ¢. For ¢ < z and y € |Ky|, define h,(y) by
he(x,0) = o(x) and h(z,1) = a. The compatibility condition of 2.6 is clearly
satisfied for the 0-simplexes in K. Proceeding inductively, assume that for some
0 < ¢ < p, the maps h, have been defined in |K,| in such a way that setting

A, = U{he|K,|: 0 < z} we have
(4.4) d(A4,) < (2¢+ 1), d(A,,0G) > r/(2c)d.

Since Ao = |z|, (4.4) holds for ¢ = 0. We extend these maps to |K 11| as follows:
Let s € Kg41 \ K, and let 0 < z. Then the map w? = h,|0s is defined. By
(4.4) we have d(Jw?|) < (2¢+ 1)9d and d(|w?|,0G) > r/(2¢)?. Since G is htop
(¢, ¢)-uniform, we can extend w? to a map uJ: s — G such that

d([ugl) < cd(Jwi]) < cd(Ay),

d([ul],0G) = r/(2c)**,

where the second inequality follows from 3.3. These maps are chosen for all s €
Ky 41\ K, and for all ¢ < z in a compatible way, that is, uJ = u] whenever
w? = wy . It follows that

d(Ag) < d(Ay) + 2ed(A,) < (2¢ + )74,
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d(Ag41,0G) = 1/(2c),

and hence (4.4) holds for g+ g+ 1.

After the step ¢ = p we have the maps h,: AP x [ — X, which give a simple
prism ¢ = > _, nghs of z. By 2.10 we have dg(¢) = 21 —z where z; is the cycle
wa AP, Thus |z1| C {a}, and hence z; = Jg; for a chain g; with |g1| C {a}.
Setting g = g1 — g(¢) we have dg = z and |g| C A,11. From (4.4) it follows that
g satisfies (4.3) with ¢; = (2c+1)P™!. o

4.5. Theorem. If a domain G C R™ is completely hlog (p,c)-uniform and
htop (1, ¢)-uniform, then G is completely htop (p, ¢1)-uniform with ¢; = c¢1(c,n).

Proof. We use the notation of [Al, §6], partially recalled in 3.16. The com-
plement of G belongs to the family H = HU(p,c¢) N U(1,¢). By 3.17 and by [Al,
6.8], there are stable families L C D, and L' C C; such that H is contained in
L N L', which clearly is a stable subfamily of D, N Cy. Since D, NCy = C,, by
the Hurewicz theorem, the theorem follows from [Al, 6.8]. o

5. Turning conditions

5.1. Summary of Section 5. A metric space X is of c-bounded turning or
briefly ¢-BT if each pair a,b of points in X can be joined by an arc v with
d(y) < cla — b|. More generally, let p > 0 be an integer. The space X is htop
(p,c)-BT if each map f: SP — X extends to a map g: BP™* — X such that
d(|lg|) < cd(|f]). Thus ¢-BT is equivalent to htop (0, ¢)-BT.

In this section we give some improvements on the results of [Al] concerning
htop (p,c)-BT, and also study the corresponding homological property.

5.2. Basic concepts. We say that a metric space X is hlog (p, c)-BT if each p-
cycle z in X bounds a chain g with d(|g|) < cd(|2]). This implies that H,(X) =
0. Furthermore, let a € X and r > 0. It is easy to see that the homomorphism
H,(B(a,r)) — Hy(B(a,ci7)) is zero for ¢; = 2¢+ 1. Conversely, if this is true
for all a and r, then X is hlog (p,c)-BT for any ¢ > 2¢;. Consequently, the
property hlog (p,c)-BT is quantitatively equivalent to the property hlog outer
(p, ¢)-joinable [Vag] together with the condition H,(X) =0.

In some cases these quantitative properties are unnecessarily strong, and they
can be replaced by the corresponding topological conditions. Let G be an open
set in E, and let p > 0 be an integer. We say that G is p-LC rel E if each
neighborhood U of each point @ € OG contains a neighborhood V' such that
every map f: SP — V N G is null-homotopic in U N G. If this holds for all
0<p<m, G is said to be LC™ rel E.

Replacing homotopy by homology, we obtain the concepts p-lc rel £ and lc™
rel E. For example, G is p-lc rel E if for each a € G and for each neighborhood
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U of a there is a neighborhood V' of a such that H,(VNG) — H,(UNG) is
zero.

These and related concepts have been extensively studied in the topological
literature since the thirties. See, for example, [EW] and [Wi].

5.3. Remarks. 1. The quantitative properties imply the topological properties
in the obvious way. For example, if G C E is completely hlog (p,c)-BT, G is lcP
rel E.

2. If X is hlog (0,¢)-BT, X is ¢-BT. Conversely, a ¢-BT space is hlog
(0,2¢+ 1)-BT. The proofs are elementary.

3. If X is completely htop (p,c)-BT, then X is completely hlog (p,c;)-BT
with ¢; = ¢1(¢,p). This can be proved by using similar techniques as in 4.2.

4. Let FF C R™ be closed with intF' =@, andlet 0 <p<n—2 and c>1.
Set G = R™\ F. Then the following conditions are equivalent:

(1) dmF <n—-—p-2,

(2) G is completely hlog (p,+/2)-BT,

(3) G is completely hlog (p)-BT,

(4) G is IcP rel R™.

The implications (2) = (3) = (4) are trivial, and (4) = (1) = (2) follows from
[Ku, Th. 2/, p. 9]. Indeed, assume that (1) is true and that z is a k-cycle in G
with £ < p. By Jung’s theorem [Fe, 2.10.41], |z| is contained in an open ball of
radius d(|z])/v/2. Since k < n —dimF — 1, it follows from [Ku, Th. 2’, p. 9] that
z = dg for some chain g in B\ F. Since d(|g|) < d(|z])v2, (2) is true.

5.4. Lemma. Suppose that U is open in FE and LCP? rel E. Suppose
also that X is a compact polyhedron with dim X < p+ 1. Then for each map
f: X — U and for each € > 0 there is a map g: X — U with ||g — f]| <e.

Proof. Using the compactness of fX and the LCP-condition it is easy to
show that for every s > 0 there is t > 0 such that if y € fX and 0 < ¢ < p, then
each map ¢: S — U N B(y,t) is null-homotopic in U N B(y,s). The map g is
found by choosing a sufficiently fine triangulation of X, starting with the vertices
and proceeding by induction to skeletons of higher dimension. o

5.5. Plumpness and porosity conditions. The definition of a c-plump open set
U C FE was recalled in 3.16. This property could also be called (0, ¢)-plumpness,
since it is a special case of (p,c)-plumpness defined in [Al, 3.1]. In this paper we
shall call this property htop (p,c)-plumpness, since a hlog version will be given
in §6. We recall the definition. Let p > 0 be an integer and let ¢ > 1. An open set
U C E is htop (p, c)-plump if for each map f: AP — U and for each 0 < r < d(U)
there is a map g: AP — U such that ||g — f|| <r and d(|g|,0U) > r/c.

It is essential that we consider maps f: AP — U and not only maps into U.
If the condition above is valid for every map f: AP — U, we say that U is htop
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inner (p,c)-plump. This is an absolute concept, which makes sense in any metric
space.

A closed set F' C FE is htop (p, ¢)-porous or htop inner (p,c)-porous if intF' =
@ and if U = R™ \ F satisfies the appropriate plumpness condition.

Trivially, htop (p, c¢)-plumpness and (p, ¢)-porosity imply the corresponding
inner condition. The converse is true for p = 0 with an arbitrary small change of
¢, but not for p > 1. For example, let F be a line segment in R3. Then F is
htop (1)-porous and htop inner (2)-porous but not htop (2)-porous.

We next give a result in the converse direction:

5.6. Theorem. Suppose that U C E is open, LCP ' rel E and htop inner
(p, ¢)-plump. Then U is htop (p,c1)-plump for every ¢; > c.

Proof. Let f: A? — U be continuous and let 0 < r < d(U). Given ¢; > c,
we set € = (1 —¢/cq)r. By 5.4 there is amap f’: AP — U such that ||f'— f|| < e.
Since U is htop inner (p, ¢)-plump, there is a map g: A? — U such that ||g— f/|| <
r—e and d(|g|,0U) > (r—e)/c=r/ci. Since ||g— f|| < r, the theorem follows. o

We apply Theorem 5.6 to improve 4.8 and 3.10 of [Al]:

5.7. Theorem. Let G C E be a domain and let 1 < p < dim E. Then the
following conditions are quantitatively equivalent:

(1) G is htop (p,c)-plump and completely htop (p —1,¢)-BT.

(2) G is htop inner (p,c)-plump and completely htop (p — 1, ¢)-BT.

(3) G is completely htop (p — 1, ¢)-uniform.

Proof. The implication (1) = (2) is trivial, and (1) < (3) was proved in [Al,
4.8]. Since htop (p —1,¢)-BT implies (p —1)-LC rel E, (2) implies (1) by 5.6. o

5.8. Theorem. Let D C E be a domain and let F' be closed in E with
intF' = @. Suppose that 0 < p < dim E, that D is htop (p,c)-BT and that E'\ F
is LC? rel E. Then G = D \ F is htop (p,c1)-BT for every ¢; > c.

Proof. Let € > 0. We show that G is htop (p,c+ ¢)-BT. Let f: SP — G be
continuous and nonconstant. Define f’: SP(1/2) — D by f'(x) = f(2z). Since
D is htop (p,c)-BT, there is an extension g’: BP™(1/2) — D of f’ such that
d(lg']) < cd(|f]) = cd(|f]). Write 40 = ed(|f]) A d(|¢|, 0D) Ad(|f], F). By 5.4,
there is a map g;: BP*1(1/2) — E\ F such that |lg; — ¢'|| < J. We extend ¢
to a map g: BP*' — E by setting g((1 — t)e/2 + te) = (1 — t)g1(e/2) + tf(e)
for e € SP and 0 <t < 1. By the choice of § we have |g| C DN (E\F) =G.
Moreover, g | SP = f, and

d(lg]) < d(lg1]) +26 < d(|g']) + 46 < cd(|f]) + 45 < (c+e)d(|f]).

Thus g is the required extension of f. o
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5.9. The homological case. We shall give a homological version of 5.8 in 5.11.
The proof is based on Lemma 5.10 below, which can be regarded as a homological
version of Lemma 5.4. A homological version of 5.7 will be given in Section 6,
where we discuss homological plumpness.

5.10. Lemma. Suppose that U is open in E and 1c?~! rel E. Let v € S,(0)
and let € > 0. Then there are g € Sp41(E) and v, € S,(U) such that

(1) lgl € Bllyl,e), _
(2) |y —m —9g| C B(|9v],¢).

If v is a cycle, (2) means that 0g = v — 1, and hence v is also a cycle.

Proof. Let v =} _

pact, it follows from the 1c?~!-condition that for each r > 0 there is 0 < t(r) < r
such that the map Hy(B(a,t(r))NU) — Hi(B(a,r)NU) is zero whenever a € |v|
and 0 <k <p—1. Set r,11 = ¢ and define inductively the numbers r,,...,rg
by 7y = t(rq+1)/2.

We first assume that d(|o|) < rg for all o < . We shall construct a prism
p = Z(K,y ne@s of v by the method explained in 2.5. Thus we start with the
O-chains of PAP and set ¢,v = ov for the vertices v = ¢;, 0 < j < p. For
v=-¢e; = (e, 1) welet p,v be apoint in U with [p,v — oe;| < 1g. These points
are chosen in a compatible way; see 2.5. Proceeding inductively, assume that
0 < ¢ < p and that the chain maps ¢,: Cy(PAP) — S;(FE) have been defined for
all 0 < k < ¢ in such a way that for each k-simplex s of PAP and for all o < ~
we have

(1) ‘(PUS| - B(O-prl‘S?rk)?

(ii) |¢os| C U whenever s C AP x {1}.

Let s be a (¢ + 1)-simplex of PAP and let o <. If s C AP, we follow the
procedure of 2.5 and set p,s = oe,, where e,: AT! — AP is the order-preserving
isometry onto s. Assume that s ¢ AP. Now ¢,0s is defined, and it is a cycle
in E. By (i) we have |p,0s| C B(opr;s,r,). We consider two cases.

Case 1. s C AP x {1}. Now |¢,0s| C U by (ii). Choose a point a € opr;s.
Then (i) implies that |¢,0s| C B(a,2r,), since r, + d(|o|) < ry + 19 < 2ry.
Since 2r, = t(rq+1), there is a chain ¢,s € S;41(U) such that dp,s = p,0s and
|0s8| C B(a,r4+1). Clearly o, s satisfies (i) and (ii) for k =¢q+ 1.

neo be the normal representation. Since |y| is com-

Case 2. s ¢ AP x {1}. Now we use the cone construction to define the chain
©s8 € Sgy1(E) such that dp,s = p,0s and such that |p,s| is contained in the
convex hull of |p,0s|. Since |p,0s| C B(oprys,r,), the condition (i) holds for
k=q+1.

The choices of the chains ¢,s for ¢ < 7 are made in a compatible way;
see 2.5. The construction gives a prism ¢ = ZJ<7 new, of v. With the notation
of 2.7 and 2.10 we then have dg(¢) + g(¢) = 1 —~ by 2.10. Moreover, (i) and
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2.14 imply that [g(¢)| C B(|v|,e) and |g(¢)] C B(|0v],¢). Hence g = —g(p)
and ; are the desired chains, and we have proved the lemma in the case where
d(lo]) <7 for o <.

The general case reduces to the case above by barycentric subdivision. Let
v € S,(U). It suffices to show that if the lemma holds with v replaced by Sdy, it
holds also for «y. Thus we may assume that there are g’ € S,1+1(E) and 7, € S,(U)

such that
lg'| € B(|Sdvl,e),  |Sdy — 1 — 9g'| € B(|0Sd~|, €).

Let T: S.(E) — S«(E) be the chain homotopy given in [Ro, 6.13] satisfying
OT+T0 =id—Sd and |T8| C |B| for every singular chain (3. Setting g = ¢’ + T
we show that g and 7; satisfy (1) and (2). First,

gl 19| UIT] € B(ISdyl,e) U] € B(ll,e),
which gives (1). Next, we have T9vy = v — 0Ty — Sd~y, and hence

Iy —m —90g|=|y—m —9¢ — 0T~ — Sdv + Sdv|
Cly—0Ty—Sdy|U|Sd vy —~ — ¢
C |Toy| U B(|0Sd~/, ¢).

Since |T'07y| C |07| and |0Sdy| = |SdO~y| C |07], this gives (2). o

5.11. Theorem. Let D C E be a domain and let F' be closed in E with
intF' = @. Suppose that 0 < p < dim F, that D is hlog (p,c)-BT and that E\ F
is Ic?rel E. Then G = D \ F is hlog (p,c1)-BT for every ¢; > c.

Proof. Let ¢ > 0. We show that G is hlog (p,c¢1)-BT for ¢ = ¢+ ¢.
Let z € Z,(G), and assume that d(|z|) > 0. Since D is hlog (p,c)-BT, there
is ¢’ € Sp41(D) such that d¢’ = z and d(|¢’|) < cd(|z]). Choose § with 0 <
20 < ed(|z]) Nd(]z], F) Ad(|¢g'|,0D). By 5.10 there are h € S,12(E) and g1 €
Sp+1(E\ F) such that || € B(|¢'|,6) and |¢’ — g1 — Oh| C B(|z],5). Write
B=¢g —g1—0h and g = g1 + 08 = g — 0h. Then dg = 99’ = z. Moreover,
gl < lg'| U [on] C B(lg'],6) € D and |g| C |g1| U |B] C |g2] U B(|2],0) € E\ F.
Since d(|g]) < d(|g'|) +2 < (¢ + ¢€)d(]z]), the theorem follows. o

6. Homological plumpness

6.1. Summary of Section 6. We shall define a homological version of (p,c)-
plumpness. It turns out that most results of [Al] and §5 on htop (p, ¢)-plumpness
have homological versions.
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6.2. Definitions. Let 0 < p < dim F be an integer and let ¢ > 1. An open set

U C E is hlog (p, ¢)-plump if for each chain v € S,(U) and for each 0 < r < d(U)
there is 71 € S,(U) such that

(1) ImlcB(ylr),

(2) d(jml,0U) = r/c,

(3) 9v ~ 0y in B(|9v]r).
If the condition holds for all v € S,(U), U is hlog inner (p,c)-plump. If F C E
is closed with intF' = @ and if E'\ F is hlog (p, ¢)-plump, F is hlog (p, c) -porous.
Hlog inner (p, c)-porosity is defined in the obvious way.

A slightly stronger condition will be considered in 6.8.

6.3. Remarks. 1. The condition in 6.2 is relevant only if dvy # 0. Indeed, if
v is a cycle, the condition holds with ¢ =1 and v, = 0.

2. We remind the reader that we are using the reduced theory. For p = 0,
the condition (3) of 6.2 should be understood as 9vy; = 0y € Z. It is easy to see
that hlog (0, ¢)-plumpness is equivalent to htop (0, ¢)-plumpness, that is, ordinary
c-plumpness.

3. In [Al, 3.3.3] it was proved by an easy argument that htop (p, ¢)-plumpness
implies htop (g, c)-plumpness for all 0 < ¢ < p. We do not know whether the
corresponding hlog result is true.

We first give homological versions of [Al, 3.4, 3.8, 3.9].

6.4. Lemma. Let U C E be open and hlog (p, c)-plump, let 0 <r < d(U),

and let v € S,(U) be a chain such that d(|0v|,0U) > (c+ 1)r/c. Then there is
11 € S,(U) satistying 0y, = 0 and the conditions (1) and (2) of 6.2.

Proof. Let v be the chain given by 6.2. By 6.2(3), there is g € S,(E) such
that g = 0y —0v; and |g| C B(|0v|,7). We show that 71 = 7] + g is the desired
chain. Clearly |y1| C B(|]v|,r) and dvy1 = 0vy. Moreover, for every x € |g| we
have

d(z,0U) > d(|0v|,0U) — d(z,|0v]) > (c+ 1)r/c—r=r/c. O

6.5. Theorem. Let U C E be hlog (p,c1)-plump and let F' C E be hlog
(p, c2)-porous. Then V =U \ F is hlog (p,3cic2)-plump.

Proof. Let 0 < r < d(V) and let v € S,(V) = S,(U). Then there is 2 €
S,(U) such that |y2| € B(|yl],2r/3), 0va ~ dv in B(|0v],2r/3), and d(|ys|,0U) >
2r/3c1. By the hlog (p,cq)-porosity of F', there is v; € S,(E \ F) such that
(71| € B(|vel,7/3¢1), v ~ Oy2 in B(|072|,7/3c1), and d(|11], F) > r/3cica.

We show that ~; is the desired chain. First, we have |v1| C B(|vy]|,2r/3 +
r/3c1) C B(|v|,7), which proves (1) of 6.2. Next,

d(|v1],0U) > d(|y2|,0U) — r/3c1 > 2r /3¢y — r/3c1 = r/3cy.
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Since d(|y1], F') = r/3cica, we obtain d(|y1],0V) > r/3cica. Finally, 0y ~ 0y2 ~
Oy1 in B(|0v],2r/3+4 r/3c1) C B(|0v],r). o

6.6. Corollary. The union of a hlog (p,c1)-porous set and a hlog (p,cz)-
porous set is hlog (p, 3cica)-porous.

6.7. Plumpness and uniformity. We recall that htop (p,c)-uniformity and
htop (p + 1, ¢)-plumpness are closely connected; see 5.7. In particular, a closed
set F' C E is completely htop (p,c)-NUD if and only if, quantitatively, it is htop
(p + 1, ¢)-porous [Al, 4.9]. We shall give homological versions of these and some
related results. More precisely, the homological versions of [Al, 4.2], 5.6, 5.7, [Al,
4.9], [Al, 4.10] and [Al, 4.11] will be given as 6.9, 6.12, 6.13, 6.15, 6.16 and 6.17,

respectively.

6.8. Strong hlog plumpness. We shall also consider the following variation of
hlog plumpness: An open set U C F is said to be strongly hlog (p, c)-plump if for
each v € S,(U) and for each 0 < 7 < d(U) there are v, € S,(U) and g € S,41(E)
such that

(1) gl < B(lyl,7),

(2) d(jml,0U) = r/c,

(3) 09 =y +ml|C B(ov],r).

It is easy to show that this property implies hlog (p,c)-plumpness, defined
in 6.2. Indeed, (2) above is the same as 6.2(2). Setting h = dg — v + 1 we have
Oh = 0y — v, and hence 9y, ~ O in B(|0v|,r). Finally, |y1| C |h|U|y|U|g| C
Bl 7).

We do not know whether the converse is true. In 6.15 we show that it is true
in the special case int(E\U) = @.

6.9. Theorem. If G C E is a completely hlog (p, c)-uniform domain, then
G is strongly hlog (p + 1,c1)-plump and hence hlog (p + 1, ¢1)-plump with ¢; =
C1 <C7 p) .

Proof. The proof is a variation of the proof of 5.10. Let v € S,(U) with
normal representation y = _ nso. Let 0 <r <d(G) andset r’ = r/2(4c)PtL.
As in 5.10, we may assume that d(|o|) < ' for all o < +, using barycentric
subdivision. We apply the method of 2.5 to construct a prism ¢ = ) _ <y NoPo
of v. Thus we set p,v = ov if v =e; is a vertex of AP. Since G is hlog (0, c)-
uniform, it is 4e-plump; cf. [Véq, 2.15]. If v = e} = (e;,1), we can therefore
choose the point p,v € G such that |p,v — oe;j| < 2r" and d(p,v,0G) > r'/2c.
These points are chosen in a compatible way; see 2.5.

Proceeding inductively, assume that 0 < ¢ < p and that the chain maps
Yo: C(PAP) — Si(E) have been defined for 0 < k < ¢ in such a way that for
each k-simplex s € PAP and for each ¢ <~ we have
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(i) |pos| C B(oprys,2(4c)r’),

(i) d(|¢ss|,0G) > r'/(2¢)**T! whenever s C AP x {1}.
These conditions are clearly true for £k = 0. Let s € PAP be a (¢+1)-simplex and
let 0 <. If s C AP, we set p,5 = oes according to 2.5. Assume that s ¢ AP.
Now ¢,0s is defined, and it is a g-cycle in E. By (i) we have

(6.10) lpo0s| C B(oprys,2(4c)%’).
We consider two cases.

Case 1. s C AP x {1}. Now |¢p,0s| C G. Since G is hlog (g, c)-uniform,
Y08 = Opys for some chain ¢,s € Sg41(G) satisfying the uniformity conditions

(6.11) d(lpss]) < cd(lps0s]),  d(|ps0s],0G) < 2cd(|pos], 0G),

where the second inequality follows from 3.3. We show that ¢,s satisfies (i) and
(if) with k = g+ 1. B
From (6.10) and (6.11) it follows that |p,s| C B(oprys,r”), where

" = 2(4c)Wr" + cd(|ps0s]) < 2(4e)Tr’ + c(r’ + 4(4c)tr’) < 2(4c) Ty

This gives (i) for £k = ¢+1. By (ii) of the inductive hypothesis we have d(|p,0s|, 0G)
> 1’ /(2¢)4T1 | which implies (ii) for k = ¢+ 1 by (6.11).

Case 2. s ¢ AP x{1}. Asin 5.10, we use the cone construction to get a chain
058 € Sgy1(E) such that 0p,s = p,0s and such that |p,s| is contained in the
convex hull of |¢,0s|. Since d(|o|) <, (6.10) implies that

d(jprs]) < d(ps0s]) < (14 4(4c)7)r" < 2(de)"H 10,

and hence (i) is true for k =¢+ 1.

The choices of the chains ¢,s for o <~ are made in a compatible way. The
construction gives a prism ¢ = Za<7 neps of v. With the notation of 2.7 and
2.10 we have dg(p)+g(1) = v1—~ by 2.10. Since r = 2(4¢)PT1r’ | it follows from (i)
and 2.14 that |g(p)| € B(|]y],r) and |g(¢0)| € B(|07],r). Furthermore, (ii) implies
that d(|y1], 0G) > r/c1 with ¢; = 2(2¢)PT(4e)PtL. Since —0g(p) —v+71 = g(¥),
the strong hlog (p + 1, ¢1)-plumpness condition holds with g = —g(¢). o

6.12. Theorem. Suppose that U C E is open, 1c? 'rel E and hlog inner
(p, ¢)-plump. Then U is hlog (p,c1)-plump for every ¢ > c.

Proof. This is a homological version of 5.6. Assume that ' € S,(U) and
that 0 < r < d(U). Given ¢; > ¢, we set ¢ = (1 — ¢/c1)r. By 5.10, there are
g € Spy1(E) and ] € S,(U) such that

gl € B(lyl.e), |y = — 99l € B(197],2).
Hence 9y ~ 97, in B(|07|,¢) and |v}| C B(]yl],e). Since U is hlog inner (p,c)-

plump, there is 1 € S,(U) such that vy C B(|yi],7—¢), d(|n1],0U) > (r—e)/c =
r/c1, and Oy; ~ Ov) in B(|0yi|,r —¢e). It follows that |y1| € B(]y|,r) and

Oy ~ 0y, in B(|0y],r). o
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6.13. Theorem. Let G C E be a domain and let 1 < p < dim E'. Then the
following conditions are quantitatively equivalent:

(1) G is completely hlog (p,c)-plump and completely hlog (p —1,¢)-BT.

(2) G is completely hlog inner (p,c)-plump and completely hlog (p — 1,c¢)-
BT.

(3) G is completely hlog (p — 1, ¢)-uniform.

Proof. The implication (1) = (2) is trivial. Since hlog (g, ¢)-BT implies g-lc
rel E, (2) implies (1) by 6.12. The implication (3) = (1) follows from 6.9. It
remains to show that (1) implies (3).

We use induction on p. Assume that m > 1 and that the theorem holds for
1 <p < m-—1. Suppose that (1) is true for p = m. We show that G is hlog
(m—1, ¢q)-uniform with ¢; = ¢;(¢, p). The argument will be valid also in the case
m = 1 without any inductive hypothesis.

By 3.10 and the inductive hypothesis, it suffices to show that for every ¢ > 1,
G has property HT"(m — 1,¢, ¢2) of 3.4 with some co = ca(c,’). Let z be an
(m — 1)-cycle in G with d < ¢/r where d = d(|z|) and r = d(|z|,0G). Since G
is hlog (m — 1,¢)-BT, z = dg for some g € S,,(G) with d(|g|) < cd(|z]). Since
(c+1)/c < 2, we can apply 6.4 with 7 — r/2, p — m, 7 — g to get a chain
g1 € Sp(G) such that

g1 =z, |1l € B(lgl,7/2), d(|g1l,0G) > r/2c.
Then

d(Jg1]) < d(lgl]) +r < cd+7 < (e’ +1)r,
d(|z],0G) = r < 2cd(|g1], 0G).

These inequalities give HT*(m — 1, ¢, ¢2) with ¢ = 2¢d’ +1. o

6.14. Lemma. Suppose that U C E is hlog (p — 1,¢)-BT and that F C E
is hlog (p)-porous. Then V- =U \ F is hlog (p —1,¢1)-BT for all ¢; > c.

Proof. Let ¢; > ¢ and let z € Z,_1(V). Then there is g € S,(U) such that
0g = z and d(|g]) < cd(|z|). Applying 6.4 with the substitution U — E \ F,
~v +— ¢ and with a sufficiently small r we find a p-chain ¢g; in V with dg; = 2
and d(|g1) < exd([2]). o

6.15. Theorem. Let ' C E be closed and let 1 < p < dim E. Then the
following conditions are quantitatively equivalent:

(1) F is completely hlog (p —1,¢)-NUD.

(2) F is completely hlog (p, c)-porous.

(3) F is completely strongly hlog (p, c)-porous.

Proof. The implication (3) = (2) was explained in 6.8. The theorem follows
from 6.9, 6.13 and 6.14. o
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6.16. Theorem. Suppose that D C E is a completely hlog (p, c)-uniform
domain and that F' C E is completely hlog (p, ¢)-NUD. Then D\ F is a completely
hlog (p, ¢1)-uniform domain with c¢; = ¢1(c,p).

Proof. By 6.13, the open sets D and E \ F' are completely hlog (p + 1,¢p)-
plump and completely hlog (p,co)-BT with ¢y = ¢o(¢,p). Hence G = D\ F is
completely hlog (p+1, 3c3)-plump by 6.5. Moreover, G is completely hlog (p, cg)-
BT by 6.14. From 6.13 it follows that G is completely hlog (p, ¢1)-uniform with
c1 =c(e,p). o

6.17. Corollary. If Fy and F» are completely hlog (p,c)-NUD, then Fy U Fy
is completely hlog (p,c1)-NUD with ¢; = ¢1(¢,p). o

6.18. Relations between htop and hlog plumpness. In 4.2 we proved that com-
plete htop (p, ¢)-uniformity quantitatively implies complete hlog (p, ¢)-uniformity.
We do not know whether the corresponding result for plumpness is true. However,
it follows from [Al, 4.9], 4.2 and 6.15 that a completely htop (p,c)-porous set
F C FE is completely hlog (p, ¢1)-porous with ¢; = ¢1(c, p).
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