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Abstract. Let S be a compact Riemann surface of hyperbolic type and T'(S) the Teichmiil-
ler space of S. We show that the Maskit grafting map is a homeomorphism from 7'(S) onto 7(.S).
It follows from this result that S has a projective structure which is different from the canonical
Fuchsian uniformization, and has discrete, injective holonomy contained in PSL(2,R).

1. Introduction

We are concerned in this paper with the grafting operation along a simple,
closed geodesic on a closed, hyperbolic Riemann surface (see Section 3 for defi-
nitions). This construction was first considered by Maskit [7] in the context of
projective structures on surfaces; he used it to provide examples of distinct struc-
tures with identical holonomy maps. Later, Goldman [6] showed that, with the
exception of the canonical Fuchsian structure, all real projective structures with
discrete, injective holonomy are obtained by grafting.

It is natural to identify homotopy classes of simple, closed geodesics on distinct
surfaces of the same genus via the marked equivalence classes of these surfaces in
Teichmiiller space. Using this identification, we will show (Theorem 3) that, given
a hyperbolic Riemann surface S and a simple, closed geodesic on that surface,
there exists a (unique) surface S’ such that S can be obtained from S” by grafting
along the corresponding geodesic in S”. As a corollary to this result (Corollary 4),
it follows that every surface has a real projective structure which is distinct from
the canonical Fuchsian uniformizing structure, and has discrete, injective holonomy
contained in PSL(2,R); this solves a problem posed by Maskit in [7].

Section 2 contains basic definitions and theorems from the theories of Te-
ichmiiller spaces and projective structures. In Section 3, we define the Maskit
grafting map for a simple closed geodesic and study the behavior of this map
under the assumption that the geodesic has small hyperbolic length.

To analyze the grafting map for geodesics of arbitrarily large hyperbolic
length, we need to consider the extremal length properties of families of curves
homotopic to these geodesics; this is done in Section 4. The main result of the
paper, Theorem 3, is proved in Section 3.

The constructions of Section 4 leading up to the proof of Lemma 4.2 are
obtained with the use of an auxiliary metric; the author is grateful to J. Velling for
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pointing out the usefulness of this metric. We note that similar results have been
obtained by H. Tanigawa (oral communication) using harmonic maps. Finally, the
author would like to thank the referee for several helpful suggestions for bringing
the paper into its final form.

2. Teichmiiller spaces and projective structures

2.1. Throughout, I' will denote a Fuchsian covering group acting on the
upper half plane U and covering a compact surface of genus g > 1. The space
M(T") consists of all measurable functions pu: U — C, with ||u|« < 1, satisfying
p(A(2)) A (z) = p(z)A'(z), for all A€T.

For each p € M(I") there is a unique quasiconformal map w*: U — U which
fixes 0, 1, oo and satisfies w’; = pw# (here the derivatives are taken in the gen-
eralized sense). The quantity (1 + ||p|lo)/(1 — ||it]|ec) > 1 is called the dilatation
of w*. Further, w* o A = A" o w* for some A" € PSL(2,R). It follows that u
defines an isomorphism 6, from I' onto a Fuchsian group I'* with 6,(A) = A*
(see [1]).

Two elements u, v € M(I") are equivalent (denoted by p ~ v) if they induce
identical isomorphisms. The Teichmiiller space T(T') is the space of equivalence
classes (denoted by [u] € T'(I")) of elements in M(T").

For p € M(T'), let k = inf,, ||V|e, and K = (1 4+ k)/(1 — k). The Te-
ichmiiller distance from [0] to [u] is given by

ar (0], [u]) = L log K.
The right translation mapping R;;*: M(I') — M(I'*) is defined by letting

—1(,) — (wvo(wu>—1)z
R v) = (w” o (w“)_l)z

“w

(the Beltrami coefficient of w” o (w*)~!). Now, the Teichmiiller metric on T(T)
is defined by

(1) dr([u], [v]) = drw ([0, [R; ' ()])-

It is well known that 7'(T") has the natural structure of a real analytic manifold
and that it is a cell of real dimension 6g — 6.

2.2. Let B3(T") be the 6g — 6 real analytic space of holomorphic quadratic
differentials defined on U for I'. There exists a real analytic vector bundle Q(T")
over T'(I'), with projection map p: Q(I') — T'(I') and fibers equal to By(I'*).
Given ([u], ) € Q(T') (here ¢ € By(T'*)), let f, be a solution of the Schwarzian
differential equation S(f) = ¢. The differential operator S(f) is defined by

S =" =5 1F)*
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The function f, determines a homomorphism ©7¢: T* — PSL(2, C) (called
the holonomy map), with f, o y* = ©fe(y#) o f,, for all v* € T'*, and the
pair (f,,©7¢) is called a projective structure on U/T*. We say that the projec-
tive structure has real holonomy if the image of I'* under ©7¢ is contained in
PSL(2,R).

There is also the associated homomorphism Oy : I' — PSL(2, C) defined by
Oy, () = ©F¢(y#). For T € PSL(2,C), T o f, is also a solution of S(f) = ¢,
and this determines the homomorphism v* — T o ©f¢(y#)oT~1. One is thus led
to consider the equivalence class [©,] of O, under conjugation by elements of
PSL(2,C).

Letting Hom(T', PSL(2, C)) = HomT denote the space of equivalence classes
of homomorphisms of T'" into PSL(2,C), one defines ®: Q(I') — HomT", the
monodromy map, by

D([u], ) = [O4].

It is well known that there exists a real analytic manifold Hom'T' € HomT' such
that ®(Q(T')) C Hom'T and that ®: Q(I') — Hom'T is an analytic local dif-
feomorphism (see [3]). The manifold Hom'(T',PSL(2,R)) C Hom'T is defined
similarly.

The following is proved in [4, p. 261]:

Theorem 1 (Faltings). The space R(I') = ®~!(Hom'(I',PSL(2,R))) is
a real analytic submanifold of Q(I') of dimension 6g — 6. Moreover, R(I") is
transverse to the fibers of Q(I'). The projection map p: Q(I') — T'(I') is a local
diffeomorphism when restricted to R(T").

3. The Maskit grafting construction

3.1. We normalize I' so that the positive imaginary axis iR* projects onto
a simple, closed geodesic | on U/I'. Let v € ', with vy(z) = ryz, r« > 1, be a
generator for the cyclic subgroup of I' which stabilizes iR". (The group I" will
remain fixed from now on, with this normalization in force.) Choose 0 < a < 37
so that
By={z:4mr+a>argz > it —a}

projects onto a collar about [ in U/T" (see [2]).

Define I, = [%W—a, %W—I—a], Toior = [%W—a, gw—i—a] and let v: I, — Ioyon
be a C'!' homeomorphism, with v(37 — a) = 37 — « and v(37 + a) = 37 + a.
We assume that v has derivative equal to 1 at both endpoints and that v'(6) > 1
for all 6 € I,. The map v will be called an allowable map.

A local homeomorphism f, ,: U — C is defined as follows: Let (y) be the

cyclic subgroup generated by v and set D, = UAeF/<7> A(By). Let fou(2) =2
for z € U — Dg, and fo,(2) = re?@ for z = re? € B,. For w = A(z), with
z€ By and AT, let fo,(w) = A(fau(z)).
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One computes easily that

z1—12'(0)
/vLOé,’l](Z) - %1 +/U/(0)7

for z = re® € B, ; hence ||fta.v]lo < 1. Clearly, fo,,0A= Aof,, forall A€T,
and consequently,

(2) pow = (faw)z/(faw). € M(T).

Denote the quasiconformal map w#e» (defined as in Section 2) by w®?. Then
fawo (W*")™! = g4, is meromorphic in U and ¢ = S(ga.») € Ba(I' ). Note
that (ga.., ©¢) defines a projective structure on I'e.v | where ©7¢: [Haw — T is
an isomorphism for the solution f, = go ., and ©f¢ (yhav) = .

Lemma 3.1. The element ([tta,0], S(gaw)) € Q') is independent of the
choices of a and v.

Proof. Fix 0 < a < %7? and let u, v be allowable maps. Choose f;, 0 <t <1,
a C' homotopy of allowable maps with fy = u, fi = v and define h: [0,1] — Q(T")
by h(t) = ([tta,f,) S(ga.s,)) . (Note that convex combinations of allowable maps
are allowable so that f; =tv+ (1 —¢)u could be used.)

We first show that h is continuous. Suppose t, — ¢t € [0,1]. One verifies
easily that fo 5, — fa,r, and pa f, — pa,r uniformly on compact subsets of U.
From basic properties of the solution to the Beltrami equation (see [1]), one has
that w*ftn — w*/t. (Note that ||ga,f, [l is uniformly bounded away from 1.)
Hence, ga,f,, = 9a.f, and S(ga,f,,) — S(9af.) -

By its construction, ® o h(t) is constant and, since ® is locally injective, it
follows that h(t) is constant.

To show that [us.,] is independent of the choice of «a, let 0 < o < «
and choose v: I,» — I, 42, an allowable map. Extend v to an allowable map
U Iy — Igior, letting

0, 0€3m—a,im— ],
0(0) = < v(0), 0clim—ao, 2r+d],
0+2m, 0€Br+d, 2n+al

Observe that for o/ < s < «, 05 = 0 | I is allowable. As in the preceding
argument, the map h(s) = ([us,5.],5(gs,0.)) € Q(T) is continuous, and by the
same reasoning, it must be constant. The result follows. o

3.2. We will now write [p'] = [pta0] € T(T) and ¢, = S(gp, ) € By(TH).
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Lemma 3.2. The Teichmiiller distance

l\3|>—l

dr([0], [1']) < g(l + [ tan_l(sinh(i/Q)))

where [ is the hyperbolic length of [.

1 and, for an allowable map v: I, — Iyyor, let

Proof. Fix 0 < a < 3
Ty = SUpger. v'(z) < oo. Then inf{r, : v allowable} = Ma, where M, = 1+
(7r/a) is the slope of the linear map L: I, — In42., with L(37m — @) = i1 — a,
L(zm+a)=3r+a.

It follows that for ¢ > 0 we may choose v. an allowable map such that

11—l
140l

< ke,

3) e loe = H

oo

where My, +¢ = (ke +1)/(1 — ko). Here, |[(1 —2v.)/(1+v.)||s is taken over I,
and the equality in (3) is obtained by a straightforward computation from (2).
Applying Lemma 3.1, we have dr([0], [11]) < 1 log(M,+¢), and letting ¢ — 0,

(4) dr([0], [1']) < 5 log Ma.

There is a collar lemma (see Buser [2]) which guarantees that B,, projects
onto a collar about [, where oy > 7 — tan™'(sinh(l/2)). Applying Lemma 3.1
and the inequality (4), we have

dr(0] 1) < $og My, < Fog 1+ )

bt (/2

N[

3.3. We will now allow [v] to vary over T(I') and perform Maskit’s grafting
construction on U/T" in the following manner: The element v stabilizes (R,
and iR* projects onto a simple, closed geodesic [, in U/I'”. Using the previous
notation, we obtain [u'*] € T(T'") and ([u'*], ¢, ) e Q).

Define the grafting map ¥: T(I') — T(T ) U([v]) = [v "1, where v/ is the
Beltrami coefficient of w*'» ow”. Note that w” oFo( v )_1 = whiv oIV o (whiv )1
and that ¢; represents a projective structure on U/I‘” . Here, el v — rv,
and 0, = @f%/ =0/ 00, T =T are isomorphisms.

We also define the map W: T(T') — Q(I) given by ¥([v]) = ('], ¢1,).

Lemma 3.3. U is a homeomorphism onto its image in R(I') C Q(T').
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Proof. We first show that the map W is continuous. Suppose [v;] — [v].

It is well known that Zyj — Zy. Hence, we may choose 0 < a < %71’ such that

B, projects onto a collar about [, in U/I'7, for all j sufficiently large. Let
v: Iy, — Inton. be an allowable map and define (using the group I'"), for each
J, the local homeomorphism fa v U — C as in Section 3.1. Now, for A € T,
the corresponding elements A% € I'YJ converge to AY € I'V. Hence, fo'y — f&”v
uniformly on compact subsets of U.
Let p; (respectively f,) be the Beltrami coefficient of f3’, (respectively
o) From elementary properties of the solutions w7, we have that whs — w#~ .
It follows that [v vil = V], 9u; = 9, » and S(gu,) = 1, — S(9u,) = 1, - Hence,
¥ is continuous.

Now let [v1],[re] € T(T') be distinct elements and suppose V] = [V, so
that U([1]) = (i), 1), C([va]) = (4], 92), where 1 = @y, , 2 = ¢y, are
quadratic differentials for the same group 1 =I'"2. As we have noted, there are
solutions, f,, and f,,, with S(f,,) = @1, S(fs,) = @2, so that ©fe1: T"1 — 1
and ©f¢2: "1 — T"2. Moreover, the Teichmiiller isomorphisms 0, = Op, =
Ofe1 o 0p: I' = I and 0,, = Oy, = Of¢2 o 0,;: I' — I'”? are not conjugate in
PSL(2,C), and it follows that ©f1 and ©f¢2 are not conjugate, either. Hence,
the quadratic differentials ¢, o are distinct, and U is an injective map. o

Corollary 2. The map V is a local homeomorphism.

Proof. Since \TI(T(F)) C R(T"), we now apply Lemma 3.3 and Theorem 1 to

deduce that po ¥ = ¥ is locally injective. But T (T") is a finite dimensional space,
and it follows that W is a local homeomorphism. o

Remark. It is easy to see that (I\I(T(F)) is a closed subset of R(I"); hence,
it also follows from Lemma 3.3 that (I\!(T(F)) is a connected component of R(I").

Lemma 3.4. Let [v,] € T(T'), with dr([0], [v,]) — oo, and let | be a simple,
closed geodesic in U/T"; suppose [, < N for some positive constant N. Then
dr (0], ¥([v,])) — oo, also.

Proof. We obtain, applying Lemma 3.2,

bal) < Lo
dl“l’n ([0]7 [,u ]) < 2 ! g<1 + _71' — tan™ 1(smh ))

<1 (1 + ° )
“ 1o = ¢p.
=9 +m — tan~ ! (sinh(IN/2)) 0
Using the triangle inequality and the definition (1), we have
dr ([0, [,]) = dr([0], [va]) — dren ([0], [1"]) = dr([0], [va]) — co-
Hence, dp([0],[v]]) — o0. O

n




Deforming real projective structures 9

Lemma 3.5. Let [v,] € T(T'), with dr([0], [v,]) — oo, and let | be a simple,
closed geodesic in U/T'; suppose I,,, — oo. Then dr ([0], ¥([v])) — oo, also.

The proof of Lemma 3.5 will be given in Section 4.
Theorem 3. V: T(I") — T'(I") is a surjective homeomorphism.

Proof. Suppose that V([v,]) — [p] € T(I'). By Lemmas 3.4 and 3.5, it
follows that there exist [v] € T(T') and a subsequence [v,] — [v]; by continuity,
U([v]) = [1]. Hence, ¥(T(T)) is closed. Since ¥ is an open map (Lemma 3.3),
we must have ¥(T'(T")) =T(T).

Now let [v] € T(T'). In view of Corollary 2 and Lemmas 3.4, 3.5, we conclude
that ¥—1([v]) is finite. Hence, ¥ is a covering map; but T'(T") is simply connected,
and it must be a homeomorphism. o

Since ¢, defines a quadratic differential for the group I, where U([v]) =
[V'], the proof of the following corollary is clear.

Corollary 4. FEvery compact, hyperbolic Riemann surface has a projective
structure where the holonomy is real, injective, discrete, and different from the
canonical Fuchsian uniformizing structure.

4. Extremal length properties

Consider a family .# of simple, closed curves® in U/T". The extremal length
A(F) is defined by A(F) = sup, (L(p)?/A(p)), where p|dz| is a measurable, non-
negative metric on U/T'; L(p) = inf [ 3 p|dz|, where the infimum is over all # in %
(here, [,;p|dz| = o0 if p is not measurable over (3); and A(p) = fo/FpQ dxdy #
0,00. (See [1] or [5].)

Let s be a simple, closed geodesic in U/I". An annulus A C U/T" is homotopic
to s, if it contains a nontrivial, simple, closed curve homotopic (in U/T") to s.
Denote by Z; the family of all simple, closed curves in U/T" which are homotopic
to s. We have the basic observation:

Lemma 4.1. Let s be a simple, closed geodesic in U/T". Then A(.%) < oc.

Proof. Choose A C U/T" an annulus homotopic to s, and let .#4 C .%; be the
set of all curves in .%; which are contained in A. It is well known that A(F4) < 0o
(see [1]). (The same proof given in [1] remains valid when the area integral taken
over C is replaced by an area integral over U/I'.) Since %4 C Z;, we also have

A(Fs) < A(F4) (see [1]). o
The idea of the proof of Lemma 3.5 is to show that A(%; ,) — oo. This

] cannot have a convergent subsequence. First, an inequality

relating A(.%; , ) and I, is needed (Lemma 4.2).

will imply that [v

1 . . . . . .
In order to integrate, we assume in this section that all curves are piecewise smooth.
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We continue using the notations of Section 3 and assume that B, projects
onto a collar about the geodesic [ in U/I". Let v: I, — I,42, be an allowable map.
In order to get an estimate for A(%;, ) we will construct a non-negative metric
on U/T*ev , For this, we need to establish complex local coordinates on U/T#ev

Let G = {(z,fa,v(z)) cz € U} C U x C be the graph of fo,: U — (AJ,
and let py: G — C be the projection on the second factor. Since po is a local
homeomorphism, we use it to obtain complex local coordinates on G.

The group I' acts discontinuously on G as a group of biholomorphic self
maps via the action v(z, fa,s(2)) = (v(2),7 © fa,0(2)). Thus, G/T' has a natural
complex structure which it inherits from G. The map f :U/T — G/T, given by
f(lz]) = [(2, fa,w(2))], lifts to a quasiconformal homeomorphism f: U — G, with
Beltrami coefficient pq ,; hence, G/T' is conformally equivalent to U/I'*~v via
the conformal map @"= o f~1. (Here w*ev is the homeomorphism from U/T’
onto U/I'*e» induced by wtev.)

Let 0y = v~'(37) and 6; = v=!(37), and define

Bl, = {re" € B, : 0 € [0y, 01]},
D, ={2€D,:z2=~(w),we B.,,yeT}.
Set ' ' '
S ={[(re’,re"” ) € G/T : re" € B} c G/T.

One sees easily that (U/T") — [ is conformally equivalent to (G/I') —S. Indeed,
the map ¢g: (U/T") — 1 — (G/T") — S, given by

g([re'®]) = [(re?, re?)], for re’ € U — Dy;
g([re]) = [(rew_l(e),rew)], for re’ € By, with 6 < 1
g([re']) = [(rei”71(9+2”), ret0+H2m)], for re’® € By, with 6 > 1,

is a conformal homeomorphism from (U/I") — 1 onto (G/T') — S.

We will now construct a non-negative, continuous metric on G/I", and use
it to obtain a lower bound on A(.%;), where s is the unique geodesic in G/I'
homotopic to f(I) = [(re?™/2, re*(*/2)] ¢ G/T.

We consider the Poincaré metric on U/I'. When restricted to (G/I') — S, this
metric is given locally by

Vdr? + r2dd?

79 79
d =
p(re'”)|dre®| "

b

for the local coordinates re®’ = f, ,(se??) on [(se?, f,.,(s€®)] € (G/T) — S,
se e U - D!,.
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We extend p(re'?)|dre??| to a metric p(re’’)|dre™| on all of G/T", defining

Vdr? + r2do?

plre'?)|dre’?| = Y2

for the local coordinates re® = re®® on [(re?, re?)] € S, re? € BY,.

Note that p > 0 yields a continuous metric on G/I".

For p(t), 0 < t < 1, a simple, closed curve in %, define the simple,
closed curve on U/T", B(t) = f~!' o B(t). Denote the Poincaré metric on U/T

~

by p1(se'®)|dse|, and observe that, since 3 is homotopic to I,
/pl(seie) |dse”| > I.
B

Define ¢; = sin(im +a) < 1.

Now, [,p(re®)|dre”| = fol R(t)dt, and [jpi(se’)|dse”| = fol S(t)dt,
where R(t) and S(t) are defined as follows:

For ¢ € [0, 1], with

B(t) = [(r(t)e " (P0) 1 (1)e?®)] € 8,

r(t)eivil(ﬂ(t)) € B,, we have 3(t) = [r(t)ewil(ﬂ(t))], and

N IO AOE - \/r’(t)2 + T(t).Q(U__ll(ﬁ(t)) (1)) — 05(0)
r(t) r(t) sinv=1(9(t))

(recall that v/ > 1, and ¢; < sinv™1(9(¢)).
For ¢ € [0,1], with

R(t) =

8(t) = [(r(e™ " PO) r(1)e?®)] € (G/T) - 5,

and r(t)ew_l(ﬁ(t)) € B, — B],, we have B(t) = [T(wew_l(ﬂ(t))} ; and

Rty - YO ROR V2 + ()2 (0 (9(0) 9 (1))

r(t) sin ¢ = ¢l r(t)sinv—! (19(15)) =asl)

(again, we have v’ > 1, and ¢ sin(d(t)) < sinv™*(J(t))).
For ¢ € [0, 1], with

B(t) = [(r(t)e”™, r(t)e™ )] € (G/T) - 5,
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r(t)e®® € U — D, , we have 0(t) = 9(t), and B(t) = [r(t)e®®D], so that R(t) =

S(t).
Hence, in general, for ¢ € [0, 1], R(t) > ¢15(t), and it follows that

1 1
(5) /p|drem| :/ R(t)dt > cl/ S(t)dt =y / p1 |dse®®| > ¢l
s 0 0 s
Since [ was an arbitrary curve in A(.%;), we conclude from (5) that

(6) L(p) > c1l.

On the other hand,

27 T
A(p) = // P> rdrd19+/ / rdr2dl9
(G/T)—S 0 1 r

= 27(29 — 2) + 2w log ry = 27(2g — 2) + 2.

(Recall that v(z) = r.z generates the stabilizer of B, in I'.)
Hence,

.. L(p? A2
") M) =y p)  2m(29—2)+2nl

We can now prove the following:

Lemma 4.2. For the simple, closed geodesic | in U/I" and [v] € T(T"), we
have

72
lV

8 ANF) > .
(8) (F1,) 2m(29 — 2) + 2n,

v -

Proof. Choose 0 < o < %7? so that B, projects onto a collar about [, in U/T"

and let v be an allowable map. Define f,,: U — C as in Section 3.1 and let G
be the graph of fa,,. Define f: U/TY — G/T” by f([re?]) = [(re?, fao(re'?))].
Hence, G/T" is conformally equivalent to U/ I via the map

h =" o f~ 1 G/TY - U/T.

Let s be the unique geodesic in G /T homotopic to f(ly) . It follows from the
inequality (7) that

A1
9) A(F) > Ly —.
2w (29 — 2) + 2wl
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Clearly, h(Z,) = Z1,, and since h is holomorphic, A(F) = A(Z,)
(see [1]). Hence,

272
Cllu

om(29 — 2) + 27,

(10) AAL,) =

v -

Observe, however, that c¢; depends on the choice of o, while .#; , does not
(Lemma 3.1). Thus, choosing « arbitrarily small, and noting that ¢; — 1 as
a — 0, we obtain from (10)

[2

11 AMF,) > —,
(1 (F1) 2m(2g — 2) + 2n,

v

which is the desired result. o

Proof of Lemma 3.5. Suppose that there exists a convergent subsequence
U([va]) = V)] — [v] € T(T).

We can choose a constant K and quasiconformal maps w,, of dilatation K,, <
K (where K,, > 1) such that w, (U/I'"») = U/T"", with w,(l,; ) homotopic to [, .
Further, we can assume w, is C' on the complement of a finite set (the minimal

Teichmiiller map has this property [5]), so that w, (% , ) = %, . It is shown in [5]
(see also [1]) that, in this situation,

1 1

(12 MF) 2 = AMF,) = AR,

Applying Lemma 4.2, we have A(%,) > l?,n/(27r(29 —2) +2wfyn), and,
since [, — oo, we deduce ANF, ) — o0.

From the inequality (12), we we now obtain A(.%#;,) = oo; this contradicts
Lemma 4.1, and we conclude that

dr ([0], ¥([va])) = dr([0]; [,]) — o0. 0

Remarks. It is clear from the construction of the grafting map that allowable
maps of the form v: I, — Iyiomn = [%ﬂ' — a,%w + 2™+ «a, n € ZT, could
have been used. Thus, for every such n, there is a map V¥ ,y: T(I') — T(T).
The proof of the corresponding version of Theorem 2 remains valid, and W,
is a homeomorphism onto 7'(I'). Similarly, the restriction to one simple, closed
geodesic was unnecessary; any finite collection (4, ...,[,, of simple, closed, disjoint

geodesics could have been used.
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