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Abstract. Let g be a meromorphic function in the complex plane, and define the homo-
geneous differential polynomial v by 1 = W(g,g*1),g*2) ... g*n-1)) where W denotes the
Wronskian and ki, ks, ..., k,—1 are pairwise distinct positive integers.

In the case of an entire function g, we give sharp upper and lower bounds for the Nevanlinna
counting function N(r,1/t) of the zeros of ¢ in terms of N(r,1/g). In particular, we show that
if g is not an exponential sum then ¢ has few zeros in the sense that N(r,1/¢) = S(r,g) if and
only if N(r,1/g) = S(r,g). One of the main tools is a new result on the proximity function of
quotients of certain Wronskians which might be of independent interest.

For meromorphic functions ¢, we present two methods to obtain lower bounds for N(r,1/v)
in terms of N(r,1/g) and N(r,g). As a tool, we give formulas for the coefficients of the greatest
common divisor of two linear differential operators.

1. Introduction

In this paper the term “meromorphic” will always mean meromorphic in the
complex plane C. We use the standard notations and results of the Nevanlinna
theory (see [9], [5], or [3] for example). In particular, S(r, f) plays the role of an
error term. Ny = {0,1,2,...} is the set of non-negative integers.

Let f be a non-constant meromorphic function. If a is a meromorphic func-
tion satisfying T'(r,a) = S(r, f) and if ko, k1,...,k, € Ng then

M[f] = affo(f/)kr. .. (f)kn

is a differential monomial (in f). The degree 7y, and the weight 'y, of M are
defined by

Y =ko+ k1 + -+ kny, Py =ko+2k1+ -+ (n+ 1k,.

A finite sum P[f] = 27:1 M;[f] of differential monomials is a differential polyno-
mial (in f). Degree yp and weight I'p of P are defined by vp = max;—1 ... m Y
and I'p = max;—1, . Cpy.o Pois called homogeneous if Y™M; = VP for j =
1,....,m.
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Starting with the fundamental work of Hayman [4], many papers have been
written on the following problem: Decide whether a given differential polynomial
in an entire or meromorphic function has (infinitely many) zeros, and if not, de-
termine the exceptional cases.

This article is concerned with homogeneous differential polynomials. The
work was motivated by the following result of Mues [8, Satz 1].

Theorem A. Let g be an entire function and ¢ = gg" — ag’> where a €
C\ {1}. If ¢ has no zeros then one of the following cases must occur:
(i) g(z) = e***B where A,B€ C, A+#0;
(ii) @ # 0 and g(z) = Az+ B where A,B € C, A # 0;
(iii) a =1 and g(z) = Az* + Bz + C where A,B,C € C, 4AC — B*> # 0.

Results for similar homogeneous differential polynomials were obtained by
Ozawa [11] and G. Lehners [7].

Mues pointed out that Theorem A fails for a = 1. He gave the following
example. If g = exp(Q) with an entire function @ then ¢ = gg” — ¢’° = Q"e??,
thus ¢ has no zeros if @ = [[ exp(h) with an entire function h. Even for an
arbitrary entire function ) we have

N(r5) = N(r g7) <T@ +00) = St
by the lemma of the logarithmic derivative. Hence v has “few” zeros if g has no
zeros. Therefore, it seems sensible to compare the Nevanlinna counting function
of the zeros of 1) and the counting function of the zeros of g.

The aim of this paper is to give estimates for the counting function of the
zeros not only for W(g,¢') = g9" — ¢ % but more generally for Wronskians of the
form

(1.1) b =W(g,g*), g% .. glhn-1))

where ky, ko, ..., k,—1 € N are pairwise distinct. 1/ is a homogeneous differential
polynomial where all monomials not only have the same degree but also the same
weight.

It is necessary to distinguish whether ¢ is or is not an exponential sum. We
call g an exponential sum if

(1.2) g(z) = c1(2)e"? 4+ - - - 4 ¢p(2)e??

where p € N, ¢1,...,¢, are polynomials (not identically zero) and v;,...,7, € C

are pairwise distinct. The number Z§:1(1 +degc;) will be called the order of g.

Note that if ¢ in (1.1) is identically zero then g must be an exponential sum.
For entire functions g and the Wronskians

(1.3) Yo =W(g,9,....g" ),  neN,

sharp upper and lower bounds were obtained in [13, Theorem 1 and Theorem 2|:
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Theorem B. Let g be an entire function which is not an exponential sum
and define 1, by (1.3). Then for every n € N and every ¢ > 0

(1.4) (1- 5)]\7(1“, é) + S(r,g) < N(r, wi) < nN(r, é) + S(r,g).

n

The factor (1 —e€) cannot be replaced by any factor greater than 1 and the factor
n cannot be replaced by any smaller factor.

Theorem C. Let g be an exponential sum of order m and define 1, by
(1.3). Then for n=1,...,m —1

(1.5) N(r, ﬁ) = N(r, ¢nj_n> + O(logr)

and

(1.6) N(r, é) + O(logr) < N(r, %) < min{n, m — n}N(r, é) + O(log).

The bounds in (1.6) are sharp.

Tohge [16] investigated the differential polynomial v = g¢” — ag’®, a € C,
for meromorphic functions g. In the case a = 1, i.e. ¥ = W(g,g’), he obtained
the following result ([16, Theorem 2| in a slightly different notation).

Theorem D. Let g be a non-constant meromorphic function and assume
that ¢ = gg" — ¢'> £ 0. Then either

(0 2) <550 ) 550,

or g(z) = crexp(A1z) + coexp(Aez) where A, Ag,c1,c0 € C, Ay # Ao and
C1,Co 7é 0.

In Section 2, we first collect some basic facts about Wronskians. Then we
define generalized Wronskians and prove new results on the proximity functions
of quotients of generalized Wronskians.

In Section 3, we give sharp estimates for the counting function of the zeros
of the Wronskians (1.1) where g is an entire function and kq,...,k,—1 € N are
pairwise distinct. Most results in this section are valid only if certain Wronskians
are not identically zero or if g is not an exponential sum.

Two examples in Section 4 show that the results of Section 3 do not hold for
exponential sums. Only if the order of the exponential sum is large enough, the
same estimates can be obtained.

In the sections 57, we present two methods to obtain lower estimates for
the zeros of the Wronskians (1.1) where the entire function g is now replaced by
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a meromorphic function f. The first method is to generalize the methods from
Section 3 directly, this is done in Section 5. We will consider only the special case
k; = j in this section.

In Section 7, we use a completely different approach. The function f is
written as the common solution of two linear differential equations. Elimination
of the higher derivatives in these two equations gives a representation of f’/f as
a rational function of the coefficients of the differential equations. The formulas
for this elimination process are given in Section 6.

This article is based on the author’s Habilitationsschrift [14].

2. Wronskians and linear differential equations

We need the following generalization of the error term S(r, f). Let fi,..., fa
be meromorphic functions. By S(r, f1,..., fn) we denote every function ¢: (0, 00)
— R satisfying ¢(r) = o(>_; T'(r, fr)) for r — oo, r ¢ E, where E C (0, 0)
has finite Lebesgue measure.

We recall some basic facts about Wronskians (see [2, §1], for example).

Lemma 2.1. Let uq,...,up, v1,...,0,, and @ be meromorphic functions.
(i) W(uq,...,u,) =0 if and only if the functions uy, ..., u, are linearly depen-
dent.

(ii) W(gpul,...,cpunl) =" W(ug,...,up).

(111) (W(ul,...,un)) :Z;’Lﬂ W(ul,...,uj_l,ug,uj+1,...,un).

(iv) W(ug,...,un)™ YW (U1, ..., Un, V1, .., Um) = W(wy,...,wy,), where the
functions wy, ..., w,, are defined by w; = W (u1,...,un,v;), j=1,...,m.

An nth order homogeneous linear differential equation

(2.1) w™ +an 1 (2w 4 fay(2)w + ag(z)w =0

with meromorphic coefficients aq, ..., a, has in general no meromorphic solutions.
If there are meromorphic solutions, at most n of them are linearly independent and
we call a system (fi,..., fn) of n linearly independent solutions a meromorphic
fundamental system of (2.1).

If fi,...,fn are linearly independent meromorphic functions then there is
exactly one equation of the form (2.1) which has (f1,..., f,) as a fundamental
system. This equation can be written as

W(flw",fn?w) -0
W(ftsorf)

The following estimates for the proximity function of the coefficients of a linear
differential equation is essential for our results. They are essentially due to Frei [1]
but Frei formulated the estimates only for entire functions and not explicitly in
the form we need here. For the sake of completeness we give a proof.
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Lemma 2.2. Let aqg,...,a,—1 be meromorphic functions. If (f1,..., fn) is
a meromorphic fundamental system of the differential equation

(2.2) w™ +an 1 (2w 4 fa(2)w + ag(z)w =0

m(n2)) + zs(§)

and, in particular, m(r,ar) = S(r, f1,..., fn) for k=1,...,n—1.

then we have

(2.3) m(r, ax) ( i

j=1

Proof. We prove the lemma using induction on n. For n =1 the differential
equation (2.2) reads w’ + ap(z)w = 0 and (2.3) follows by the lemma of the
logarithmic derivative. Now let n > 2. The substitution w = f; [v in (2.2) gives

(2.4) v b, ()0 £ by ()0 + bo(2)v =0
where

(i=k=1) n (n=k=1)
(2.5) b = ap41 + J %Q <k5 Y 1) T + (k N 1) A

for k=0,...,n—2. The reduced differential equation (2.4) has the fundamental

system N N
o= (2) = (B,

The induction hypotheses gives

n—1 U/~ n—1 U/-
(2.6) m(r, by) :0( m( —J)) + s( ,—J_)
for k=0,...,n—2. Using

fay' (D
() (Ga-n) DK
j (@)/ w1 fi fimn N

h fi+1 N

and the lemma of the logarithmic derivative we conclude from (2.6)
- fj - fj
(2.7) m(r,by) = O Z m(r, —) + Z S(r, —)
j=1 fi j=1 fi
From (2.7) and (2.5) the assertion (2.3) follows successively for k = n —1,n —

2,...,1. Finally, the assertion (2.3) for £k = 0 follows by substituting w = f; in
the differential equation (2.2). o

SO~

@|@
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Definition 2.1. Let fq,..., f, be meromorphic functions and ji,...,j, €
No. The function Wj, . ; (fi,..., fn) defined by

g
Wil gy = |7 2
fl(.:jn) fQ(;'n) T(L;”)
is called a generalized Wronskian of fy1,..., fn.

Let fi1,..., fn be linearly independent functions and let
w™ +an 1 (2w 4 ay(2)w + ag(z)w =0
be the differential equation with fundamental system (fi,..., f,). Then

_ n_jWO,...,j—l,j—l—l ..... n<f17-~-,fn)
aj_< 1) W(f17~-~;fn)

for j =0,...,n—1 and Lemma 2.2 shows that m(r,a;) = S(r, f1,..., fn). We
now prove a corresponding result for quotients of generalized Wronskians.

Lemma 2.3. Let fi,..., f, be linearly independent meromorphic functions
and ji,...,Jn € Ng. Then

m<r, Wisn (fis oo os fn)

W(fiy- fn) ) =S(r, f1, - fn)-

Proof. Let
w™ 4+ a1 (2)w™ ™Y 4 ag (2)w’ + ag(2)w =0
be the linear differential equation with fundamental system (f1,..., f,). Lemma

2.2 gives m(r,a;) = S(r, f1,...,fn) for j = 0,...,n — 1. Differentiating the
equation

n n—1
f]( ) = —aofj—alf;—"'—an—lf]( )
successively yields

f;k) =Apof; + Ak71fj/' + Ak:,n—lf](n_l)

for K € Ng and j = 1,...,n, where A;; are meromorphic functions satisfying
m(r, Ak ) = S(r, fi,..., fn). Now the assertion follows directly from the matrix
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equation

1(]:1) 2(]:1) o T(Ljil) Ajo Aja o Ajina
fl(h) f2(32) . féh) B Ajz,O Aj2,1 ce Ajg,n—l
Flm gl gl Ajo Ajoa o Ajina

f1 for o I

f fo A0

X . . . . O
(n=1)  p(n—1)  (n-1)
1 2 n
Lemma 2.4. Let fi,..., f, be linearly independent meromorphic functions

and k € N. Then

n _ (k) p
<7~, Zj:1 W(f1,. ,,,fj_l,fj s fit1s- ..,fn)) =S(r, f1,. ., fa).

" W1 o)
Proof. Let
w = ZW<f17"'7fj—17f](k)7fj+17'~',fn)'
j=1

We want to show that 1) can be written as a linear combination of some generalized
Wronskians Wj, ;. (fi,..., fn) with suitably chosen (ji,...,j,). To this aim let
m :=n + k. We define a function G : C™ x --- x C™ — C by

-
n
T1,1 21 - Tiji—1,1 Tik+1 Ti+1,1 0 Tpl
" | T2 x22 - Tj-1,2 Tje+2 Tj4+1,2 -~ ITp2
G(CL’l, ,QL‘n> = E . .
Jj=1

Tin T2n " Tj—1n Tjm Tjirin -~ Tnn

where z; = (1, 212,...,21,m)" for I=1,...,n. G is an alternating multilinear

form. A basis for the vector space of all alternating multilinear forms on (C™)"
are the functions

wl:jl anjl T xnajl
x17j2 x2aj2 e xn7j2

Fj . (@i, ... xn) =] . ) ]y IS <p< < <m

xlajn x27jn T 'CC’I’L,jn
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(see [15, Theorem 4-5 and Problem 4-1], for example). Hence there are numbers
Cji,....jn € C such that

G(xl,...,mn) = Z le,...,jnFjl,...,jn(xla---axn)

1<j1<jo < <jn<m

for arbitrary vectors w1,..., 2z, € C™. Setting z; = (fi(2), f/(2),..., fl(m_l)(z))T
for I =1,...,n gives

Y= Z CirreoinWir =121, gm—1(f1, -+ s fn)-

1<j1<ge < <Jn<m

The assertion follows using Lemma 2.3. o

3. Results for entire functions
First we give two examples which will show the sharpness of our estimates.

3.1. Examples. Let h be an entire function which is not a polynomial of
degree at most one. For every j € Ny we have (e")U) = 7;[h']e" where 7;[R'] is
a differential polynomial in A’. In particular, T'(r, 7;[W']) = S(r,e").

Example 3.1. Let g = exp(h) + exp(—h) and define b by (1.1) where
1<k <ky<---<kp_1. Then

é) = nN(r, é) + S(r,g).

N(r,
Proof. We have
Y=W(e"+e " m [W]e" + 1 [=W]e " T LR + T, [<R]e)
— Anenh + An_ge(n_Q)h 4o A_n+2€(_n+2)h + A_ne—nh,

where A,,, Ap_2,..., A_n12, A_, are differential polynomialsin h’. Hence T'(r, A;)
= S(r,et) for j = —n,—n+2,...,n—2,n. In particular,

Ay =W (1K), T, o [R]) and A_, = W(1, 7, [-H], ..., T, [-F]).
Assume that A,, = 0. Then the functions

el (eMkr .., (eh)(’“"*)

are linearly dependent, thus w = e" is the solution of a homogeneous linear
differential equation with constant coefficients. It follows that e’ is an exponential

sum and hence the order of e” is less than or equal to one. The sharp estimate of
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the proximity function of the logarithmic derivative (see [10], for example) gives
m(r,h') = m(r,(e")'/e") = o(logr). This is only possible if A’ is constant in
contradiction to our assumption.

Thus A, # 0 and, analogously, A_,, # 0. Using [13, Lemma 2| we conclude
that

N(r, %) =T (r,e") + S(r,e") = nN(r, é) + S(r,g). o

Example 3.2. Let g = 1+ exp(h) and define ¥ by (1.1) where 1 < ky <
ko < --- < kp_1. Then

N(r, %) = N(r, é) + S(r,g).

Proof. Now we have
Y=W(L+e" i, W], m, e, .. 1, [W]e") = Ap_qem™DM 4 4, enh
where
A,_1= W(Tk1+1[h/],7k2+1[h/], e ,Tkn71+1[h/])

and
An = W(l, Tk, [h/], Tk [h/], oy Thy g [h/])
Arguing as in the proof of Example 3.1, we get

N(r, %) =T(r,e") + S(r,e") = N(r, é) + S(r,g). o

3.2. An estimate from above. For an entire function g we can estimate
the counting function of the zeros of the Wronskians (1.1) from above in terms of
the counting function of the zeros of g.

Theorem 3.1. Let g be an entire function and
b =W(g,g", g, ... glhn-1))
where 1 <k <ko <---<kyp_1.If1p #0 then
1 1
N(r,—) gnN<r,—> +S5(r,9).
v . (r,9)
The factor n is best possible.

Proof. From

g e e ey

: :gnw<1’ g g

and the lemma of the logarithmic derivative we conclude that m(r,v/g") =
S(r,g). Hence

N(r,é) —nN(r,é) - N(r, %) —N(r, %)

—m(r. g%) —mr %) +0(1) < 5(r, g)

and the assertion follows. Example 3.1 shows that the factor n is best possible. o

g(kl) g(k2) g(kn—1)>
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Remark 3.1. In Theorem 3.2, the Wronskian W(g,g(kl),g(kQ), .. .,g(knfl))
can be replaced by an arbitrary homogeneous differential polynomial in g with
degree n.

3.3. Estimates from below. Now we estimate the counting function of the
zeros of the Wronskian (1.1) from below in terms of the counting function of the
zeros of g. The main tools are Lemma 2.4 and the following lemma.

Lemma 3.1. Let g be an entire function, kg, ki,...,k, € Ng pairwise
distinct and assume that

(3.1) W (g, g0, gk 20,
Then
N 1 N 1
(T, W(g(k0)7 e g(k'n—Q)) ) + <T7 W(g(kO), o g(kn_g)7 g(k"_l),g(k”)) >
1 1
: N<r’ W (gtko), ..., glkn—2) glkn-1)) >+N(T’ W (gho), . gln2) gthn) )JFS(T’ 9)

Proof. Using Lemma 2.1 (iv) we get
W(g("’o), L g(kn—z)) ) W(g(kO), o g(kn—z)yg(kn—l),g(kn))
B W, gl ) W (g, gl g0
S W (gho), ..., gln2) g} Yy (gko)  gln-) o)) g
where we have set

W (gko), ... g2, g)"yy(glko) . glkn=2) glkn1))]
W (gko), ... gln=2) gtkn)) W (glho) . g(kn-2) g(kn-1)}) "

q:=
The assumption (3.1) guarantees that all the Wronskians are not identically zero.

Applying the first main theorem to (3.2) gives

1 1
W(g(ko), e g(kn—2)) > + N<T, W(g(ko), e, g(kn—2),g(kvt—1),g(kvt)) >

N (r,

1
_ N(Ta W(g(ko)v . ,g(kn_2)7 g(kn—l)) )

1
_ N(ﬁ W(g(ko)v ..., g(kn—2) g(kn)) )

=m(r,q) — m(r, é) +0(1) < S(r, 9).

The last inequality follows from the lemma of the logarithmic derivative. o
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Theorem 3.2. Let g be an entire function and k € N. Define functions 1, ,
n € Ng, by Y9 =1 and
Uy, = W(g,g(k),g(%), .. .,g(”k_k)) for n € N.
If meN and 9, #0 for n=1,...,m then

(3.3) N(r,%) > c_aN(r,i)+i:ZN(r,i)+S(ng)

for0<a<b<ec<m.

Proof. Setting f; = gUF=%) j=1,...,n, in Lemma 2.4 gives

m(r W(g’g(k)""79(nk_2k)79(nk)) >_S(7‘ )
"W (g, g®), ..., gnk=2k) glnk—k)) ) .9

for n=1,...,m — 1. It follows that

N(r’ W(g,9,. “,Z(nk—Qk),g(nk))> < ( ¢n> + S(r, g).

Together with Lemma 3.1 (with k; = jk, j =0,...,n) we get the estimate

(3.4) N(r, o 1)+N( %H) <2n (r, %>+S(r,g).

Now let 0 < a <b<c<m. From (3.4) we conclude that
(3.5)

S(r,g) = Z Z {( (n %H) ‘N(T’i)) B (JV(T’%%N(“ ¢,,1_1>)}

u=b+1v=b+1

S () 5 ) - () - 6))
=N(r %) - N(r, ﬁ) —(e=1) (N(“ @z,b%) _N(r’i))

and that

(3.6) L
w22 3 ) -6 ) - (Y6 ) - e )
::—:{ N< ¢b+1)_N<r’$>) (N<T’ﬁ>_N(r’¢%>)}
~ =08 5) =¥ () ) -8 () 6 ()

Elimination of N (7, 1/v41) from (3. 5) and (3.6) gives exactly the assertion (3.3). o
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Corollary 3.1. Let g, k and 1, be as in Theorem 3.2. If g is not an
exponential sum then

1 1
(3.7) N(r, %) > (1-2)N(r, o ) +S(rg)
for all n € N and all € > 0. In particular,
1 1
(3.8) N(r, %> > (1-— a)N(r, §> + S(r, g)

for all n € N and all ¢ > 0. The factor 1 — ¢ in (3.7) and (3.8) cannot be
replaced by any factor greater than 1.

Proof. Theorem 3.2 with a =n —1, b =n gives

N(r, i) > Cf;j_lN(r, ¢nl—1> + S(r, g9).

By letting ¢ — oo the assertion (3.7) follows. Example 3.2 shows that the factor
(1 —¢) is best possible in the sense stated in the corollary. o

Remark 3.2. If we neglect the term S(r, g) in equation (3.3), this equation
means that for every fixed r» > 0 the function n — N(r,1/v,) is concave on

{0,1,...,m}.
Remark 3.3. Setting a =0 in (3.3) and using N(r, 1/¢y) = 0 gives

%N( Q;C) < 1N( ¢b) +S(r, g9)

for 0 < b < ¢ <m. This is a more precise estimate for the functions 1, than the
estimate of the more general Theorem 3.1.

Combining Lemma 3.1 and Corollary 3.1 we now prove that the counting
function of the zeros of a Wronskian of g and arbitrary derivatives of g can be
estimated from below in terms of the counting function of the zeros of g.

Theorem 3.3. Let g be an entire function which is not an exponential sum.

Let ko, kq,...,kn_1 € Ng be pairwise distinct. Then we have for every € > 0
(3.9)
N L > (1-6)N ! +5(r, g)

(T7 W(g(k0)7‘.‘,g(kn—Z),g(kﬂ—l))) - € (/’ny W(g(k0)7‘.‘,g(kn_2))) T?,g .
If min{ko,...,k,—1} = 0 then, in particular, for every € > 0

1 1

. > (11— — .

(3.10) N(r, W(g(kﬂ),._.’g(knl))> > (1 €)N(T,g> + S(r, g)

The factor (1 —¢) in (3.9) and (3.10) cannot be replaced by any factor greater
than 1.
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Proof. We may assume that min{kg,...,k,—1} = 0. First we prove that

1 1
I/V(g(k())7 . ,g(kn—z),g(kn—l)) ) = N<T, I/V(g(’fo)7 .. ,g(kn—z)) >

— 6N<r, é) + S(r,9)

N(r,
(3.11)

for every € > 0. Applying (3.11) repeatedly gives (3.10). Finally (3.9) follows
from (3.11) and (3.10).
We prove (3.11) using induction on

d:= d(ko, ey kn—l) = max{ko, ceey kn—l} — n.

Note that d > —1.

First we consider the case d = —1. Then {ko,...,k,—_1} is a permutation of
{0,1,...,n—1}. We set j := k,_; and define functions ¢;, | € Ny, by 1y = 1
and

Yi=W(g,q,... ,g(l_l)) for [ € N.

There exist s1,s2 € {—1,1} such that
W(g(k())? s 7g(kn71)) = Slwn

and

W(g(ko), .. ,g(knfz)) — SQW(97 . g(j—l), g(j-i-l), o ,g(”_l))
= 5oWo,...j—1,j+1,.0-1(9,9'; - - - ,g(”_Q))

Wo,. . j=1,4+1,..n—1 (g, q,... ,g(n—Q))
W(g, q,... ,g(”—Q))

77Z)n—1-

:82

Using Lemma 2.3 and the first main theorem of the Nevanlinna theory it follows
that

1 1
W(g(ko), e g(kn—2)) > - N<T, W(g(kO), e, g(kn—2),g(kn—1)) >

< N(r, ¢nl—1> —N(r,i) + S(r, g).

Because of Corollary 3.1 and Theorem 3.1, the right hand side of (3.12) can be
estimated from above by

N(r,
(3.12)

5N(r, i) + S(r,g) < 5nN(r, é) + S(r,9)
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for every ¢ > 0. This proves (3.11) in the case d = —1.
Now let d > 0. There exists k,, € Ng such that

kn, < max{ko,...,kn_1} and kn & {ko,...,kn_1}.

Applying Lemma 3.1 gives

1 1
W(g(k0)7 PR ,g(kn—Z)) ) N N(T7 W(g(ko), e ,g(kvt—2)7 g(k'n—l)) )
1
<
= N(r’ W (gho), . gln2) glhn) )
1
W (gtko),..., glkn=2), glhna), glkn)

N (r,

—N(r, ))-l—S(r,g).

Since

d(ko, ..., ky) = max{ko,...,kn} —(n+1)=d -1,
the assertion (3.11) follows using the induction hypothesis. o

From Theorem 3.1 and Theorem 3.3 we conclude

Corollary 3.2. Let g be an entire function which is not an exponential sum.
If k1,...,k,_1 € N are pairwise distinct then

1
W(Q?Q(k1)7 s ,g(knil)

N(r, )) = S(r,g) if and only if N(r, ;) = S(r,g).

4. Results for exponential polynomials

The counting function of the zeros of an exponential sum ¢ is determined by
the exponents 71, ...,7, in the representation (1.2).

Lemma 4.1 ([12, §2]). Let g be the exponential sum (1.2). Then

1 L
N(r,—) = —r+ O(logr) for r — oo
g 27

where L is the length of the convex hull of the points vi,...,7, in C.

For the Wronskians v, := W(g,g’,...,g(”_l)), n € N, Theorem C gives
sharp upper and lower bounds for the counting function of the zeros.

Now we give two examples to show that, in general, it is not possible to
estimate the zeros of W(g,g(kl), e ,g(k’”*)) from below in terms of the zeros
of g, if g is an exponential sum.
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Example 4.1. Let 0 <y < § and g(z) = e 7% 4+ 7% + €%*. Then
W(g,9") = (6% = ¥*)((6 + 7)eP® 7 + (5 — )e?+7)?).

Lemma 4.1 gives

1\ 647 1y 2y
N(r,—)— - r+ O(logr) and N(r,m)—7r+0(logr),

N(r, W(gl, g”)> = 62:7N(7’, é) + O(logT).

Example 4.2. Let § > 0 and g(z) = 2+ ¢°. Then
W(g,g") = 6%z,
Now we have

N(r, %) = %r + O(logr) and N(r, !

7W<g,g,,)) = O(logr),

thus .
— ) = S(r,9).
W(g, g”)>

Only if the order m of the exponential sum is large enough, the methods from
the last section can be used again.

N (r,

Theorem 4.1. Let g be an exponential sum of order m and 1 < ki < ko <
o< kp_1. If m>2k,_1+1 then
1 1
>
W (g, g0, ..., glkn=2) glkn-1)) ) - N(T’ W (g, gtkv, ..., glkn-2))
and, in particular,
1 1
> — .
N(r, W (g g%, .’g(knl))> > N(r, g) + O(logr)
Proof. Again we define for [ € N
b =W(g,9.9",...,9" ).

Proceeding as in the proof of Theorem 3.3, repeated application of Lemma 3.1
gives

N(r, )—I—O(log T)

1 1
W(g, g(kl), Ce ,g(k”—z)) ) B N<T7 I/V(g7 g(kl), ceey g(kn—2)7 g(kn—l)) )

< N(r, wkil ) — N(r, 7¢1+1kn1 ) + O(logr).

From Theorem C we have

1 1
N(r,—) :N(r,7> + O(log).
wknfl wm—kn,1 ( )
Since k,,—1 < 14+k,—1 < m—k,_1, we can use (3.3) in Theorem 3.2 with a = k,,_1,

b=1+k,_1 and ¢ =m —k,_1. It follows that the right hand side of (4.1) is less
than O(logr). o

N(r,
(4.1)
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5. Estimates for meromorphic functions using the
recursion formulas for Wronskians

In this section f will always be a meromorphic function which is not an
exponential sum. Define the functions ,,,n € Ny, by

(5.1) Yo=1, =W f .., fOY) for n € N.
Lemma 5.1. N(r,¢,) =nN(r, f) + (n — 1)nN(r, f) for n € Ny.

Proof. 1,, can have a pole only where f has a pole. It remains to show that if
f(z0) = oo with multiplicity p then 1, (z9) = oo with multiplicity np + (n — 1)n.
This follows from the following lemma. o

Lemma 5.2. Let fi,..., f, be meromorphic functions and zy € C. If
fj(2z0) = oo with multiplicity p;, j=1,...,n,
where 1 < p; < py < -+ < py, then W(f1, fo,..., fn)(20) = oo with multiplicity
pi4-+pa+in—1)n.
Proof. (By induction.) For n = 1 there is nothing to show. For n > 2 we

have
W(f1,-.. s fo) :ffW<1,%,...,%) - ffW((%)l,..., (%)')

Using the induction hypothesis, the right hand side has a pole of multiplicity
np1+p2—p1+1)+ -+ —pr1+1)+5(n—2)(n —1) = pi+-+patz(n—1)n.o
Lemma 5.3. For n € N we have
1 1 1 _
N(r, )+N(r, )g 2N(r,—) L ON(r, f) + S(r, f).
¢n—1 r‘vbn—kl ¢n

Proof. As in the proof of Lemma 3.1, it follows from the recursion formulas
for Wronskians (Lemma 2.1 (iv)) that

(5.2) Yn1¥nir = W (thn, ¥) = ¢g(%)

Applying the first main theorem to (5.2) gives

N(r, ﬁ) ~ N(r,n_1) + N(r

’ ) - N(Tv ¢n+1)
¢n—|—1

(5.3) 1 .

) ¢_> - QN(T, wn) + m(r7 q;l) - m(ﬁ q_,) + O<1)

with ¢, := ¢/ /1,. The lemma of the logarithmic derivative yields m(r,q},) =

S(r, f). From Lemma 5.1 we conclude that

N(?‘, 1%—1) - QN(T, wn) + N(T, wn—l—l) = 2N<T7 f)
Combining this with (5.3) gives the assertion. o
Proceeding now as in the proof of Theorem 3.2, we conclude the following
theorem from Lemma 5.3.

:2N<r
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Theorem 5.1. Let f be a meromorphic function which is not an exponential
sum and define the functions 1,,n € Ng, by (5.1). Then

v ﬁ> e bN(’“’i) F 2N, d)i) — (b—a)(c— b)N(r, f) + S(r. f)

c—a
for0<a<b<e.
Setting a =1, b=mn, ¢ =n+m and using N(r,1/¢.) >0 for r > 1 gives
Corollary 5.1. Let f and v, be as in Theorem 5.1. Then

(5.4) N(r,%) < (1+ ”él)z\r(r,ﬁ) Y (n—1(n+m—1Nf)+Sf)

for n,m € N.

Remark 5.1. If f is an entire function or, more generally, N(r, f) = S(r, f),
one can let m tend to oo in (5.4). The result is again the left hand inequality of
Theorem B.

Example 5.1. If f is not an exponential sum then setting n =2 and m =1
in (5.4) gives
1

N(r, %) < 2N(r, W) +2N(r, f) + S(r, ).

6. Common solutions of two linear differential equations

Given two homogeneous linear differential equations Li[w] = 0 and La[w] = 0
there always exists a homogeneous linear differential equation M[w] = 0 whose
solutions are exactly the common solutions of the given two equations. The co-
efficients of M are rational functions of the coefficients of L1 and Lo and their
derivatives.

In this section, we develop formulas to compute the coefficients of M in terms
of the coefficients of L; and Ls.

We denote by £ the vector space of all linear differential operators

L=a,D"+a, D" '+ ... 4a;D+a

where D = d/dz and the coefficients ag,...,a, are meromorphic functions. If
an # 0, ord(L) = n is the order of L, ord(0) = —o0.

Together with the composition as multiplication, .Z is a non-commutative
ring.

Lemma 6.1 ([6, §5.4]). Given Li,Ls € £\ {0} there exist P,Q € £ such
that
Li=PLy+Q and ord(Q) < ord(Lz).

Using the Euclidean algorithm, the following lemma is an easy consequence
of the previous one.
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Lemma 6.2. Given Ly, Ly € Z\{0} there exists a unique M € £ satisfying
(1) M = P, L, + P,Ly with some Py, P, € £,
(ii) Ly = Q1M and Ly = QaM with some Q1,Q2 € £,
(iii) the main coefficient of M is 1.

M is called the greatest common divisor of Ly and L.

Lemma 6.3. Let Li,Ly € £\ {0} and let M be the greatest common
divisor of Ly and Ly. Let m = ord(L;) and n = ord(Lg). Then for every
k € Ny, ord(M) > k if and only if there exist Ry, Ry € £ \ {0} such that

(6.1) ord(Ry) <n—k, ord(R2) <m—£k and R1L; = RyLo.

Proof. Let U be an open disk in the plane where all the coefficients of L,
Lo and M are holomorphic and the main coefficients have no zeros.

Suppose that there exist Ry, Ry € £\ {0} satisfying (6.1). Let fi1,..., fi, be
a fundamental system of Li[w] =0 in U. Then RyLy[f;] =0 for j =1,...,m.
Since ord(Rz) < m — k, at most m — k of the functions Lo[fi],..., Lo[fm] are
linearly independent. Without loss of generality we may assume that

Lolfi] = cjprr1Llolfos1] + - 4 cjmLa|fmn]

with constants ¢ p41,...,¢5,m € C, j =1,...,k. Define functions vy,...,v; by
vj = fi = ¢irr1ferr — = CmSm, j=1,... k.
Then Ly[v;] =0 and hence M[v;] = 0. Since vy, ..., v, are linearly independent,

it follows that ord(M) > k.

Now we suppose that ord(M) > k. Let (fi1,...,fi) be a fundamental sys-
tem of M[w] = 0 in U, | = ord(M). There are functions gi,...,¢gm—; and
hi,...,hn—;, holomorphic in U, such that

(f1,--s fi,91, -+, gm—1) is a fundamental system of Li[w] =0in U and
(f1i,---s fi,h1,..., hp—y) is a fundamental system of Lsw] =0 in U.

Define K € .Z by
K[w] :W(flv"'7fl7.gla'"7gm—l7h17"'7hn—l7w)-

Every solution of L;[w] = 0 is also a solution of K|[w] = 0. Using Lemma 6.1 we
see that there is a Ry € £ such that K = R1L;. We have

ord(R;) =ord(K) —ord(L1) =(m+n—-10)—m=n—1<n—k.

Similarly, there exists a Ry € £ satisfying K = RoLo and ord(R2) < m — k.
Then R1{L; = K = R3L5 and the assertion follows. o
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Lemma 6.4. Let Ly, Ly € £\ {0} be defined by

L1 = amD™ + a1 D™ L4 4 a1 D + aq, am # 0,
Ly =b,D" +b,_ D" ! +...4+b,D + by, b, # 0.

Let M be the greatest common divisor of Ly and Lo, k = ord(M). Then

M=DFy % tpk1,. .., 9p &

Ck Ck Ck
where
Cj =
ajo k41,0 S Gy 0 0
a1 k1,1 Om+1,1 0 e 0
: 0
Qjn—k—1 Qk+1,n—k—1 ce Am4n—k—1n—k—1
bjo br+1,0 bn.0 0 e 0
bj1 br+1,1 bpy11 0 - 0
: 0
bjm—tk—1 bkg1,m—k—1 brmtn—k—1,m—k—1
for j =0,...,k. The meromorphic functions a;; and b;; are defined by

m-7j
DjL1:ZalJDl forj=0,....n—k—1,
=0

n+j
DiLy =) b,;D'  forj=0,....m—k—1.
=0

Proof. Let
P =a, ;D" "4 4 oD + ay,

Py = Bp_p1 D™ 4 4 3D+

and M = P, Ly + P, Ly with meromorphic coefficients «ag, . .
Bm—k—1. Setting

ar; =0 for I>m+j and b ; =0 for 1 >n+j,

O k-1 and 50, e
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gives
n—k—1 m-+j m—k—1 n+j
r l l
M = Q; CLZJD + E ﬂ] E bl’]D
§=0 1=0 3=0 =0
m+n—k—1 ,n—k—1 m—k—1
l
= ) ( > aap Y bl,aﬂj)D -
1=0 j=0 j=0
We try to determine the functions «q,...,a, 1 and By, ..., Bm_k_1 in a way

that M has the exact order k and the main coefficient 1, hence

' m ! {1 for [ = k,

a ;o + ZO bi,jBj = 0 forl=k+1,....m+n—Fk—1.
j:

n—k—
(6.2) >

j=0
This is a linear system of m +n — 2k equations for the same number of variables.

Let us first assume that the determinant of the coefficients is identically zero.
In this case we can choose P; and P, (not both equal to zero) in such a way that

ord(M) < k. On the other hand, using Lemma 6.2 (ii) we see that M = RM
with some R € £, hence M = 0. It follows that

P1L1 = —PQLQ, OI‘d(P1> S’I‘L—k‘—l, OI‘d(PQ) Sm—k—l.

This is a contradiction to Lemma 6.3.

Thus the determinant of the coefficients of (6.2) is not identically zero and
there exists a (unique) solution. Because of M = RM with some R € £ and

since M and M have the same order and the same main coefficient, it follows
that M = M.
Applying Cramer’s rule to (6.2) gives for the coefficients of M

1 m—k—1

C
ajo;+ Y bl,jﬁj:é, 1=0,... ko

J=0

n—

k—
§=0
7. An estimate using the “method of the greatest common divisor”

Theorem 7.1. Let f be a meromorphic function and define ¢ by

o = W(f, £, 2, fln)

where 1 < k1 < ko < --- < kp,_1. Assume that
(7.1)
W(f, f80, f) o o), pllnmotb) plamata) | plEasthem) 20,

Then
N(r, %) < (C+ 1)N(r, é) +CN(r, f)

where C = (n—1+kp—1)(n —1).
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Remark 7.1. Note that (7.1) is satisfied if f is not an exponential sum, in
particular if f has at least one pole.

Example 7.1. (Compare Theorem D.) Let f be a meromorphic function. If
W(f, f', ") #0 then

—/ 1 — 1 —
N(r,—) §3N(r,7) +2N(r, f)+ S(r, f).
S W(f, f') £+ 50)

Proof of Theorem 7.1. Let p := k,_1. We define linear differential operators

Ll,LQ c¥ by
W(f, flka) flk2) .,f(knfl),w)
W(f7 f(kl)v f(k2)7 SRR f(kn_l))

Let M be the greatest common divisor of L; and Lo. Since Li[f] = Lo[f] =0
we have

Lijw] = and  Lo[w] = Ly [w®)].

(7.2) MIf] =o0.

We want to show that ord(M) = 1. To this aim, let v be an arbitrary local
solution of M[w] = 0. Then L;[v] = Ls]v] = 0 and hence

v=aof + Oqf(kl) + et an_lf(k"—l) where aq,...,a,_1 € C
and

v® = Bof + B fF) 4+ 4 B fE-1) where By, ..., Bn_1 € C.
Thus

o fFe ) pa flEnm ) oy flE TR = G o By fO B ),

Using the assumption (7.1) it follows that o = g = -+ = a,,—1 = 0. Hence we
have v = g f with ag € C. It follows that the order of M is equal to 1.
Now we write L in the form

Li=D"+a, D" 14+ ...+ a1D + ay.

Then
L2 — Dp+n + an—le+n_1 4.4 ale+1 + CLODp

and M = D + ¢g/c; where ¢y and ¢; are given in Lemma 6.4. It follows from
(7.2) that f'/f = —co/c1 and hence

N(r, %) + N(r, f) < N(r,co) + N(r, é)

(7.3)
< N(r,co) + N(r,c1) +m(r,c1) +O(1).
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We will estimate the terms on the right hand side of this inequality separately.
Using Lemma 6.4 gives

(7.4)
a;.o az,0 “tr QUp—1,0 1 0 0
aj1 a1 Qn,1 1 0 0
Cj =

0
Ajntp—2 QA2 ntp—2 “tr (2nd4p—3,ntp—2 1
0 0 ao.0 | 0 0

0 0 a0’1 N an71 1
0
0 0 ao,n—2 A2n—3,n—2 1

for j =0 and j = 1. Here the meromorphic functions a; ; are defined by

n+j—1
D/L =D"" + Z a; ;D' forj=0,....n+p—2.
=0
The a;; are polynomials in the coefficients ag,...,a,—1 of L and their deriva-

tives. It follows from Lemma 2.2 that

m(r,a;;) =S(r,f) forj=0,....n+p—2 and [=0,...,n+j—1.
Hence
(7.5) m(r,c1) = S(r, f).

Poles of ¢y and c¢; can only occur where at least one of the functions a;; and
hence at least one of the functions ag,...,a,_1 has a pole. Since

1

ap = (_]-)n_lWO,...,Z—I,l+1,...,n (f7 f(kl)a f(kZ)v teey f(kn_l)) ©

for [ =0,...,n—1, we have

(7.6) N(r,co) < N(T, é) + N(r, f).
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Now let zp be a pole of ¢;. The Fuchsian theory (see [6, §15.3], for example)
applied to the equation Lq[w] =0 gives

a;(zp) = oo with multiplicity at most n —1
for [=0,...,n—1. It follows that
a;(z0) = oo with multiplicity at most n+j —1
for j=0,...,n+p—2and [ =0,...,n+j— 1. Using (7.4) with j =1 we get
c1(z0) = oo with multiplicity at most (n+p—1)(n—1)

and thus
(7.7) N(r,e1) < (n+p—1)(n— 1)(N(r,é) + N(r, f))

Substitution of (7.5), (7.6) and (7.7) in (7.3) gives exactly the assertion of the
theorem. o
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