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Abstract. Estimates of Fourier transforms of measures with finite energy are considered. In
earlier papers spherical means of the Fourier transform have been considered. We shall here study
more general means. We shall also in particular study the case when the measure is given by a
radial function.

1. Introduction

Let .# denote the class of all finite positive Borel measures p in R"™ with
compact support. The Fourier transform of p € .# is defined by

() = [ e duo)

and the a-energy of pu is given by

L) = [[ 1o sl dut@) du() = [ fo* M@)o, 0<a<n

Let .#; denote the class of all u € .# with diam(supp p) < 1. We also let 0
denote the area measure on S™ ! and set

) = [ laOPwe. o

for n > 2.
We shall here study questions of the following type. For which values of (3
does the estimate

(1) o(w)(r) < CrPla(n), r>1,
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hold for all u € .#,? This problem has been studied by P. Mattila [2] and then
by P. Sjélin [3]. To formulate the results we set

B(a) = sup{s; (1) holds for all p € #}.

It is proved in the above papers that

(2) Bla) > a, 0<a<i(n-—1),

(3) Bla)z 5(n=1), =1 <a<zn+1)
and

(4) Bla) > a—1, i(n+1)<a<n.

Upper bounds for B(«) are also known. It is easy to see that always §(a) < «
so it follows that B(a) = a for 0 < a < %(n —1). There are also known counter-
examples, which for n = 2 show that

(5) Ble) < 3, 3 <a<l,
and
(6) Bla) < 1a, l<a<?2.

For n =2 we therefore have 8(a) =a, 0<a <1 and (o) =13, 1 <a<1.

Estimates of the above type have been used in [2] and J. Bourgain [1] to
study the Hausdorff dimension of distance sets. However, we shall not discuss this
application here.

We also remark that to prove the estimate (1) for u € 4, it is sufficient to
prove (1) in the special case p = f € C§°(R"™) where f > 0 and supp f C B,
where B denotes the open unit ball in R™. This can be seen by approximating a
general p by smooth functions.

We shall here study some variants of the above problem. We shall first con-
sider the case of radial functions. We shall consider the estimate

(7) o(f)(r) < CrPI (f), r>1,

assuming that f is measurable and radial in R™, f > 0 and f(x) =0 for |z| > 1.
We set

B1(a) = sup{f3; (7) holds for all f of the above type}.
We have determined (1 (a) and have the following theorem.

Theorem 1. One has fi(a) = a, 0 < a < n—1, and fi(a) = n —1,
n—1<a<n.
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We shall then replace S™! in the definition of o(u)(r) by more general
hypersurfaces. Let Q,_; denote the open unit cube in R"~! and assume that
v € C®(Qn—1) with ¢ real-valued. Set

S = {.CC ceR"; x, = (,D(.’B/), x' e Qn—1}7

where we have set z = (z1,...,2,) and 2’ = (z1,...,2,-1). We make the
assumption that S has non-vanishing Gaussian curvature at every point. Also let
P € C§°(R™) and assume that the orthogonal projection of (supp ) NS onto the
hyperplane x,, = 0 has positive distance to 9Q,,_1. Here we consider @Q),,_1 as a
subset of the hyperplane x,, = 0. We let oy denote the area measure on S and
now set

(8) o () (r) = /5 ACOPYE) doo(e), 1> 0.

With this definition of o(u)(r) we then define fa(«) by
B2(a) = sup{S3; (1) holds for all u € .#,}.

Then the following theorem holds.

Theorem 2. In the inequalities (2), (3) and (4) B(«) can be replaced by
52(06) .

Theorem 2 shows that the above estimates for the unit sphere S™"~! can be
generalized to hypersurfaces with non-vanishing Gaussian curvature. We shall also
consider a surface with vanishing Gaussian curvature and see that the situation
then is different.

Let @ denote the unit cube in R"™ and now set

o ()(r) = /a O don(©), >0

where oy denotes the area measure on 9Q). Also set
Bs(a) = sup{S3; (1) holds for all u € .#,}.

In this case we have the following result.

Theorem 3. One has (3(a) =0, 0< a <1, and f3(a) =a—-1, 1 <a<n.
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2. Proofs

Proof of Theorem 1. Assume that f € C§°(R"™) and that f is radial, f >0
and supp f C B. Then f is radial and we have

f(r)= cnrl_”/Q/ f(s)Jn/g_l(rs)s”/2 ds, r >0,
0

where Ji denotes the Bessel function of order k. Here we write f(s) = f(z) if
s = |z| in the usual way.
Now assume that 0 < o < n — 1. Also choose (3 so that

9) 2—-n<pf<2-—n+ao

It follows that 8 < 1, that is /2 < 1/2, and also $/2 > 1 — n/2, that is
n/2—1> —(3/2. Using asymptotic estimates for Bessel functions (see E.M. Stein
and G. Weiss [5, p. 158]) we then conclude that

10 J. e ()] <Ot/ t>0.
/

Invoking this estimate we obtain

1
)| < ortns? / (rs) /2672 f(s) ds
0
1
— C,rl—n/Q—ﬁ/Q/ 8n/2—,8/2f(8) ds
0

— C,rl—n/Q—ﬁ/Q/ |£L’|_'8/2_n/2+1f($> dx

n

— Oyt [ e fg) .

n

Here we used the fact that the inequality 1 —n/2 < 8/2 <1 —n/2+ «/2 implies
that 1—n/2—03/2<0and 1—-n/2—(3/2> —a/2> —(n—1)/2 > —n. It follows
that

| (r)] SC?“l_”/Q_ﬁ/Qllflll/|£| ¢RI g
<1

sortmnampre [ R g ag

[€]>1
and hence
2

o(f)(r) < Cr*7 " PLo(f) + Cr* 7P </|g|>1 €172 g o2 2 f (g dé)
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The last integral is majorized by

1/2 A 1/2
([ terezas) ([iemiiera) = cnin
1€[>1

since § —a—2< —n.
We conclude that
a(f)(r) < Cr* " P (f)

for all 3 satisfying (9), and choosing /3 close to 2 —n+ « we see that 81(a) > a.
On the other hand a well-known counter-example shows that f;(«) < « (see [3,
p. 324]). One therefore concludes that f;(a) =a for 0 <a<n-—1.

We then assume that n — 1 < a@ < n. Choosing 3 = 1 we see that the
inequality (10) still holds and we can argue as above. Observing that §—a —2 =
—a — 1 < —n implies that

/ €022 d < o0,
[£]>1

we conclude that

o(f)(r) < CriT"Ia(f).

It follows that (1(a) >n — 1.

To prove that f1(a) < n — 1 we shall use a counter-example. Assume that
(7) holds for all f satisfying the conditions after the statement of (7). Then we
also have

(11) a(f)(r) <CrPLf),  r>1,

if f is radial, measurable, complex-valued and f(r) =0 for r > 1.
We choose

f(s) = fr(s) = e7"p(s),  s>0,

where R is large and ¢ € C§°(R), suppy C (3,1), ¢ >0 and ¢ (%) =1. Itis
then clear that

(12) Io(|fr]) < C.

According to [5, p. 158], we have

6it 6—it 3
Jn/2—1<t) :Clm+02m+ﬁ(t 3/2)7 t — oo,
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and hence

. 1 ciRs o—iRs
f(R) = CRl_n/Z/O {Cl (Rs)1/2 T C (Rs)'/? + ﬁ((RS)_B/Q) "/ f(s) ds

— ey RY/2/2 /1 ¢ifs gn/2-1/2 £ () s
0
+ ceg RY21/2 /1 e_iRss”/Q_l/Qf(s) ds + ﬁ’(R_l/z_”/Q)
0
= cc; RY* /2 /1 s"/271205(s5) ds
0
4 ceyRV/21/2 /1 2R gn/2-1/20,( 6y s - G(R™V/2-/2),
0

We conclude that R
|f(R)| > coRY?/?

where ¢y > 0 and R is large. According to (11) we have
o(fr)(R) < CR™PI,(|fr|)
and invoking the above estimates we obtain
R""<CR".

It follows that < n — 1 and hence (o) < n — 1. We have proved that
Bi(a) =n—1 for n —1 < a < n and hence the proof of Theorem 1 is complete.

Proof of Theorem 2. We let f € C§°(R"™), f >0, supp f C B and now set
df = dog. According to E.M. Stein [4, p. 348], we then have

(13) 6(¢)| < C|g|t—m/2,

To prove (2) with B(«) replaced by [2(c) we observe that

o(f)(r) = /S F(r€) Fr€) $(€) don(€)

_ [S ( /R e () dx) ( / e f(y) dy) (E) doo(€)

— / ) < /S e=ire =) 4 (¢) do—o(g)) f(@)f(y) de dy
://9(T(ﬂf—y))f(x)f(y) dz dy.
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Assuming 0 < a < 1(n — 1) and invoking (13) we then obtain

2(0)0) =€ [ [l =y s@) @ drdy < O 11

and (2) follows.

The inequality (3) for B2(«) then follows trivially and it remains to prove (4)
for fBa(cr). We choose f as above and assume (n+1)/2<a <mn and r>1. We
also choose g € C3°(R"™) so that po(x) =1 for |z| < 2. One then has

o(f)(r) = / / 6(r(x —9)) £ () (y) du dy
- / / 0(r(x — ) ool — ) f(2) (y) do dy
- / / Ko (2 — 9)f(2)f (y) do dy = / K, * f(2)f(z) dr.

where we have set K, (z) = 0(rz)go(z). Tt follows that

o(f)(r) = ¢ / R (€)F(6) f(€) de

and we claim that

,rl—a

[§lm e

(14) K.(9)l<C
If (14) holds then

o(f)(r) < Cri=e / € F(©)P de = Cr @V ()

and we conclude that fs(a) > a — 1. To complete the proof of the theorem it
therefore remains to prove (14). We have

Ri©= [ e itaj(ordo= [ ee ( [ de<y>)soo<x> da
_ /5 ( [ e dx) a6 (y) = /5 Bol& + ) (y) doo(y)
z/n1@o(§’+ry’,£n+w(y'))F(y’) dy,

where F' denotes a bounded function on Q,,_1.
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Letting N denote a large integer and performing a change of variable we then
obtain

~ 1
K. (§)l<C dy'
Rl<C |
1
_C N
/rin L+ &+ |V

(15)
da'rt=" < ort .

To prove (14) we then consider two cases. If || < Ar, then

l—«

1—n
r <C
[SKm.

and (14) follows from (15). On the other hand, if |{| > Ar (and A is large enough)
then |€ + ry| > c|¢| for y € S Nsupp v, and since

~

Ro(¢) = [5 Go(€ + ry) do(y)

we directly obtain

K- (&) < Cle|™.
Here we have used the fact that @y € .. Therefore (14) follows also in this case.
The proof of Theorem 2 is complete.

Proof of Theorem 3. We may assume that
T0)r) = [lgy) < 1 VA0 76ar- 160 P

1&n] <1

where &' = (&2,...,&n).

It is obvious that (B3(a) > 0, 0 < a < 1, and the fact that f3(a) > o — 1,
1 < a < n, follows from the argument in the second part of the proof of Theorem 2.
In fact, in this part of the proof we never used the assumption about non-vanishing
Gaussian curvature. It therefore remains to prove that

(16) Bs(a) <0, 0<a<l,
and
(17) Bs(a) <a—1, l<a<n.
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To prove this we shall use a counter-example. We first observe that if (1)
holds for all u € .#, then also

(18) a(w)(r) < Cr~PLo(lul),  r>1,

for all complex Borel measures p with diam(supp ) < 1.
We choose ¢ € Cg°(R) such that suppy C (—31,1), ¢ > 0 and 3(0) > 0.
1
2

1

4
Also choose ¥ € C§°(R™ 1) such that suppvy C B(0;3), ¥ > 0 and (0) > 0.
We set

fla) = f(z,2') = e p(z1) R p(Ra’),
where ' = (x2,...,2,) and R is large. Also set g = |f| so that g(z1,2') =
p(z1) R (Ra').
We assume that (1) holds and by use of (18) it then follows that

(19) o(f)(r) < CrPI,(g).
We have R R
f(&1,8) = @& — R)Y(¢'/R)
and hence
(20) o(f)(R)>c¢>0.

One also has N
9(&1,8) = @(&) v (£'/R)

and we shall estimate
L(g)=c [ 16"l de.

We set Dy = {€ = (£,¢) € R™; |&| < RE, |¢'| < R} and Dy = R™\ Dy,

where e denotes a small positive number, and write

I(g)=c / /D BN IB(E R déy de

ve [l iplenR e R derde =+ e

Since @ and zZ € .7 it is easy to prove that

£

[, Eoraser and [ e R < ORY
/> 1+e
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where N denotes a large positive integer, and hence A, < CR™V.
We also have

R1+€

A <C €| <R® \5|“‘”d£+CR€/E t97 2 dt = A1 + Ao,
l¢’|<R®

It is clear that A;; < CR®® and to estimate Aj;o we first consider the case
O0<a<1l. Then A3 < CRf and hence

(21) I.(g9) < CR°.
Combining (19), (20) and (21) we then obtain
c < CRP*e
and it follows that 5 < e. We conclude that (3(a) <0 for 0 < a < 1.

We then have to consider the case 1 < o < n. For @« = 1 one obtains
A3 < CRflog R. Hence 1,(g) < CR? for every £ > 0 and we can argue as above
to obtain f3(1) < 0.

In the case 1 < a <n we get Ajo < CR*T*~! and (19) yields

¢ < CR™Preta=l

In this case we conclude that f < a— 1 and hence f3(c) < o — 1. Hence we
have proved (16) and (17) and the proof of the theorem is complete.
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