Annales Academis Scientiarum Fennicae
Mathematica
Volumen 22, 1997, 313-338

THINNESS IN NON-LINEAR POTENTIAL THEORY
FOR NON-ISOTROPIC SOBOLEV SPACES

Tord Sjodin
University of Umea, Department of Mathematics
S-901 87 Umea, Sweden; tord@abel.math.umu.se

Abstract. We consider non-isotropic Sobolev spaces H, ., = H,rp,(R™ x R™) of functions
f on R* = R™ x R"™ of the form f = G @ Gy xg. Here G' and G are Bessel kernels or

order p and r in R™ and R" respectively and g belongs to LP(R?). We develop at least part of
a potential theory for H,,, that is analogous to the well-known non-linear L?-potential theory

for the Sobolev spaces H, ,(R™). We define thinness in H,,, ,, prove the Choquet and Kellog

properties and give a partial characterization of properties of certain non-linear potentials in terms
of thinness.

0. Introduction

Let p>0,7>0,1<p<ooandlet d=m-+n, where m and n are positive
integers. We define the non-isotropic Sobolev space H,,, = H, , ,(R™ x R") as
the linear space of functions f in R? = R™ x R" of the form

(0.1) f=Gr oG xg.

Here G and G, are Bessel kernels or order p and r in R™ and R" respectively
and g belongs to LP(RY) (see Section 1 for the exact definitions). Such spaces
were recently used by P. Sjogren and P. Sjolin [SS] for p =2 and n =1 to study
boundary values of time-dependent solutions of the Schrodinger equation.

It is our purpose to develop at least part of a potential theory for H, , ,. We
try to do this in a way that is analogous to the well-known non-linear LP-potential
theory for the Sobolev spaces H, ,(R%) as presented for example by D.R. Adams
[A], L.-I. Hedberg, Th. Wolff [HW], V.G. Maz'ya [Ma] and V.G. Maz’ya and
T.O. Shaposhnikova [MS]. The current state of the non-linear potential theory is
found in the new book by D.R. Adams and L.-I. Hedberg [AH].

Our starting point will be non-linear LP-potential theory developed by N.G.
Meyers [Me]. The first results in Section 2 are very general, but later on, in
Sections 3, 4 and 6, we study more special situations.

We will consider kernels of the form

(02> kj(&?ﬁ) - kl (LE‘, y) ’ k2(57t)7
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where ¢ = (r,5) and 1 = (y,t) are points in RY = R™ x R™ and k; and ky are
kernels in R"™ and R" respectively. Taking as k the kernel G’ ® G} in (0.1) we
get a non-linear potential theory for H, , , that seems to be new.

We continue our study of the potential theory for H, ., by introducing po-
tentials W40 and #/f, . in analogy with the case of H,,(R™) in [HW]. We
define the corresponding capacities C) ., and %), ,, and study their capacitary

potentials and capacitary measures.
A set E C R? is called C, . ,-thin at a point & € E if

® da db Cprp(EN B(&o;a, b))\ ™
a™—pPP . hn—rp < 00,

for some § > 0. We can then prove that the Choquet and Kellog properties
hold (Theorem 6.3), which generalizes the case of H,,(R™) in [HW, Theorems 2

and 3].

The thinness of a set E at a point & € FE is closely related to properties of
suitable non-linear potentials. To study this problem we define another type of
product capacity C7 . (see Section 6 for the exact definition) and prove that if
there exists a non-negative measure p with compact support in B(p;d,d) such
that

(0.3) Whinp(&0) < Hminf Wi (€),

G0,

for some 9 > 0 and FE and g satisfy a cone condition at &y, then FE is thin at &g
relative to C7 ., for 2 < p < oo (Theorem 6.13).

The situation is a bit different when E is contained in one of the hyperplanes
R™ x {so} or {zo} x R™. If for example E C R™ X {so} and 2 < p < oo then
(0.3) holds if and only if E is C) ,-thin at z¢ as a set in R™ (Theorem 6.4). Thus
we here recover the case of H, ,(R™) in [HW]. For 1 < p < 2 we can only prove
the if part.

The plan of this paper is as follows. Section 1 contains our definitions and
notations. We begin Section 2 with reviewing the basic facts from non-linear LP-
potential theory and we study product kernels of the type (0.2). In Section 3 we
apply these results to the non-isotropic Sobolev spaces H, ;.

In Section 4 we look at the potential theory for H,,, in another way. We
define non-linear potentials W/, ~ and #},.  and show that they have equivalent
energy integrals (Theorem 4. 2) The rest of this section is devoted to a study of

the potential theory for #//!. . Section 6 gives our treatment of thinness in H), ..
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1. Notation and definitions

We are going to use the notation and definitions from [Me] and [Sj]. Consider
the d-dimensional Euclidean space R = R™ x R™ and denote points in R? by
&= (z,8), n=(y,t) and ¢ = (z,u), where z,y,z € R™ and s,t,u € R™. The
Euclidean norm is written |-| and we let G and K denote open and compact sets
respectively. A closed k-dimensional Euclidean ball is written By (w,r) and the
k-dimensional Lebesgue measure of a set E is written |E|j.

In R¢ we define B(&;a,b) = By(x,a) X B,(s,b) and we denote a rectangle
by R=1 x J, where I and J are cubes in R™ and R" with their sides parallel
to the coordinate axes. The side length of I is written [([).

Measurability of sets and functions always refers to Lebesgue measure and we
use standard notation for Lebesgue integrals. A function is called extended real
valued if its values are real numbers or +oo.

For 1 < p < oo we let LP(R?) be the linear space of extended real valued
functions in R? such that

i1 = ([ 176 s>|pda:ds)1/p

is finite. The non-negative elements in LP(RY) are denoted by L% (R?).

A capacity in R? is a non-negative set function C' defined for all subsets of
R such that: (i) C(¢) = 0, ¢ the empty set, and (ii) A; C Ay implies that
C(A;) <C(As).

Our terminology for measures and integrals is that in [Me]. A measure p is
the completion of an extended real valued and o-additive set function defined on
the Borel field, which is finite on compact sets. We say that p is concentrated on
the pu-measurable set A if u(B) = 0 for all u-measurable sets B in R4\ A.

Let M be the space of Radon measures and let L; be the Banach space
of measures p with finite total variation ||u||;. The non-negative elements are
denoted by M, and Li respectively and we take the usual weak topologies in M
and L, [Me, p. 258].

A kernel k = k(¢,m) in R? is a non-negative and lower semi-continuous
function on R x R*. When pu,v belong to M we write

k(v, 1) = / k(E,n) do(€.m).

where o is the tensor product o = v¢ ® p,,. When v = ¢ is Dirac measure at
¢ we write k(v,u) = k(&, ). Various constants are denoted by ¢ or ¢(a, f3,...)
and a ~ b means that a/b is bounded from above and below by positive finite
constants.
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2. Non-linear capacities and potentials

In this section we define the two set functions C} , and ¢, and study their
properties. Let 1 < p < 0o, k a kernel in R? and let S denote the o-algebra of
sets which are measurable for all Borel measures in R?. For any set A C R? we
define

Crp(A) = inf |[ ][5,

where infimum is over all f € L (R?) such that k(§, f) > 1, all £ € A. For any
set A € S we define

ckp(A) = sup ||,

where supremum is over all 4 € M, which are concentrated on A and satisfies
the inequality ||k(u,- )|,y < 1.

We will also use these capacities in other spaces than R?, but that will be
clear from the context. These capacities are studied in detail in [Me]. Among
other things it is shown that all analytic sets are C}, j,-capacitable, i.e.

sup Crp(K) = Crp(A4) = inf Cp(G),

KCA

and that Cy ,(A)Y/P = ¢ ,(A), for all analytic sets A.

Now let K be a compact set with Cf, ,(K) < 0o, then the following statements
(i)—(vii) hold:

(i) There exists a unique fx € L% (R") such that || fx|? = Crp(K),

(ii) There exists px € M, (K) which satisfies ||k(uk,- )|, <1, and

|7 = Crp(K),

(ili) fx and pg are related by

F(m) =l lly - k(e m)?

(iv) px is supported on the set {£; V[ (£) = 1}, where V'X(€) = k(&, fx),
(v) Vi (&) <1, all £ in the support of ik,

(vi) V”K( ) <1, Crp-qe €K,

(vii) C’k’p( ) = sup p(K), where supremum is over all u € M, , supported
by K and satisfying V' (§) <1, in the support of 1.

The properties (i)—(vi) are proved in [Me], while (vii) can be proved as in
[HW, Theorem 1]. Any measure u in (ii) and the function V//'’ in (iv) is called
the Cj, ,-capacitary measure and the C}, ,-capacitary potential for K respectively.
For the rest of this paper we will consider a special type of kernels, called product
kernels, and defined as follows.
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Definition 2.1. Let k; and k5 be kernels in R™ and R"™ respectively. Then
k(&,m) = ki(z,y)-ka(s, t) is called a product kernel in R%, where as usual & = (z, s)
and n = (y,t).

It is obvious that product kernels are kernels in our sense so that the general
theory above applies. These kernels are in a natural way adopted to measure
product sets.

Theorem 2.2. Let 1 < p < oo and let k = ky - ko be a product kernel
in RY. Let A, and As be analytic sets in R™ and R" respectively such that
Ch,y p(A1) <00 and Cy, p(Az) < co. Then

Crp(A1 X Ag) = C, p(A1) - Ck, p(A2).

The theorem follows in a straight manner from the definitions of the capacities
and the relation between C} , and ¢y ,. We omit the proof.

The C}, j,-capacitary potential has a particularily simple form for product sets.

Theorem 2.3. Let 1 < p < oo and let k = ky - ko be a product kernel
in RY. Let K1 C R™ and Ky C R™ be compact sets with Cy, ,(K1) < oo and
Chry p(K2) < 0o. Further let p11 be a cx, ,-capacitary measure for Ky and let po
be a cu, p-capacitary measure for Ko. Then p = p1 ® pg is a cy p,-capacitary
measure for K1 x Ky and

V(&) = Vi (@) - Vi (s)

klap k27p

is a Cy ,-capacitary potential for K1 x K.

The first part of the proof follows from Theorem 2.2 and properties of the
capacities. A simple calculation gives the formula for Vk’f (&)

Remark. Replacing LP(R?) by the mixed norm Lebesgue space LP'9(R%),
where 1 < p,q < o0, defined by the norm

o= ([ ([ eoras) )"

gives the analogous capacities Cy . and ¢k p 4, see [Sj]. When p = ¢ we recover
the present case. The statements (i)—(viii) above, as well as Theorems 2.2 and 2.3,
have natural counterparts in this more general situation, but will not be treated
in this paper.
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3. Sobolev spaces of mixed norm

In this section we define the Sobolev spaces of mixed norm and apply the
results from Section 2. Recall that for any positive integer k and any real number
a the Bessel kernel G in RF can be defined by its Fourier transform

GE(C) = (1+ ¢/

cf. [St, p. 130]. The usual Sobolev spaces (Bessel potential spaces) H, ,(R"),
a >0 and 1 < p < oo, are defined as the linear space of functions f = GX x g,
where g € LP(R*), with norm || f|la, = ll9ll,-

Definition 3.1. Let p > 0, r > 0 and 1 < p < co. Then Hpir’p(Rd) is
the linear space of all functions f = G' ® Gy x g, where g € LP(RY), with norm

I/

o = 19llp-
If p>0 and r > 0 every function f in H,,, has a representation

£(6) = / Gz — ) - G (s — 1) - gy, ) dydt,

for an essentially unique g € LP(R?). The function k(¢,n) = G (xz—y)- G (s—t)
is a product kernel in R? and we denote the corresponding capacities Cr,p and
ckp by Cprp and c, ., respectively. For the Sobolev spaces Hl,p(Rk) we denote
their capacities by Blk,p and bﬁp, see [Me, p. 280].

We can now apply Theorem 2.2 to the present situation. In particular we
have the following result when restricted to products of balls.

Theorem 3.2. Let p >0, r >0 and 1 < p < co. Then for any a > 0 and
b >0 we have

Cprp(Ba(&;a,b)) = B} (Bm(z,a)) - B, (Bn(s,b)).

If we insert the values of B;’:‘p and Bﬁp on balls into the formula in Theo-
rem 3.2 we get

(3.1) Corp(Bal€;a,b)) ~a™ 7 "7 0<ab<1,

when 0 < p<m/p and 0 <r <n/p. If p=m/p or r =n/p we replace a” PP
and b"~"P by (log(?/a))l_p and (log(2/b))1_p respectively.

Remark. If C,, ,, denotes the capacity in LP?(R?) relative to the kernel
G’ @ G formula (3.1) takes the form

Corpia (Bd(£§ a, b))l/p ~amPP. bn/r_q, 0<a,b<1,
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and if Bg{m is the capacity in LP9(R?) for the ordinary Bessel kernel G¢ we get

aP(m/pn/a=a) = if 0 < o < m/p+n/q,
Bipa(Ba(&,@)) ~ { (log2/a) /7, if a=m/p+n/q,
1, if « >m/p+n/q,
for 0<a<1.

It is well known that when k is a non-negative integer and 1 < p < o0,
Hy, ,(R™) can be identified with the space of distributions f € LP(R™) with norm
| fle =2 ja1<k 1D flp, see [St, Ch. 5, Theorem 3|. We prove the analogous result

for Hpmp(Rd) .

Let k£ and [ be non-negative integers and 1 < p < oco. Define the mixed
norm Sobolev space W]f’l(Rd) as the linear space of functions f € LP(R?) such

that DSDP f(z,s) € LP(R?), for all || < k and |3] < I, with norm

fleip= D, IIDIDIf,.

|l <k, |B]<I

We then have the following relation between H, . ,(R%) and W,f’l(Rd).

Theorem 3.3. Let k and | be non-negative integers and 1 < p < oo. Then
Hy1,(RY) = WP (RY), with equivalence of norms.

Proof. Tt is easily seen that the Schwartz class .%(R%) is dense in both spaces.
Let g € Z(RY) and define f =G ® G? xg. Then also f € .(R%) and

D202 fw,9) = 02 ([ Grte =02 ([ Gt - Dgtwryat)ay ).
First assume that £ >0 and [ > 0. For any fixed s € R" and || <!

S [1nissr s~ [ 'Df; (fere-nowna) '

dy,
| <k

with constants independent of s € R™. Summing over all |3| < [, integrating
w.r.t. s over R" and changing the order of integration and summation gives

> [iniseopavas~ [ar S [|p2( [6res - oawn i)

lo| <k, [B]<I 1BI<i

~ /dy / 9y )P dt = lg|2,

with constants independent of f and g. The cases when £k = 0 or [ = 0 are
treated similarly. Theorem 3.3 is proved. o

p
ds
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4. A non-linear potential theory for H,, ,(R™ x R")

In this section we continue our study of a non-linear potential theory for
H,,p(R™ x R™) in a different way. Hedberg and Wolff [HW] discovered in 1983
that the LP-potential theory for the Sobolev space H, ,(R™) has an alternative
formulation that parallels the classical potential theory and avoids some of the
difficulties in earlier theories. It is our purpose here to carry out such a program
also for the potential theory in H,, ,(R™ x R").

We are going to define these new non-linear potentials and capacities and
establish their basic properties. Let us start with the following lower bound for

the potential V. . cf. [HW, p. 164].

Lemma 4.1. Let p >0, r >0 and p € M, . Then

VE(€) > ed, prp)- /0 /O uB(E a, b 1 (G (4a)-GT(4D))” ™16 da db.

For 0<p<m,0<r<mn,d>0and ue€ M, we define

s / da/ db( 1B(&; a,b) )p‘1
p,T am—prp . hn—rp

and put Wlﬁ”;np = W/, ,, when 6 = 1. It follows easily from Lemma 4.4 and

properties of the Bessel kernel that V', () > c(d, p, 7, p)- WA‘T ,(€), forall £ € R,
The following partial converse turns out to be the key step in what follows.

Theorem 4.2. Let 0 < p<m/p, 0<r <n/p, 1 <p<oo and p € M,.
Then

@) [V € du©) = 1G] & Gl ully < cldprp)- [ W€ dute).

This was proved in [HW, Theorem 1] for the case of H, ,(R™). We postpone
the proof of Theorem 4.2 to the next section in order to make our presentation
easier to follow. We are now going to modify the potential W/, = in two more
steps before we arrive at the potential %/, that will be our main interest for the
rest of this paper.

For each integer k£ we divide R" into a net of non-intersecting congruent
cubes with side length 27% by dividing every cube of side length 27% into 2™
cubes of side length 27%~1. Such cubes are called dyadic cubes in R™. We divide
R™ analogously and we call I x J a dyadic rectangle in R¢, where I and J are
dyadic cubes in R™ and R"™ respectively. For 0 < p < m/p, 0 < r < n/p,
1<p<ooand pe M, we define

- IxJ v
Wp,r,p(g) = Z <Z(I>T/j§p Xl((]))n—r) : XIXJ(&)'

(D)<, 1(1)<1
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For a dyadic rectangle I x J we let ¢;x; be a C'*°-function supported in 37 x 3J
such that 0 < ¢« s(€) <1, for all £ € R? and ¢y (&) =1 in I x J. We finally
define

R M G I )

UI)<1,1(J)<1

where p(drxg) = [ drxs(E) du(§). We also put

TW) = Fprnit) = / W (E) du(€)

and call _# (p1) the energy integral associated with . Asin [HW, p. 175] it follows
from Theorem 4.2 and geometrical arguments that the four integrals

(42) /Vpqu d“ / prp dlu /Wprp dlu / p'r’p )

are all equivalent with constants only depending on d, p, r and p.

The rest of this section is devoted to a formulation of a non-linear potential
theory for 7}, ,. Welet 0 < p <m, 0 <r <mnand 1l <p<oco. Forany
compact set K in R? we define

Cprp(K)Y? = sup{u(K); p € M, (K) and # (n) <1},

and we extend the definition of 4),,.,, in the usual way to an outer capacity on all
sets. It follows from (4.2) that the capacities 4, , and C, ., are equivalent. Any
measure ¢ € M, (K) such that #(pu) <1 and p(K) = ‘Kprp(K)l/p is called a
p,rp-capacitary measure for K and %!  is called a 6, ,,-capacitary potential
for K.

In the following we collect the properties of the %), ;. ,-capacity in a series of
lemmas analogous to [HW, Propositions 1-9]. We first prove that %, , ,-capacitary
measures and potentials exist for compact sets and have their usual equilibrium
properties.

Lemma 4.3. Let K be a compact set. Then there exists v € M, (K),
v(K) =1 such that

(1) 7 () = Cprp(E)'~

(i) 706 = F (), (Pﬂ“ p)-q.c. on K,

(iii) 77 ,(§) < #(7), everywhere on the support of 7.

The existence of such a v satisfying (i) follows from the observation that

Cporp(K)™ = inf{_# ()5 € M, (K) and pu(K) = 1}
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and a standard weak compactness argument. The properties (ii) and (iii) are
proved as in [HW, Propositions 1 and 2].

We will also consider signed measures p = pu, —p—, where p, and p_ belong
to M, and _Z(p, + pn_) < oo. We define

’

WELO = S I U)) T ubrn) P plbre) - b (),

WI)<1,1(J)<1

- n—r\1— ' !
and then 7 (1) = 32 py<1. )<t (D™ 1)) - |ulbrxs)|P . For A >0
we put Ey = {; 7}, (§) > Aor WL (€) = 0o} then it follows that

Cpra(BN) < 5 F (1),

cf. [HW, Proposition 3]. It is now a consequence of Lemma 4.3 that, at least for
compact sets, the C, ;. ,-capacity can be defined in terms of the potential #. .
For a proof see [HW, Propositions 4 and 5].

Lemma 4.4. Let K be a compact set then

(i) Cporp(K) =inf{ 7 (u);p € M, and W}, ,(§) > 1, (p,7,p)-qe., § € K},
(ii) €prp(K) = sup{u(K);p € M, (K) and #},. () <1, £ € supp pu}.

p?”n7p

The non-linear potentials #}!,.  , where p € M, and ¢ (u) < oo, are C -

quasi continuous in the following sense: For every € > 0 there is an open set G
such that €,,,(G) < e and the restriction of W} (§) to the closed set R*\ G

is continuous on R\ G. Cf. [HW, Proposition 6.

We conclude this section with an equilibrium theorem for sets of finite €, ;-
capacity.

Theorem 4.5. Let E be any set with 0 < 6,,,(E) < co. Then there is
v € M, (F) such that v(FE) =1,

’

Wp?lr,p(é) > /(7) = (gp,r,p(E)l_p 5 (p, r, p)—q.e. on F

and

Vo)< Z(v),  £€suppy.

The proof of Theorem 4.5 follows that of [HW, Propostions 7 and 8] almost
word by word and is omitted.
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5. Proof of Theorem 4.2

This section is devoted to a proof of Theorem 4.2. Since the proof follows
[HW, Theorem 1] we will omit some of the details. However, for the readers’
convenience, we will carry out the crucial parts of the proof in a rather detailed
manner.

Proof of Theorem 4.2. We begin by reducing the proof to the case when
the kernel is supported in a neighbourhood of the origin and the measure pu is
supported in a unit cube. Define

=moo o f Pz < 1,
RP@)_{O, 2] > 1,

and analogously for ]Ai;:(s) We claim that it suffices to prove (4.1) with GJ' ® G
replaced by ET ®]Ai;: By properties of the Bessel kernel we have that

G @ G x p(€) < e (fz;” SR * ()
+ / |z —y|P e  du(y, t)
[t—s|>1, ly—=x|<1

+f 5 — trme=l= =] gy, 1
ly—z|>1, [t—s|<1

N
ly—z|>1, [t—s|>1

¢ (R, @R, u(€) + A() + B() + C(8)).

The second term is majorized by

A e Yo et e [y

1(J)=2-1

p/ . 1/p/
<ec- < Z (/ |$ _ y‘P—m d,uJ<y)> . e—c~dzst(s,J)) ,

1(J)=2"1

and integration with respect to s over R™ gives

/ A ds < S ( / =yl dm(y))p/,

1(J)=2-1
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where p; is defined by pj(E) = pu(E x J), for all Borel sets £ C R™. Now by
the R™-case in [HW]

Jaermnse 52 fao [ (“52)"

1(J)=2-1

Z/ iyt / pB(:a,3)\" ' da
Rme 7 a™=—rp a

1(J)=2-"
<e. / W () dp(n),

provided [ is chosen so large that ¢ € J implies that J C B, (t; %) The terms
B(¢) and C(&) are handled analogously, proving our claim. It is also easy to see
that we can assume 4 is supported in a unit cube in R?. We omit the details.

From now on we assume that g has support in a unit cube Q¢ = Iy x Jy
in R?. We first notice the pointwise estimate

W/l)fr,p(g) >cC- Z (H(I X J) .l([)ﬂp—m . Z(J)rp—n)p

WI)<2=7,1(J)<277

(@) - x(s),

for some integer v, only depending on m and n. Integrating w.r.t. p and using
the geometry of dyadic cubes gives

(5.1) / wo©duE) =S (I x ) AN AT 11,
I(I)<1,1(J)<1

which will be our lower estimate for the right hand side of (4.1). Similarly we get

(5:2) R, @R +p(€) <c- Y p(Ix J)- WD) xa (@) - xa(s).
U(1)<1,1(7)<1

The proof will now be completed by repeated application of the estimates in [HW,
Theorem 1]. We first have

/ (7, @R «p(€))” du(€) < ¢ / R, @R, * u(€))” du(©)

0

<o [an [as(X w10y (3 0w ) ) )

1(J)<1 (<1

by (5.2). For any fixed x € Iy we define a Borel measure v, on R™ by

= ) WD pd x E) - xg(a).

I(I)<1
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Then v, is supported in Iy and has finite mass by (5.1). Two applications of the
relation (x) in [HW, p. 170] together with (5.1) gives

/(ﬁ?@é:*u(g) du(§) <c- /Iodx/JOds(

<c/dazz (D) 1]

/

Iy ) )

l(J)<1

o <1
p/
=c- Y UJ)rT / dx( > oa IxJ)-XI(fE))
1(J)<1 To W<t
Z I0(J (T—n)p' ] - Z ([(I)/’_m (I X J))p - |1
1(J)<1 1(1)<1

which finally proves (4.1). Theorem 4.2 is thereby proved. o

6. Thin sets in H,, ,(R™ x R")

In this section we continue our study of a non-linear potential theory for
W}, - We are going to define the concept of a thin set in H), rp(R™ x R™) and
study its basic properties. In particular we show that the Kellog and Choquet
properties hold (Theorem 6.3). We also give a partial description of thinness in

terms of potentials W% = (Theorems 6.4 and 6.13).

Definition 6.1. Let 1 <p < o0, 0 <p <m/p and 0 <7 < n/p. A set
E C R is called C,, . ,-thin at & € RY, if either & ¢ F or & € E and

® da db v (E N B(&o;a,0))\?
am pp . pn—rp
for some § > 0. We put e, ,,(F) ={{ € R*;E is C, . ,-thin at £}.
This concept of thinness has the following properties.

Lemma 6.2. (i) A set E is C, , p-thin at & if and only if EN B(&y, A, \) is
C)rp-thin at &, for some/all A > 0.

(ii) If £ = Uiv E; are sets in R% and & € R® then F is Cp,rp-thin at & if
and only if each set E;, 1 <1 < N, is C,, ,-thin at .

The easy proof is left to the reader.

The first result in this section is a proof of the Choquet property for the
potential theory in H,, ,(R™ x R").
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Theorem 6.3. Let 1 <p < oo, 0<p<m/p and 0 <r <n/p. Then for
any set F in R% and any € > 0 there is an open set G such that

eprp(B) CG and  6,,p(ENG)<ce

It is an easy consequence of Theorem 6.3 that also the so called Kellog property
holds: For every set E € R* we have

Corp (ep,T’p(E) N E) =0.

Proof of Theorem 6.3. We follow the method of Choquet [C, Theorem 1] as
it is used in [HW, Theorem 3]. Let {O,;}{° be an enumeration of the rational
balls in R? that intersect E and let #; be the capacitary potential for £ N O;
whenever 6, . ,(E N O;) > 0. Define A ={¢€ENO;; 7§ < 1} in this case
and A; = ENO;, if %prp(EﬁO ) = O Then e, ,,(E) C (E)°U (U3:1A ) by
the analogue of [HW, Proposition 10] in the present case.

Let £ > 0 be arbitrary and choose open sets G, such that €, ,(G;) <e-277,
the restriction of #; to G¢ is continuous on G§ and #;(§) > 1 on ENO; NGS.
Let Gj = Oj, if Cgpmp(Eﬂ Oj) =0.

Now define F = EN (ﬂjoil G;) and G = (F)¢. Then by our construction
eprp(E) C G and

Corp(ENG) SZ o <e.
1

This proves the theorem. o

In classical potential theory, as well as in L”-potential theory, thinness can be
characterized by properties of potentials of measures, cf. [HW] and the references
found there. In the present setting it turns out that the situation is a bit more
complicated, mainly because the kernel G' @ G} is singular not only at the origin
but on the two hyperplanes R™ x {0} and {0} x R".

Let E C R%, & = (x0,50) € E and consider the following property of the set
FE at the point &.

Property P,.,,: There exists a measure p € M, (R such that, for some
0 >0, p has its compact support in the open ball B(&o;6,6) and

(6.2) Wh (&) < Jiminf W % (€)-

The existence of p € M, (R?) such that (6.2) holds is closely related to the
thinness of E at &y in a sense to be made precise below. We have to consider two
separate cases, whether E is a subset of one of the hyperplanes R™ x {sp} and
{zo} x R™ or if E is away from these hyperplanes. We start with the first case.
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Theorem 6.4. Let 1 < p < oo, 0 < p <m/p and 0 < r < n/p. Let
&0 = (z0,50) € E, where E C R™ x {so}.

(i) If E is C, p-thin at xo as a subset of R™, then E has property P, , at
fo in f%d.

(ii) Assume that 2 < p < co. If E has property P, ., at & in R?, then E
is C, ,-thin at xo as a subset of R™.

Theorem 6.4 has an obvious analogue for subsets of {zg} x R™, which we
leave to the reader. We extract the technical part of the proof in the following
lemma, where we use an idea from the proof of [HW, Proposition 11]. The lemma
will be used once more in the proof of Theorem 6.13 below.

Lemma 6.5. Let 2 < p < oo, 0<p<m/p, 0<r <mn/p, § >0 and
€ M, (RY). Then if

db B( b
{2 [ 22y
qm—pp . hn—rp
it holds that for 0 < k < ¢

(6.3)  Cpp(ExNBm(0,k)) <c- AP </06 %(W) )p 1,

where ¢ = c¢(m,p, p,0).

Proof. Throughout this proof ¢ denotes constants depending on m, p, p and
d. Let K C ExN B,,(0,k) be a compact set with %), ,-capacitary measure T,
T(K) = %6,,(K). Define

o(z,a) = ( / ' @(uB(ac,o;a,b))p"l)p‘l
’ o b brrp

9(x,a/5)
M. .g(x) = su _.
g( ) 0<a£5k: TBp, (m,a)

and

Then for any x in the support of 7

/k da (g(z,a) -l /5k da ( 7By, (x,a) p'-1 g(x,a/b) Pl
A< — =c- - 7 R N Sy S
0 a \.amrp 0 a am—rp 7B (x,a)

< e V(@) - Mrg(a)’' ™' < ¢ Mog(a) ™,

and hence M,g(x) > c¢- \P~1. For every such z we choose 0 < r, < 5k such that

g(x,rx/S) p—1
77'Bm(x,rx) >c- NPT
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By a well-known covering lemma we can cover the support of 7 by a union of balls
{B;} = {B(x;,r;)}{° such that {B(z;,7;/5)}° are disjoint and

g(x’url/S) > c_)\p—l.
TBm(.CCZ',Ti)

It then follows that

Cop(K)=7(K) < iTB(xi,ri) < AP ig(%m/&s)
<c NP </ (Z uB x“r;,fr;( B(0, b))p’—l)p_1

conr ([ L (HBO02DY
= o b bn—rp ’

by the reversed Holder inequality. Taking the supremum over all such K gives
(6.3) by the inner regularity of the capacity. o

Proof of Theorem 6.4. The proof of (i) is straightforward. By [HW, Theo-
rem 4] there exists v € M, (R"™) such that

W), (zo) < liminf W) ().

r—x0,rEE

Let 7 be any smooth measure in M, (R") with compact support and W (so) = 1.
Then p =v ® 7 is easily seen to satisfy (6.2).

Conversely, assume that p satisfies (6.2) with { = (0,0). Let 0 < h < §
and let up denote the restriction of p to the set {(y,?);|y| < hor |t| < h}. If
then v denotes the difference between the right and left hand sides of (6.2) we put
v =v*"P -y, . Then, given any € > 0, it holds

Wg;p(0,0) <e and xli%l;%f Wgr‘sp(:v 0) >1,
provided [ is small enough. Then, if ¢ is sufficiently small, we can find kg,
depending on ¢, such that if 0 < k < kg then

" da db B, 0:a,)\"
qm—pPp . hn—rp -2
for all x € EN B,,(0, k:) Lemma 6.5 now gives

Mo dk [ Cpp(E N By(0, k)
I

p —
k; fem—pp ) < c(m,p, P, 5) Wg}p(O,O) <X

and so by definition [HW, p. 165] E is C, ,-thin at the origin in R™. o
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Remark. If Lemma 6.5 holds for 1 < p < 2 then the same is true for the
statement (ii) in Theorem 6.4.

The property P, ,, of aset E at {y € E behaves in many aspects like Corp-
thinness. For example the two properties in Lemma 6.2 carry over almost word
by word. We restrict ourselves to the case (ii) in Lemma 6.2.

Lemma 6.6. Let E = Uiv E; besets in R* and assume § € E;, 1 <i< N.
Then E has property P, ., at & if and only if each of the sets E;, 1 <i < N,
have property P, ., at &.

Proof. We only need to prove necessity. Let u; € M,(R?) and 6; > 0 be
such that (6.2) holds for F;, 1 <i < N. By the first part of the proof of (ii) in
Theorem 6.4 there are v; € M+(Rd), 1 <i < N, such that

Whidi(gy) <e  and liminf W)2% (&) > 1,

pPsT,P E—&o, ECE; , TP

Then p = Zjlv ~; satisfies (6.2) with § = maxd;, if € > 0 is small enough. o

For any set F in R? and & € E we express E as a (except for &y) disjoint
union E = EgUFE,UFE,, where F3 = EN(R™ x{so}) and Es = EN({zo} x R™).
Then by Lemma 6.6 the set E has property P,,, at & if and only if each set
Ey, E; and Es has property P, ., at &.

In classical and L?”-potential theory for any set E that is thin at a point &, we
can find an open set containing F\{{y} that is also thin at £, [HW, p. 184]. In the
following theorem we give a characterization of this property for C, , ,-thinness.

Theorem 6.7. Assume that E C R? and & = (z0,50) € E. Then there is
an open set G containing E \ {{y} that is C,, ,-thin at & if and only if E is
C)rp-thin at & and & is not a limit point of EN(R™ x{so}) or EN({zo} x R").

Proof. To prove the sufficiency we may assume that E does not intersect
R™ x {so} or {zo} x R™, by Lemma 6.2(i). Let {; = 0 and define G as follows.
For any integers £ > 0, [ > 0 there are open sets Uy such that

(a) EnB(0;27% 27Y c U, c B(0;27%,271),
(b) Uk1,l1 C U, if ki >kandly >1,
(c) Corp(Uit) < Cprp(ENB(0;277,27) + 2279 . 270

where € > 0 is arbitrary and © > 0 will be defined below. Now define

C

G = Uk, \ (B(0;27%2,1) U B(0;1,2-12)) U B(0;1/2,1/2)
k,l

It is easy to see that £ C G and
GnN B(O; Q_k, 2_l) C Ukg-1,-1,
from which it follows that G is C,, , ,-thin at the origin, if © is large enough.
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Conversely, assume that such an open set G exists. Then F is clearly C, , -
thin at the origin. Assume for a moment that £, = 0 is a limit point of EN(R™ X
{0}). Let 6 > 0 be arbitrary and take & = (z1,0) € E such that 0 < |z1]| < 9.
There is v > 0 such that B({;v,v) C G and |z1| +v < 6. If @ > |21+ v and
0 <b<w then B(&;v,b) C GN B(0;a,b) and hence

Cp,?",p (G N B(O; a, b)) >c.pMTPP L pNTTP,

with appropriate changes when pp = m or rp = n. It now follows easily that the
integral (6.1), with £ = G, diverges for all § > 0. This contradiction completes
the proof. o

Before we proceed along our main line we define two other types of product
capacities as follows. Let 1 <p < oo, p>0, r >0 and E C R? and define

Crp®C,,(E) = / Crp{s;C,p(Es) > u} du,
0

Cop®@Crp(E) = / Coplz; Crp(Ey) > u} du,
0

where Ey = {x;(x,s) € E} and E, = {s;(x,s) € E} for fixed s € R" and
x € R™ respectively. Both these set functions are capacities in our sense, with
additional regularity, see [Ce, Theorems 3.5 and 4.7]. We also define

Crp©Cpp(E) =supu-Cpp{s;Cpp(Es) > uf,

u>0

Cop ©Crp(E)=supu-C,p{z;Crp(Ey) > u}.
u>0

It is easy to see that C,, ©® C,,(E) = C;p, @ C, n(E) = C, ,(E1) - Crp(E2) =
Cyrp(E), for products E = E; x Ey of Borel sets. We get C,.,©C, ,(F) < C;,®
C,p(E), for arbitrary sets, by the definitions. Here we can of course interchange
the orders of C),, and C, .

Lemma 6.9. Let 1 <p<oo, p>0, r>0 and E C R?, then
max(C;.p ® Cpp(E),Cpp @ Cpp(E)) < ¢ Cp o p(E).

Proof. Let f >0 be as in the definition of C,, ,(E). Then for fixed s € R"
and all z € E,

1< /Gp(x—y)(/Gr(s—t)-f(y,t) dt) dy = [ Gyla—u) L) dy

Hence C,,(Es)Y? < ||fsllp, < Gr*g(s), where g(t) = ([ f(y,t)? dy)l/p, and so

by the capacitary strong type inequality [AH, Theorem 7.1.1]

Crp @ Cpp(E) < / Crp{s;Grrg(s) > upd(u?) <c-llglly =c- £l
0

Taking infimum over all such f proves that C,, ® C, ,(E) < c¢-Cy,p(E). The
other inequality is proved in the same way. o
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Before we state and prove our general results about potentials and thinness
we prove an analogue of [HW, Proposition 11]. We use the notation C*,. (E) =

piT,p
max(Cr’p OC,p(E),Cpp©® C’r,p(E)) .

Theorem 6.10. Let 2 <p<oo, 0<p<m/p, 0<r<n/pand p € M,.
Then for all A > 0

(6.4) Cx A& WD (€) > A} <

el

where ¢ = c(d, p,r,p,9).

Proof. In this proof ¢ denotes constants depending on d, p, r, p and §.

We may and will assume that the support of p is contained in B(0;1/80,1/80),
A>A- ||,u||p/_1 and 0 < 6 < 1/80, where A depends on d, p, r, p and §. Define
G ={(x,s); W (x,5) > A} then G is an open set and for fixed s € R™ we put
Gs ={z;(z,s) € G}. If G is non-empty we choose a finite union K of closed
cubes in G4 and a closed cube Iy C R™, with side length [, containing s such
that Kg x Iy C G. The proof is now in two steps. In the first step we estimate
C, p(Ks) (and thereby C, ,(G,)) and in the second step we put the pieces together

to get an estimate of C,., ® C, ,(G). We start from the estimate

W“’ 1/2 da 1/2 db uB(x,s;a/5,b)\"
p,T am—pPp . pn—rp

. /”2@ gs<x,a/5;u> v
N 0 a am—prp ’

( ) (/1/2 db(uB(msab)) )p !
gs\ T, a; ) = I T )
0 b pn—rp

by a change of variables. Let v be the %, ,-capacitary measure for Ky x I.
Then for all (z,s) in the support of v we have

1/2 : p'—1 : p'-1
A< WS (2,5) < C‘/ @(gs(w,_a,v)) _ (gs(w,a/5,u))
0

a a™m— PP gs(x7 CL,’Y)
< e W p(@ss) Mypla, 5)" ™ < e Myp(w, )7 7

PP

where

where

s(x,a/9;
Mop(z,s) = sup D50
0<a<1/2 Qs(%a;’ﬁ
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is the appropriate maximal function in R . For any such (z,s) there is 0 < a, <
1/2 with g(z,a./5; 1) > - AWP~1-go(z,az;y). A standard covering theorem gives
a disjoint class of balls {B,,(z;,a;/5)} such that {B,,(z;,a;)} covers Ks. Then

ng(wj,aj;v) < o 'ng(wj,aj/&u)
J J

<= /UQd_b >, uB(wj, 5a;/5,6)\ P T\ P
(6.5) — ar-l 0 b pn—rp

< ¢ /1/2d_b uB(0,s;1,b) poly ol
DY 0 b bn—rp

= WE2(s),

by the reverse triangle inequality. Here i is the measure in R™ defined by nu(E) =
(B (0,1) x E). For the left hand side of (6.5) we get

B(x;, s;a4,ls K, x I
S gulagaziy) > e Y B V) AR X L)
J j

l?—rp l?—rp

T KS IS T KS IS
:C'%p7 717( X ) ZC.C/% 7p( X ) >C'Cp’p(Ks)

[T P

by equivalence of the capacities and Theorem 2.2, for r-p <n. When r-p =n

we replace {7~ by (log(l/ls))l_p and the same estimate holds. Combining the
last estimate with (6.5) and taking the supremum over all such sets K, gives

C

(6.6) Con(Ge) < 1o

. WE]’}/Q(S);D_I,

which completes the first step of the proof.

In the second step we simply get

Crp ©C,p(G) =supu-Crp{s;C,,(Gs) > u}
u>0

<supu-Cyp{s; WE’]’}/Z(S) >cou” 1A}
u>0

SN I iy
A1 A1

by (6.6) and [HW, Proposition 11]. The corresponding inequality for C, ,©C,. ,(G)
is proved in the same way interchanging the roles of R” and R™. o



Thinness in non-linear potential theory for non-isotropic Sobolev spaces 333

Remark. The conclusion in Theorem 6.10 is false if C7, , is replaced by

Crp®Cpyp or Cpp@C,, and hence by Lemma 6.9 also when C7 . is replaced
by C,rp. The simplest example is p = dg, the Dirac measure at the origin. If

0<p<m/pand 0 <r<n/p then

Wz, s) = W (2,5) > (c1 - |x]P~™ - |s|"P~")P 1 = W (, 5),
for || < §/2 and [s| < §/2. Define W (z, s) = 0, elsewhere. It is clearly sufficient
to consider W instead of W. Let APl > ¢y L gppmmATPTR 9N gt G =
{(z,s); W(z,s) > A} and for fixed |s| < 0/2 define G5 = {x;(x,s) € G}. Then
Gs = B,(0,8/2), for |s|"7™ < ;- (§/2)PP~™ . \17P = A™~"P and

Gs ={x;|z|™ PP <cy-|s|"™P7™- )\1_”},

for A < |s| < d/2. Note that A < /4 by our choice of A\. From this we get

b
Crp®C,,(G) > / Crp{s:Cpp(Gs) > u} du

b
> / Crpls;|s|™™™ < c- AP 1/u}du > c- AP -log(b/a)

> c- AP log(c- AP,

where a = C, ,{z;|z|™ PP < c1 - (§/2)"P~" - A17P} and b = C, ,{z;|z| < §/2},
which proves that p has the desired property. We can get similar examples when
w is Lebesgue measure restricted to |z| < h and |s| < k, for suitable small h, k
and \. o

The method of proof in Theorem 6.10 also gives another result of the same
kind for the other type of product capacity, when p > 2. We have no such result
for p= 2.

Theorem 6.11. Let p, p, r, 6, E, pu be as in Theorem 6.10 and put
G ={&;WH?2 (¢€) > \}. Then

PP

c
maX(Cnp_l ® Cp,p(G)7 Cp,p—l ® CT,;D(G)) < -1 : ”N”lv

for p > 2.
Proof. From the definitions, (6.6) and [HW, p. 164] we get

C?",p—l ® C/Lp(G) <

AT / Crp1{s; G * (Gr > )P ~!(s) > v} - vP 2 d,
0
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by a change of variables. The capacitary strong type inequality [AH, Theo-
rem 7.1.1] with exponent p — 1 then gives
c c

c o _
C’r’,p—l ® Cp,p(G) S W ’ /Gr */’L(S) dS = )\p—l ' ”/’L”l = )\p—l
Remark. When p = 2 we here get Ca, © C)2(G) < (¢/A) - ||p]]1, where we
have defined
Cor(FE) = inf{v(F);supprv C E and G5, xv(s) > 1, forall s € E'},

for Borel sets E C R™. It is however easy to see from [HW, p. 163] that Cy, is
equivalent to C) 2 and hence we only recover Theorem 6.10. o

pllr- @

Definition 6.12. A set £ C R¢ satisfies a cone condition at & = (xq, So)
(relative to the hyperplanes R™ x {so} and {z¢} x R™) if there are constants
R >0, M > 0 such that
(6.7)

EnB(;R,R) C{{=(z,8);|s—so| < M- |x—z0| and |x — z¢| < M - |s — sgl|}.

Analogously, a measure p € M, satisfies a cone condition at &y if (6.7) holds
with E equal to the support of w.

Theorem 6.4 gives a partial characterization (exact if 2 < p < oo) of property
P, . p in terms of thinness for sets contained in one of the hyperplanes R™ x {s¢}
or {zp} x R™. Our next theorem gives a partial answer to the same question for
sets E and measures p satisfying a cone condition. We say that a set £ C R? is
C* . -thin at ¢ € E if (6.1) holds with C, ., replaced by C*

PP pyrp
Theorem 6.13. Let 2 <p <oo, 0 <p<m/p and 0 <71 <n/p. Assume
that E C R? and u € M, both satisfy a cone condition (6.7) at & and

76 1 1 76
W//f,r,p(éO) < ggg},l?efE W//f,r,p(é)‘

Then FE is C% .. - thin at &.

PyTP
Proof. Throughout this proof ¢ denotes various constants that may depend
ond, p,r,p,dand M. Let {, =0, 0 < € < 1 and assume that p € M, satisfies
o . . ’5 ’6
v = ggg’lglefb_, (Wlﬁfr,p(é) - W:r,p<£())) > 0.
Define v = v . py,, where py, is the restriction of u to the set {(y,t);|y| <
h or |t| < h}. Then as in [HW, Theorem 4] we get

W7, . (0)<e and liminf W) (§) > 1,

p,T,P .E—)O, £€E p,T,P

if h, depending on ¢, is small enough. From now on such a measure +y is fixed, for
some arbitrarily small h, 0 < h < . Choose 0 < § < h such that W2 (¢) > &
on E N B(0;60,00) and let 0 < k,l < §p/2. If h is small enough the support of
~ is contained in B(0;d/2,d/2) by the cone condition (6.6). It is clearly sufficient

to consider the following two cases.
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Case I: 0 < I < k/2M . This is the principal case that motivates the cone
condition (6.7). Here E N B(0;k,l) = E N B(0; Ml,l) and analogously for the
support of p. We define four sets

A=A{(y,t);|yl < 2M! and [t| < 2}, B ={(y,t);|y| < 2MI and |t| > 2l},
C={(y,t);lyl = 2Ml and [t| <21}, D ={(y,t); |yl > 2Ml and |¢] > 2},

and note that ENC' is empty. Let v4, 'yB and vp be the restriction of v to each
of these sets. By the definition of Wg 7p we have

(6.8) Winp(€) < e (WIaD (&) + Wn2(€) + W20 (6)).

p,T,p PP pP,T,P psT,P

We let £ = (z,s), where |x| < MI, |s| <, and estimate each of the terms in the
right hand side of (6.8). It is easy to see that

db ( vB(0: 2a, 2b)
o' 5 Y
o< [ [ 8(cmmmy

) /25 da /25 db( yB(0;a,b) \"''
- ML @ Jo aQm—pPp . pn—rp

<c W, (0)

since 7 has support in B(0;/2,5/2). Then by (6.8) the set E N B(O MI,1) is
contained in the union of the sets where each of the potentials W,’]ﬁ’p and W) ?;If
exceeds some positive constant A\ = ¢(d, p, r, p), provided ¢ is small enough. First
we have

(6.9) {6 € E;W)49(8) > A} N B(0; M,1)) < c-~vB(0;k,21),

Coral

psTp
by Theorem 6.10. This is our estimate for vaﬁ’p
We are thus left with the term W70 which has no counterpart in the R™-

piTp
case. By the definition of vg we have

Wm b / da/ db ('yBB z,0;a, 2b))
p,Tp am—pPp . hn—rp
<C/da/ db(’yBBanb)) 7
ol am—pPp . hn—rp
since again ~ is supported in B(0;6/2,6/2). Next

Wi /Ml da/ db / / db\ (vsB(z,0;a,b)\"
P 21 Ml 2 am=ep . pnTP ’
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and the second iterated integral is at most

/ /db v8B(0;2a,b) / /db y8B(0;a,b) 1<c
Ml 21 am=ep . pn=rp ML @ Jop am=ep . pnoTP = o

The key estimate is now

% ({(,5) s WIB0(€) > A} 0 B(0; M1, 1))

P,TD pPsTP

Ml
da [°db(vpB(z,0;a,b) A
=G — NB(0; M1,
Cp?“p({xs / /2[ <6Lm pp . pn— rp) C}m (0, , ))
. —1 p—1
R A (/ @(’YBB(O,QMZ,[))) ) |
2 b bn—rp

if ¢ is small and rp < n, by Lemma 6.5. If rp = n we get an extra factor
(log(l/l))l_p. Observing that vpB(0;2M1,b) < vpB(0;2M1,2M?]) by (6.7)
gives the estimate

piTsP
km—pp . [n—rp

Corp ({6 € Ei W25 () > A} N B(O; 2Mz,Z)>)pl_1

k/2M g /5@ v B(0; &, 2M21) \ P
o b km—pp . hn—rp

T
(6.10) S qle [R12M g1 (v B0k, 2020\ P 7}
d
/

fm—pp . [n—Tp

B2M g1 e B0 K1) \P Y
1 \ km—pp . [n—rp
for rp < n and some dg > 0, by a change of variables. If rp =n we get an extra

factor (log(1/l)) that cancels against the factor (log(1 /l))l_p above, raised to
power p’ — 1.

Case II: k/2M <1 <2MEk. We define

A={(y,1);lyl <2k and [t| <21}, B ={(y,1); |yl <2k and [t| > 21},
C={(y,t);|ly| > 2k and |t| < 2l}, D ={(y,t);|y| > 2k and |t| > 2I},

and let v4, v, 7¢ and vyp be the restriction of v to each of these sets. Since
we will follow the first case very closely, we do not repeat all arguments in detail.
We handle ng?’p as above and for Wgﬁfp we get

{€ € E;W)a2(8) > AN B(0;, k1)) < c-yB(0; 2k, 21),

prp( psTsP
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by Theorem 6.10. It therefore only remains to estimate Wg{?f » and Wg?ﬁ i
E N B(0;k,1). We start from

Wl (e da db v5B(z,0;a,2b)\”
PT:P am—pep . pn—rp
/ da/ db (ypB(x,0;a,b)\"
o am=—pp . hn—rp
/ da/ db (ypB(x,0;a,b)\"
ol am—pp . hn—rp

cr,({EeE; W)E9(€) > A} N B(0;, K, 1))

pyTsP

< o [rP /5d_b B B(0; 2k, 0)\" T\
: a B\ b

by Lemma 6.5, for rp < n. If rp = n we get an extra factor (log(l/l))l_p that is
to our advantage. It follows at once that

/‘“’dk /Mﬂ< Crrp({€ € EsWRA(E >>A}nB<o;k,l>))p"1
(6.11) :

and hence

Jont | fem—pp - [

- % dk; 2ME d db ~vBB(0; 2k, b) (0
C- . l Lm—pp . pn—rp pr,p( )
/2M 21

for some Jyp > 0. Estimating Wg’%}f in the same way, combining (6.9) with (6.10)
and (6.11) and interchanging the roles of k& and [ finally proves the theorem. o

Remark. Theorem 6.13 is not true for sets that are close to the hyperplanes
R™ x {so} or {xo} x R™. To see this take E C R™ X {so} such that E is (p,p)-
thin at & in R™ and £ is a limit point of E. By Theorem 6.4(i) there exists
w € M, such that
W (&) <v < liminf Wi ().

E—&, £€E PTP

The open set G = {¢; Wlﬁfr‘;p( ) > v} isnot C5 . -thin at § by the last part of

the proof of Theorem 6.7, since it contains F \ {{p} near &y, but clearly
WHO (&) <v < liminf WHO (€). o

psTsP €5y £€G PP
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