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Abstract. We give a simple argument showing that two quasi continuous functions that
agree almost everywhere coincide in fact quasi everywhere.

1. Introduction

By a capacity on a topological space X we understand a countably subad-
ditive, monotone set function C defined on the subsets of X with values on the
interval [0,∞] such that C (∅) = 0. Moreover, a capacity C is called an outer

capacity if

C (A) = inf{C (G) : G is open and A ⊂ G}.

Furthermore a function f : X → R is termed C -quasi continuous if for each ε > 0
there is a set G ⊂ X such that C (G) < ε and the restriction to X \ G of f is
continuous. Evidently, G can be chosen to be open if C is outer. See [F] for
properties of abstract capacities and quasi topologies.

An example of an outer capacity is the p-capacity cap
p

on Rn :

cap
p
(E) = inf

∫

Rn

(

|∇ϕ|p + |ϕ|p
)

dx,

where the infimum is taken over all Sobolev functions ϕ ∈ W 1,p(Rn) such that ϕ ≥
1 a.e. on an open neighborhood of E . In that case it is well known (see [AH], [DL],
[HKM], [MK]) that cap

p
-quasi continuous functions enjoy the following uniqueness

property: Let f and g be cap
p
-quasi continuous functions on an open set Ω ⊂

Rn such that f = g almost everywhere on Ω (w.r.t. Lebesgue measure). Then
f = g cap

p
-quasi everywhere on Ω. These proofs are based on fine properties of

capacitary potentials. Recall that a property is said to hold C -quasi everywhere

if it holds except on a set E with C (E) = 0. Our purpose in this note is to give
an elementary and short proof in the abstract setting:

1991 Mathematics Subject Classification: Primary 31C15, 31C45, 31D05, 46E39.

The research is financed by the Academy of Finland.



262 Tero Kilpeläinen

Theorem. Suppose that C is an outer capacity on X and µ is a nonnegative,

monotone set function on X such that the following compatibility condition is

safisfied: if G is open and µ(E) = 0 , then

C (G) = C (G \ E).

Let f and g be C -quasi continuous functions on X such that

µ
(

{x : f(x) 6= g(x)}
)

= 0.

Then f = g C -quasi everywhere on X .

Remarks. It is clear from the definition that the usual capacities associated
with Sobolev spaces, the p-capacity cap

p
in particular, and the Lebesgue measure

satisfy the compatibility condition.
Moreover, the proof does not make use of the subadditivity of the capacity.
Proof. Fix ε > 0 and choose an open set G such that C (G) < ε and that

the restrictions to X \ G of f and g are continuous. Thus, by topology, there is
an open subset U of X with

U \ G = {x /∈ G : f(x) 6= g(x)}.

Since both U and G are open and since µ(U \G) = 0, the compatibility condition
implies that C (G ∪ U) = C (G) < ε . The theorem follows since

{x : f(x) 6= g(x)} ⊂ G ∪ {x /∈ G : f(x) 6= g(x)} = G ∪ U.
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