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Abstract. We investigate equations of the form (1.1) that possess solutions which have a
Borel exceptional value at zero.

1. Introduction

For n > 1 consider the nonhomogeneous linear differential equation
(1.1) F 4+ Py (2)fY 4+ Po(2) f = H(z)

where Py(z), Pi(2),...,P,—1(2) are polynomials (FPy(z) # 0), and H(z) # 0 is
an entire function. It is well known that every solution f of equation (1.1) is an
entire function.

For an entire function f, we let o(f) denote the order of f, and when f # 0,
we let A\(f) denote the exponent of convergence of the sequence of zeros of f.
Several authors have recently investigated the possible values of o(f) and A(f)
when f is a solution of an equation of the form (1.1).

In this paper we investigate equations of the form (1.1) which possess solutions
f satistying

A(S) < o(f),

i.e., solutions which have a Borel exceptional value at zero.

1991 Mathematics Subject Classification: Primary 34A20.
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2. Main results

Most of our results concern equations of the form (1.1) where H(z) satisfies
AMH) < o(H) < co. These are equations of the form

(2.1) PR Pn_1(2)f(”_1) + o+ Py(2)f = h(z)eQ(Z)

where n > 1, Py(z), Pi(2),...,P,—1(2) are polynomials (Py(z) # 0), h(z) Z 0
is entire, and @(z) is a nonconstant polynomial, such that

(2.2) A(h) = o(h) < deg Q.

We need some notation for equation (2.1). Set f =deg@ > 1, and let b # 0
be the constant satisfying

(2.3) Q) = %bzﬂ T

Let dj = deg Py, for 0 < k < n, where we set P,(z) = 1. Let A be the leading
coefficient of P :

Py(z) = Apz™ + - -

Set
(2.4) T = orgnl?%(n{dk +k(B—1)}.
For each 0 <k <mn, let A} be the constant defined by

AZ:{Ak if d+k(B—1)=r1

0 otherwise.

Now let S(t) be the polynomial defined by
(2.5) S(t) = Atk
k=0

We use the above notation in the results below.

Theorem 1. For equation (2.1), suppose that the constant b in (2.3) is a
zero of multiplicity m > 0 of the polynomial S(t) in (2.5). Then equation (2.1)
can admit at most m+1 linearly independent solutions f satisfying A(f) < o(f).
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The number “m + 1”7 in Theorem 1 cannot be replaced with any integer less
than m + 1; see Examples 1 and 2 in Section 3. In particular, Example 2 shows
that for any given choice of the integers m and n (0 < m < n, n > 1), it is
possible to obtain exactly m + 1 solutions as described in Theorem 1. Hence
Theorem 1 is sharp for all possible values of m and n. On the other hand, in
the statement of Theorem 1, the words “can admit at most” cannot be improved
upon in general because there exist equations of the form (2.1) that do not possess
m + 1 solutions as described in Theorem 1; see Examples 9 and 10 in Section 3
and Corollary 3 below.

A natural question is: which equations of the form (2.1) have the property
that every solution f of the equation satisfies A\(f) < o(f)? Theorem 2 and
Corollary 1 below completely characterize these equations.

Theorem 2. Every solution f of equation (2.1) satisfies A(f) < o(f) if and
only if S(t) = (t—0b)".

We obtain the following result from Theorem 2 and the definition of S(t)
in (2.5).

Corollary 1. Every solution f of equation (2.1) satisfies A\(f) < o(f) if and
only if

n

Py(z) = (k) (=b)nk (n=R)B=D for each k =0,1,...,n —1,

where b and (3 are given in (2.3).

Thus Corollary 1 gives the necessary and sufficient conditions on the coeffi-
cients in (2.1), so that every solution f of (2.1) satisfies A(f) < o(f). Examples 3
and 6 in Section 3 illustrate Theorem 2 and Corollary 1.

We also mention the following result, which is a corollary of Theorem 1, the
definition of S(¢), and Theorem 2.

Corollary 2. If equation (2.1) possesses n + 1 linearly independent solu-
tions f1, fa,..., fn+1, satisfying A(fx) < o(fx) for k=1,2,...,n+ 1, then every
solution f of the equation satisfies A\(f) < o(f).

Corollary 2 can also be proved by using Theorem 4 below.

In the case when S(b) # 0 for equation (2.1), it follows from Theorem 1 that
every solution f of (2.1) satisfies A\(f) = o(f) with at most one exceptional solu-
tion fp. The next result gives information about such an exceptional solution fj.

Theorem 3. Suppose that S(b) # 0 for equation (2.1). Then every solution
f of (2.1) satisfies A\(f) = o(f) with at most one exceptional solution fy. For
such an exceptional solution fy, the following statements hold:

(i) If h(z) is transcendental, then A(fo) = A(h) < o(fo)-
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(ii) If h(z) is a polynomial, then degh > T where T is the constant in (2.4), and
fo has the form fo = ge? where Q is the polynomial in (2.1) and g is a
polynomial satisfying degg = degh — 7.

Examples 4, 5, 6, and 7 in Section 3 illustrate Theorem 3. Examples 5, 6,
and 7 show that the condition “S(b) # 0” cannot be deleted from the hypothesis
of Theorem 3.

We obtain the following result from Theorem 3(ii), and it gives examples
of equations of the form (2.1) which do not possess any solutions with a Borel
exceptional value at zero.

Corollary 3. Suppose that S(b) # 0 for equation (2.1) where h(z) is a
polynomial. If degh < 7, then every solution f of (2.1) satisfies A(f) = o(f).

It is easy to construct examples of Corollary 3. The converse of Corollary 3
does not hold; see Example 11 in Section 3.
In [9, Theorem 3.1], Laine considered equations of the form (2.1) where h(z)
is a polynomial, and where the following conditions are satisfied:
do

d
kk<ﬁ—1 fork=1,2,...,n—1, and fB<1+—2.
n

(2.6)

For these equations we have S(t) = Ay where Ay is the leading coefficient of Py(z).
Hence S(b) = Ay # 0, and so we can apply Theorem 3(ii) and Corollary 3 to
these equations. By using Theorem 3(ii) and Corollary 3, a different proof of [9,
Theorem 3.1] can be given.
Furthermore, by using Theorem 3(ii) and Corollary 3, it can be shown that
if, in [9, Theorem 3.1], the condition (2.6) is replaced by the weaker condition
d d d
P20 for k=1,2,...,n—1, and 5<1—1——0,
n—k~ n n
then [9, Theorem 3.1] still holds.

Now consider equations of the form (2.1) where the following condition holds:

dy,
(2.7) f>1+ ogglgii—l n—k

For these equations we have S(t) = t™. Thus S(b) = b™ # 0, and so we can apply
Theorem 3 and Corollary 3 to these equations.

Gao [4, Theorem 1] considered equations of the form (2.1) where h(z) is a
polynomial and where (2.7) holds. By using Theorem 3(ii) and Corollary 3, a
different proof of [4, Theorem 1] can be given.

In [1, Theorem 1(iii)], Chen and Gao showed that if (2.7) holds for equa-
tion (2.1), then every solution f of (2.1) satisfies A(f) = o(f) with at most one
exceptional solution fy. For such an exceptional solution fy, they showed that
A(fo) = A(h). These two statements follow from Theorem 3.

We use the next result as a lemma, although it has independent interest.
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Theorem 4. If f is a solution of (2.1) satisfying A\(f) < o(f), then f has
the form
f=ge?

where @) is the polynomial in (2.1), and g is an entire function satisfying o(g) <
deg Q).

Regarding Theorem 4, the result of Frank and Hellerstein [2] gives very specific
information when f is a solution of (2.1) that has only finitely many zeros, where
h(z) is a polynomial in (2.1), and where Q(z) is allowed to be any entire function.

We now consider equations of the form (1.1) which do not have the form (2.1).
The next result is a consequence of Theorems 1 and 2 in [3].

Theorem A. If H(z) in equation (1.1) satisfies A\(H) = o(H) < oo, then
every solution f of (1.1) satisfies A\(f) = o(f).

For the case when p(H) = 0o, we prove the following result.

Theorem 5. If H(z) in equation (1.1) satisfies o(H) = oo, then every
solution f of (1.1) satisfies A(f) = o(f) = oo with at most one exceptional
solution fg.

It is possible to have an exceptional solution fy in Theorem 5. In fact, it is
possible to have an exceptional solution fy in Theorem 5 for each of the following
three cases: (i) AM(H) = 0 < o(H) = o0, (ii)) 0 < MH) < o(H) = o0, and
(iii) A(H) = o(H) = oo; see Example 8 and the discussion before Example 8 in
Section 3. The result of Frank and Hellerstein [2] gives very specific information
for the particular case when f; is an exceptional solution in Theorem 5 under the
conditions that both fy and H(z) have only finitely many zeros.

In this paper a meromorphic function always means meromorphic in the whole
complex plane. We assume the reader is familiar with the standard definitions and
results of Nevanlinna theory (see [8]). Throughout the paper we make the following
two notations:

(i) We let D C [0,00) denote a set of finite linear measure, where the set D
may not necessarily be the same set each time it appears.

(ii) We let E = Ey U [0,1] where Ey C (0,00) is a set of finite logarithmic
measure, where the set ¥ may not necessarily be the same set each time it appears.

3. Examples

In this section we give examples to illustrate our theorems. Some of these ex-
amples show the sharpness of our theorems, while others exhibit some possibilities
that can occur. We use the notations for b, 5, 7, and S(¢) given in Section 2.
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Example 1. The three linearly independent functions f; = e*, fo = ze?,
fs = z2e* are solutions of the equation

(3.1) FO —2f" 4 (22 = 22+ 1) f" 4+ (=222 + 22+ 2) f' + 22 f = 267,

For equation (3.1) we have =1, 7=2, b=1,and S(t) = (t—1)2. Thus b= 1
is a double zero of S(t¢). This example shows that it is possible to obtain exactly
m + 1 solutions as described in Theorem 1.

In general, the next example shows that for any given choice of the integers
m and n (0 <m <n, n > 1), there exist equations of the form (2.1) that possess
exactly m + 1 solutions as described in Theorem 1. Hence Theorem 1 is sharp for
all possible values of m and n.

Example 2. First we consider the case when m = 0 in Theorem 1. Let n > 1
be an integer. For some polynomial P(z) # 0, the function fi(z) = exp{32?}
will be a solution of the equation

(3.2) fM 4 2n f = P(2) exp{%zg}.

For equation (3.2) we have =2, 7 =n, b =1, and S(t) = t" + 1. Thus
S(b) =2 # 0 and m = 0 in Theorem 1. Hence from Theorem 1, equation (3.2)
can admit at most one solution f satisfying A(f) < o(f). Since fi(z) = exp{32%}
is a solution of (3.2) satisfying A(f1) < o(f1), this shows that Theorem 1 is sharp
when m =0 and n > 1.

Next we consider the cases when m > 1 in Theorem 1. Let m and n be
integers satisfying 1 < m < n. Consider the equation

m—1
(3.3) O 4 kz_o (ZL) (—z)m_kf(k) = exp{%zQ}.

For equation (3.3) we have f =2, 7=m, b=1, and S(t) = (¢t —1)™. Hence
from Theorem 2, every solution f of (3.3) satisfies A(f) < o(f). It follows that
there exist m+1 linearly independent solutions f1, fa, ..., fm41 of (3.3) satisfying
A fr) < o(fx) for k=1,2,...,m+1.

By differentiating equation (3.3) n — m times, we obtain an equation of the
form

(34) F 4 Byoi(2) fY 4 4 Bo(2) f = D(2) exp{ 2%}

where D(z) # 0 is a polynomial, and By(z), B1(2),. .., Bn—1(2) are polynomials
satisfying

deg B, <n—k when 0 < k<n—-—m—1,

Bk(z):(k_zl_i_m)(—z)”_k—l—--- whenn—m<k<n-—1.
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For equation (3.4) we have =2, 7 =n, b=1, and
S(t)y=t"""t—-1)".

Since b = 1 is a zero of multiplicity m of S(t), we obtain from Theorem 1
that equation (3.4) can admit at most m + 1 linearly independent solutions f
satisfying A(f) < o(f). On the other hand, the functions fi, fa,..., fim+1 are
exactly m + 1 linearly independent solutions of (3.4) satisfying A(fx) < o(fx) for
k=1,2,...,m+ 1. Hence for equation (3.4), we obtain exactly m + 1 solutions
as described by Theorem 1. This shows that Theorem 1 is sharp for all m and n
satisfying 1 < m < n. Since we also showed that Theorem 1 is sharp when m = 0
and n > 1, this proves that Theorem 1 is sharp for all possible values of m and n.

The next example illustrates Theorem 2 and Corollary 1.

Example 3. The function fo(z) = exp{z + 2*} satisfies the equation

(3.5)  fH(z—823)f +(162° — 42t —122% + 2)f = (22 + 1) exp{z + 2*}.

24

Now set w(z) = g(z)e* where g is any solution of the equation

(3.6) g’ + 29" + 29 = 0.
Then w satisfies the corresponding homogeneous equation to (3.5):
w” 4 (2 — 823w’ 4 (162° — 42* — 1222 + 2)w = 0.

It follows that every solution f of (3.5) has the form

(3.7) f(z) = w(z) + fo(z) = (g9(z) +€*)e”

where ¢ is a solution of (3.6). From Lemma 3 in Section 5, it follows that every
solution g of (3.6) satisfies p(g) < 2. Hence from (3.7), every solution f of (3.5)
satisfies

A(f) <2<o(f) =4

For equation (3.5) we have 3 =4, 7 =6, b=4, and S(t) = (t — 4)?. This is an
example of Theorem 2 and Corollary 1.

Examples 4, 5, 6, and 7 below illustrate Theorem 3. Examples 5, 6, and 7
show that the condition “S(b) # 0” cannot be deleted from the hypothesis of
either Theorem 3(i) or Theorem 3(ii). In contrast with Theorem 3(i), Examples 5
and 6 show that there exist equations of the form (2.1) where S(b) = 0, which
possess a solution f satisfying 0 < A(h) < A(f) < o(f).
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Example 4. Let g be the transcendental entire function defined by
= 1
g(z) - Zanz”, Ap =
n=1

nn*’
Then p(g) = 0 = limnlogn/log(1/|ay|) (see [13, p. 253]). Now let h be the entire
function defined by

(3.8) h=g"+ 224+ 1)g + (22 + 2+ 1)g.

If h were a polynomial, then it would follow from equation (3.8) that [14, pp. 106—
108] either o(g) > 0 or g is a polynomial, which is a contradiction. Hence h is
transcendental. Since o(g) = 0, it follows from (3.8) that o(h) = 0.

Now consider the equation

(3.9) f'+ f' 427 f = h(z) exp{32°}
For equation (3.9) we have 3 = 2, 7 = 2, b = 1, and S(¢) = t> + 1. Thus
S(b)=2#0.

Now set fo(z) = g(2) exp{52%}. From (3.8) we obtain that fy is a solution
of equation (3.9). We have A(fy) =0 < o(fo) =2 and A(fy) = A(h) = 0. This is

an example of Theorem 3(i).

Example 5. For any constant c,
fe(z) = (cez2 + e+ 1)623
satisfies the equation
(3.10) f"—(92* 412234422 46242) f = [(—1223 4227 —1)e” — (1224427 +2)] .

If ¢ # 0, then (3.10) is an equation of the form (2.1) which possesses the solution
fe, such that

0 < A(h) <A(fe) < o(fe)-

For equation (3.10) we have 8 =3, 7 =4, b= 3, and S(t) =t*—9. Here b = 3 is
a simple zero of S(¢). This example shows that the condition “S(b) # 0” cannot
be deleted from the hypothesis of Theorem 3(i).

Example 6. The function f(z) = (ez2 +e* + 1)eZ3 satisfies the equation

(3.11) f"— (622 + 22+ 1)f + (92* +62° + 322 — 42— 2) f = (—2¢ + 22— 2)¢* .

Thus like Example 5, this is an example of an equation of the form (2.1) which
possesses a solution f satisfying 0 < A(h) < A(f) < o(f).

However, there are some differences with Example 5. For equation (3.11)
we have 3 =3, 7 = 4, b = 3, and S(t) = (¢t — 3)2. Thus from Theorem 2,
every solution f of equation (3.11) satisfies A(f) < o(f). In contrast, it follows
from Theorem 2 that this property does not hold for equation (3.10), because
S(t) =t* —9 for (3.10).
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Example 7. The function f(z) = (2% + z)e® satisfies the following two
equations:

(3.12) f7 A zf + f = (2 823 + 1627 + 222 + 9)e?,
(3.13) f A zf = 2f = (72° + 1522 + 212 4 9)e”.

For equation (3.12) we have 3 =1, 7 =1, degh =4, b=1, S(t) =2, and
S(b) =1 # 0. This is an example of Theorem 3(ii).

For equation (3.13) we have 3 =1, 7 =1, degh=3, b=1, S(t) =t> -1,
and S(b) = 0. In this example, the conclusion in Theorem 3(ii) does not hold.
Hence this example shows that the condition “S(b) # 0” cannot be deleted from
the hypothesis of Theorem 3(ii).

We next note [2, p. 409] that

folz) = exp{/ exp(t?) dt — 22}
0
is a solution of the equation

J 41— 2)f = d2f = fo(z)e*

(Note: the term —4zf in this equation seems to be written incorrectly as —8zf
on page 409 of [2].) This is an example of an exceptional solution fy in Theorem 5
where A(H) =0 < o(H) = co. We note that this function fy(z) also satisfies the
equation

F7 A= 2 f = 32f = fo(2)(F + 2),

which is an example of an exceptional solution fy in Theorem 5 where 0 < A\(H) <
o(H) = 0o. The next example gives an exceptional solution f in Theorem 5 where
AH) = o(H) = ox.

Example 8. Let P(z) # 0 be any polynomial, and consider the equation

(3.14) "4 P = H(2)
where
(3.15) H(z) = [P(2) + (e** + e)et + eQZe%z] exp{e® }.

The function fy(z) = exp{e® } satisfies equation (3.14), and obviously A(fy) =
0 < o(fo) = o0.

Since o(H) = oo, fo is an example of an exceptional solution in Theorem 5.
We now prove that A(H) = co.
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In (3.15) we set
(3.16) G(z) = (6% + e%)e + ¥ .

Since (see [8, p. 7])

e €
(3.17) T(r,e®) = (140(1)) N
as r — o0, it can be deduced that
(3.18) T(r,G) = (2 + o(1)) -
V2r3r
as r — oo. From (3.16) we see that
(3.19) N(r,0,G) =N(r,0, e +1+ e ?).

z

We now apply Lemma 4 in Section 5 with F'(z) = e® , a1(z) =0, and as(z) =
—1 —e %, and use (3.17) to obtain that

z

(3.20) N(r,0,e® +1+e*) = (1+0(1))T(r,e)
as 7 — 00, 7 ¢ D. Hence from (3.20), (3.19), (3.18), and (3.17),
(3.21) N(r,0,G) = 3(1+0(1))T(r,G)

as 7 — 00, 7 ¢ D. From (3.15) and (3.16),

(3.22) N(r,0,H) = N(r,0,G + P).

Since P(z) # 0 is a polynomial, and since (3.18) holds, we can again apply
Lemma 4 with F(z) = G(z), ai1(z) = 0, and as(z) = —P(z), and use (3.21)
to obtain that

(3.23) N(r,0,G+P) > 1(1+40(1))T(r,G)

as v — oo, r ¢ D. From (3.23), (3.22), and (3.18), it follows that A\(H) = oo,
which is what we wanted to prove.

Since A(H) = oo and A(fp) = 0, this example also shows that the words
“finite order” cannot be deleted from Lemma 9 in Section 5.

In contrast to Examples 1 and 2, the next two examples give equations of the
form (2.1) that do not possess m + 1 solutions as described in Theorem 1. This
shows that in the statement of Theorem 1, the words “can admit at most” cannot
be improved upon in general.
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Example 9. Consider the equation
(3.24) "+ (=% =324+ 2)f =2 exp{%zd‘}.

For equation (3.24) we have 3 =4, 7 =6, b=1,and S(t) =t>—1,andso b= 1
is a simple zero of S(¢). Thus from Theorem 1, it follows that equation (3.24)
can admit at most 2 linearly independent solutions f satisfying A(f) < o(f).
However, we now show that there exists exactly one solution f of (3.24) that
satisfies A\(f) < o(f).

First note that f1(z) = exp{3z*} is a solution of (3.24). We now show that
if f is any solution of (3.24) where f # f1, then A(f) = o(f).

Assume the contrary. Suppose that there exists a solution fo of (3.24) satis-
fying A(f2) < o(f2) and fo # f1. From Theorem 4 we obtain that

fa=9(2) exp{%zll} where ¢ is entire and o(g) < 4.
Set F(z) = fi(2) — f2(z). Then F = (1 — g)exp{32z*} = G exp{;2*} where
(3.25) o(G) < 4, G #0.
Moreover, F' is a solution of the homogeneous equation
(3.26) fr 4+ (=2 =322 +2)f =0.

Substituting F = G exp{3z*} into (3.26), we find that w = G(z) is a solution of
the equation

(3.27) w” + 223w + zw = 0.

Obviously, equation (3.27) does not admit any nontrivial polynomial solutions.
Furthermore, all transcendental solutions of (3.27) are of order 4 (see [7, The-
orem 1(i)]). Thus either G = 0 or o(G) = 4, which contradicts (3.25). This
contradiction shows that such a solution fs of (3.24) cannot exist. Therefore,
there exists exactly one solution f of (3.24) satisfying A(f) < o(f).

Example 10. Consider the equation
(3.28) =22+ (=2 = 922) f' + (27 + 32°) f = h(2) exp{Liz'}

where h(z) # 0 is any entire function satisfying o(h) < 4. For equation (3.28) we
have 3 =4, 7=9,b=1,and S(t) =t3—t*—t+1=(t—1)%*(t+1). Since b=1
is a double zero of S(t), it follows from Theorem 1 that equation (3.28) can admit
at most 3 linearly independent solutions f satisfying A(f) < o(f). However, we
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now show that there cannot exist more than one solution f of (3.28) that satisfies

A(f) <olf)-

We proceed as in Example 9 and assume the contrary. Suppose that there
exist two solutions f1, fo, of (3.28) satisfying A(f;) < o(f;) for i = 1,2, and
f1 #Z fo. From Theorem 4 we obtain that

fi=g: exp{%z‘l} where g; is entire and  o(g;) < 4, i =1,2.

Set F'(z) = f1(2) — f2(z). A contradiction can now be deduced by using the same
reasoning as in Example 9. This contradiction shows that there can exist at most
one solution f of (3.28) satisfying A\(f) < o(f).

The next example shows that the converse of Corollary 3 does not hold.

Example 11. Consider the equation
(3.29) f'+zf = 22e

For equation (3.29) we have 3 = 2, 7 = 2, degh = 2, b = 2, S(t) = t?, and
S(b)=4#0.

Suppose that fp is a solution of (3.29) satisfying A(fo) < o(fo). Then from
(3.29) and Theorem 4, fo(z) = go(z)e* where g = go(z) is an entire function
satisfying the equation

(3.30) g+ 4z’ + (422 + 2+ 2)g = 22,

and o(go) < 2. If go is transcendental, then by applying the Wiman—Valiron
theory (see [14, pp. 105-108]) to equation (3.30), it can be deduced that o(go) = 2,
which is a contradiction. Hence gy must be a polynomial. But this is impossible
from inspection of (3.30). This contradiction proves that the assumption A(fy) <
o(fo) does not hold.

Therefore, every solution f of equation (3.29) satisfies A(f) = o(f). Since
S(b) # 0 and deg h = 7 for equation (3.29), this shows that the converse of
Corollary 3 does not hold.

4. Proof of Theorem 4

Let f be a solution of (2.1) satisfying A(f) < o(f). Since o(f) < oo from
Lemma 6 in Section 5, it follows that f has the form

(4.1) F(2) = u(z)e)

where u(z) # 0 is an entire function and R(z) is a nonconstant polynomial, such
that

(4.2) o(u) < deg R.
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With §=deg@ in (2.1), we set
(4.3) Q(z)=cz’ +---
where ¢ # 0. Then by substituting (4.1) and (4.3) into (2.1), we obtain an equation

of the form

B

(4.4) A(2)ef?) = B(z)e

where A(z) is a polynomial in z,u,v/,...,u™ R R", ...,R™  and B(z) #0 is
an entire function satisfying

(4.5) o(B) < B.

Since R(z) is a polynomial, and since (4.2) holds, it follows that
(4.6) 0o(A) < deg R.

Therefore, from (4.6) and (4.5), we can deduce from (4.4) that deg R = 8 and
R(z) = cz? + ---. Theorem 4 now follows from (4.3), (4.2), and (4.1).

5. Lemmas

In this section we give lemmas which are used in the proofs of Theorems 1, 2,
3, and 5.

In the following lemma we use the definitions of 3, b, 7, and S(¢) in (2.3),
(2.4), and (2.5).

Lemma 1. Let f be a solution of equation (2.1), and let Q)(z) be the
polynomial in (2.1). Then g = fe~@ satisfies an equation of the form
(5.1) 9™+ an_1(2)g" Y+ ap(2)g = h(2)

where h(z) is the function in (2.1), and where each ay(z) is a polynomial satisfying

degap <7 —Fk(6—1) and

(5.2) (k)
S (b) LTk 4L

k = —

k!

Proof. Since f = ge?, we obtain by induction that for each p =1,2,...,n,

P
(5.3) ) = (g(p) +pQ g + Z{(?) (@) +Hj—1(Ql)} g(p—j))eQ,

J=2
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where H;_1(Q’) is a differential polynomial of total degree at most j — 1 in
Q',Q",Q", ..., with constant coefficients.
Substituting (5.3) into equation (2.1) we obtain that g satisfies an equation
of the form (5.1), where the coefficients ag(z),...,a,—1(2) take the form
an—l — Pn—l + nQ/7
(5.4) j+k

n—k
ap =P+ (k+1)QPepa+ > K j

=2

) Q') + H;—1(Q")| Pjtr,

for k=0,1,...,n — 2. Here we set P,(z) = 1. Recalling the definition of A} in
Section 2, we can write Py(z) in the form

(5.5) Pu(z) = Ajz7 P ...k =0,1,...,n.
By inspection of the leading term of each aj(z) in (5.4), we obtain (5.2) from
(5.5), (2.3), and the definition of S(¢) in (2.5). This proves Lemma 1.

Lemma 2 [5]. Let f be a transcendental meromorphic function of finite
order g, let k and j be integers satisfying k > j > 0, and let € > 0 be a given
constant. Then

‘f(k)(Z)

0(z)
Lemma 3 [10, p. 127]. If f is a solution of the equation
PR Pn_1(2)f(”_1) +-+Py(2)f=0
where each Py(z) is a polynomial (Py(z) #0), then

deg Py
<1 .
off) < 14 amax ==

< ‘Z‘(k—j)(g—lﬂ%), 2| ¢ E.

Lemma 4 below is essentially the three small functions theorem of Nevanlinna,
because it can be proved by using the proof of Theorem 2.5 on pp. 47-48 of [§]
together with a Mdbius transformation. Although there are more general forms of
the small functions theorem (see [11, 12]), Lemma 4 is in a form that is suitable
for our purposes.

Lemma 4. Let F(z) be a nonconstant meromorphic function, and suppose
that a1(z) and as(z) are two distinct meromorphic functions satisfying

T(r,a)
lim =0 k=1,2
e T(r,F) ’ »

rel

where I is some set of infinite linear measure. Then
(1+0(1)T(r,F) <N(r,F) +N(r,0,F —a;) +N(r,0, F — as)

asr—oo, rel\D.
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The next lemma combines the method of reduction of order for linear differ-
ential equations with estimates of logarithmic derivatives. See Lemmas 6.4 and
6.5 in [7].

Lemma 5 [7]. Let fo1,..., fom, fom+1 (m >1) be m+1 linearly indepen-
dent meromorphic solutions of an equation of the form
Y™+ Ag o1 (2)y" T 4 Ago(2)y = 0, n>m-+1,
where A o(z),...,Aon—1(2) are meromorphic functions. For ¢ =1,2,...,m, set

/
(5.6) = (B oz
fq—l,l

Then for each g = 1,2,...,m, the function f, is not identically zero and is a
solution of the equation

(5.7) y(n—q) + Aq,n_q_1(z)y(”_q_1) N qu(z)y =0,

where

Aas(2) = n_zqfl < ‘ )Aq—l,k(z>m

for j =0,1,...,n—q— 1. Here we set Ay n—i(2) =1 for k=0,1,...,q.
Moreover, suppose that for each j, j = 0,1,...,n — 1, there exists a real

number 1y ; such that

(5.8) [ Ao (2)] < 2™, |z| € E.

Suppose further that o(fo ;) < oo for each j, and set o9 = maxi<j<m+1{0(fo,;)}-
Let € > 0 be any given constant. Considering equation (5.7) when ¢ = m, we
have for j =1,2,....n—m — 1,

(5.9) [Am ()] <z, 2] ¢ E,

where

(5.10) Tm,j = m—g'lgi(gn{m’k +(k—m—7)(00 — 1) + ¢},
while for A,, o(z) we have

(511) Am’o(Z) = A()’m(Z) + Gm<2),

where G,,(z) satisfies

(5.12) Gm(2)] < [2]™, 2] ¢ B,

where

(5.13) T = mf@i{gn{mk + (k—m)(oo — 1) +¢€}.

Lemma 6. Every solution f of equation (1.1) satisfies

(5.14) o(H) < o(f) < maX{Q(H), 14+ max degp’“}.

0<k<n—-1 n—£k

Theorem 1(i) and Theorem 2(i) in [1] are corollaries of Lemma 6.



444 G.G. Gundersen, E.M. Steinbart, and S. Wang

Proof of Lemma 6. The first inequality o(H) < o(f) in (5.14) follows easily
from an elementary order consideration on both sides of equation (1.1).

To prove the second inequality in (5.14), we let f1, fo, ..., fn be a fundamental
set of solutions of the corresponding homogeneous equation of (1.1). Then from
Lemma 3,

deg Py

. ) < =1,2,...,n.
(5.15) ofy) <14 max —==n j=12...n

From the well-known method of variation of parameters, there exist n entire
functions A;(z), A2(2), ..., An(z), satisfying

(5.16) o(4;) < max{o(H),o(f1),....0o(fn)},  J=12,....n,

such that

(5.17) fo=Aifi+Asfo+ -+ Aty

is a solution of equation (1.1); see [10, pp. 144-145]. From (5.17) and (5.16),
(5.18) o(fo) < max{o(H), o(f1),---,o(fn)}-

Now let f be any solution of equation (1.1). Then f can be represented in
the form

(5.19) f=fotafi+ - +cnfn,

where ¢4, ca, ..., ¢, are constants. Thus from (5.19), (5.18), and (5.15), we obtain

Q(f)gmax{g(H),l—l— max deng}’

0<k<n—-1 n—£k

which is the second inequality in (5.14). This proves Lemma 6.

Remark. The Wiman—Valiron theory can be used to give an alternate proof
of Lemma 6.

Lemma 7 [6]. Suppose that U(r) and W (r) are monotone nondecreasing
functions on 0 < r < oo such that U(r) < W(r) for r ¢ E. Then for any given
constant « > 1, there exists a constant R = R(a) > 0 such that U(r) < W{(ar)
for all r > R.

Lemma 8. If g and h are entire functions satisfying o(g) > o(h), then there
exists a set J C (0,00) that has infinite logarithmic measure such that

(5.20) M(r,h) < M(r,g), reJ.

Here M(r,h) denotes the usual maximum modulus function: M(r,h) =
max| ;| |1(z)].
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Proof. Suppose that (5.20) is not true. Then
M(T7Q)SM(T7h)7 Tg—fE

By applying Lemma 7 with U(r) = M (r,g) and W (r) = M(r,h), we obtain that
there exists a constant R > 0 such that

M(r,g) < M(2r,h), r> R.
But this implies o(g9) < po(h), which contradicts o(g) > o(h). This proves
Lemma 8.
The next result was proved by Gao in [3]. We provide a different proof.

Lemma 9. Let H(z) # 0 be an entire function of finite order. Then any
solution f of equation (1.1) satisfies A\(f) > A\(H).

Proof. Since p(H) < oo, we obtain from Lemma 6 that o(f) < co. Hence

f)
(5.21) m(r,T) = O(logr), k=1,2,...,n,
as r — 0o. Since f satisfies (1.1), we have
! (n—1) (n)
(5.22) ?:Po(z)+P1(z)f7-I—---—I-Pn_l(z)f 7 —l—ff :

It follows from (5.22) and (5.21) that

m(r, ?) — O(logr).

Then by using the first fundamental theorem, we obtain

oo=r(e)-a(.d) r(4) o ()
:N(T’?) _N<r’£) +m<r’?) = N(T,%) —N<r%) +O(logr),

which gives
1 1
N(r, ?) > N(r, ﬁ) — O(logr).

Hence A(f) > A(H), which proves Lemma 9.

Remark. The words “finite order” cannot be deleted from Lemma 9; see
Example 8 in Section 3.
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6. Proof of Theorem 1

Assume the contrary, i.e., suppose that an equation of the form (2.1) possesses
m—+2 linearly independent solutions f1, fa,. .., fint2, satisfying A(fx) < o(fx) for
kE=1,2,....,m+ 2. Then from Theorem 4, we have

(6.1) fr = gre®, where o(gy) <degQ =0, k=1,2,...,m+2.

It is easy to see that g1, g2, ..., gm+2 are also linearly independent. From Lemma 1
we obtain that g¢i,92,...,9m+2 are m + 2 solutions of one particular equation of
the form
(6.2) 9™ +an,1(2)g" Y 4+ ap(2)g = h(2),
where ag(z),...,a,—1(2) are polynomials satisfying dega; < 7 — j(8 —1) and
S(])(b) T—3(8-1) .
(6.3) a;j(z) = ——=2"" +--- j=0,1,....,n—1.
!
Now set
(64> fO,](Z) :gj(z)_gm-FQ(Z)? for]:17277m+]-
It follows that fo1,...,fo,m+1 are m + 1 linearly independent solutions of the

corresponding homogeneous equation of (6.2):
(6.5) g™ +an,1(2)g™ ™V 4 ag(2)g = 0.

Since, by hypothesis, b is a zero of multiplicity m of S(¢), we obtain from
(6.3) that

Qi =degay, =17 —m(6—1),

6.6
(6.6) aj :=dega; <7 —j(B—-1), j #m.

For convenience, we set a,(z) = 1 and o, = 0. Denote Ay ;(z) = a;(z) for
j=0,1,...,n. Then by applying Lemma 5 to equation (6.5), we obtain a function
fm.1(2) # 0 that satisfies equation (5.7) when ¢ = m. This gives

(nl—m) n—m—1 f(j)l
6.7 —Ao(z) = 2 4 A,y i (2) 2
(67 o) = TS Ay

From (5.6) we see that

(6.8) o(fm,1) < 0o
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where gy = maxi<j<m+1{0(fo,;)}. Also, from (6.1) and (6.4) we have

(69) o0 < 5
Now let € > 0 be a given small constant. Then
(6.10) Aos ()] < |75, [e| ¢ B, j=0,1,...,n.

We now obtain an estimate for |A,, o(z)| by using equation (6.7), and applying
the estimates in Lemma 2 and (5.9). Specifically, by using (6.8) and Lemma 2,
and also (6.10), (5.8), (5.9), and (5.10), we deduce that

(6.11) [Am,o(2)| < |27, 2| ¢ E,
where
(6.12) n= max A7 +jleo—1+e)},

where 7., n—m = 0, and where for 1 < j <n—-m —1, 7, ; is given by (5.10)
with 79, = o +¢ for m+j <k <n in (5.10). From (6.12) and (5.10), it can be
deduced that

(6.13) n < m+r?g?€(§n{ak + (k—=m)(0o — 1) + (n+2)e}.

Next, from (5.11) we have
(6.14) [Ao,m(2)] < [Am,o(2)] + [Gm(2)]

where G,,(z) satisfies (5.12) and (5.13). From (6.14), (5.12), (5.13), (6.11), and
(6.13), we obtain that

(6.15) [Aom(2)] < |2, 2] € B,
where
(6.16) Q= m+r111§;€<§n{ak + (k—=m)(0o — 1) + (n+ 3)e}.

Now we estimate p in (6.16). By using (6.6) and (6.9), we obtain for each
k=m+1, m+2,...,n,

ap+ (k—=m)(eo—1)+ (n+3)e <7 —k(B—-1)+ (k—m)(eo — 1) + (n + 3)e
(6.17) = apy, + (k —m)(00 — B) + (n + 3)e

< Qm,
when ¢ is chosen sufficiently small. Thus from (6.17) and (6.16),
(6.18) p < Oty

But Ao (2) = am(z), and so deg Ag , = y, from (6.6). Thus (6.18) and (6.15)
give a contradiction. This contradiction proves Theorem 1.
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7. Proof of Theorem 2

Proof of necessity. Suppose that every solution f of (2.1) satisfies A(f) <
o(f). Then equation (2.1) possesses n + 1 linearly independent solutions f, each
satisfying A(f) < o(f). Hence from Theorem 1, b must be a zero of S(t) of
multiplicity at least n. But S(t) is a polynomial of degree at most n. Thus from
(2.5), S(t)=(t—b)".

Proof of sufficiency. Suppose that S(t) = (t —b)™. Then from the definitions
of S(t) and 7 in (2.5) and (2.4), we obtain

(7.1) dp + k(B —1) =T, k=0,1,...,n.

It follows that

(7.2) T=n(f—-1) and dy=(mn—-k)(B—-1) fork=0,1,...,n—1.
Let f be any solution of (2.1). From Lemma 6 and (7.2) we obtain

ﬂgg(f)gmax{ﬁ, 1+ max i }:ﬂ,

0<k<n—1mn —k

which gives

(7.3) o(f) = 6.

Set
(7.4) g=fe .
Then from Lemma 1, g is a solution of an equation of the form
(7.5) 9" 4 an—1(2)g" " 4+ ao(2)g = h(2),
where ag(2),...,a,-1(2) are polynomials satisfying degar < 7 — k(5 — 1) and
(7.6) ak(z):%zT_kw—l)%—u-, k=0,1,...,n—1.
Since S(t) = (t — b)™, we obtain from (7.6) that
(7.7) degap <1 —k(B—1), k=0,1,...,n—1.
From (7.7) and (7.2) we have
(7.8) degar < (n—k)(6—1), k=0,1,...,n— 1.

We now apply Lemma 6 to equation (7.5), and use (7.8) and the fact that
o(h) < (3, to obtain

degak
. < ’
(7.9) o(g9) < maX{Q(h)’ 1+ og%??}fq n—k } <h

However, from (7.4) we have

(7.10) A(f) = AMg) < e(g)-
Hence from (7.10), (7.9), and (7.3), it follows that A(f) < o(f).
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8. Proof of Theorem 3

Since S(b) # 0, it follows from Theorem 1 that every solution f of (2.1)
satisfies A(f) = o(f) with at most one exceptional solution.

Now suppose that fy is such an exceptional solution. Then A(fy) < o(fo),
and from Theorem 4, fy has the form

(81) fO = geQ7
where
(8.2) o(g) < degQ = B.

From Lemma 1, g is a solution of an equation of the form

(8.3) 9™+ an 1(2)g™ Y + -+ ag(2)g = h(2),

where ag(2),...,a,-1(2) are polynomials satisfying degar < 7 — k(5 — 1) and
(k) (p

(8.4) ak(Z)ZST()ZT_k(B_l)+-~-, k=0,1,...,n—1.

Since S(b) # 0, we obtain from (8.4) that
(8.5) degag =7 and degap <71—k(B—-1) fork=1,2,...,n—1.
From equation (8.3) we see that o(g) > o(h). We now prove that o(g) = o(h).

Assume the contrary, and suppose that o(g) > o(h). Then from Lemma 8, there
exists a set J C (0,00) that has infinite logarithmic measure such that

(8.6) M(r,h) < M(r,g), re.Jd.

For each r € J, we now choose a point z, that satisfies |z,| = r and |g(z,)| =
M(r,g). Then from (8.6) we obtain

(8.7)

<1, reJ.

_hz) W) =, 9PE)
(8.8) ao(,zr)_g(%> ) ;; k(zr) O eJ
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We now estimate the right side of (8.8). Set u = p(g), and let ¢ > 0 be a
small fixed constant. Then from Lemma 2, it follows that

(n) n-! (k)

9" (2r) ’g (2r) o
8.9 +§ ar(z, <z, forre J\ E,
(&) ' o) | T2y | = '
where
(8.10) o= 11;1]?§n{degak +k(p—1)+¢}.

Here we set a,(z) = 1. Since p <  from (8.2), it can be seen from (8.10) and
(8.5) that

(8.11) o <max{n(p—1)+e,7+p—B+e}.

Note that 7 > n(8 — 1) from (2.4), and p < 8 from (8.2). Thus if € is chosen
sufficiently small, then we see from (8.11) that

(8.12) o< T.
Now we use (8.7) and (8.9) in (8.8), and obtain
(8.13) lap(zr)| < 14 |27, reJ\E,

where o satisfies (8.12). However, from (8.5), ag(2) is a polynomial of degree T,
which contradicts (8.13) and (8.12). This contradiction proves that

(8.14) o(g) = o(h).

We consider two cases.

Case (i): h(z) is transcendental. From Lemma 9 and (2.2) we have
A(fo) = o(h).
On the other hand, from (8.1) and (8.14) we obtain
A(fo) = Ag) < olg) = o(h).

Thus A(fo) = o(h). Hence from (2.2), A(fo) = A(h). This proves Theorem 3(i).

Case (ii): h(z) is a polynomial. In this case, o(g) =0 from (8.14). Since any
transcendental solution of equation (8.3) has positive order (see [14, pp. 106-108)),
it follows that g is a polynomial. Since § > 1 from (2.3), by inspection of (8.3)
and (8.5) we see that

(8.15) degh > 7 and degg = degh — 7.
From (8.1) and (8.15) we obtain Theorem 3(ii).
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9. Proof of Theorem 5

Suppose that fp is a solution of equation (1.1) satisfying A(fo) < oo. Since
o(H) = oo, we have o(fy) = oo from (1.1). Thus

(9.1) fo(z) = u(z)e?®
where u(z) # 0 and w(z) are entire functions satisfying o(u) < co and p(e") =
0.

Now suppose that f is a solution of (1.1) where f # fp. We now show that
A(f) = oo, which will prove Theorem 5. From (9.1) and (1.1) it follows that

(9.2) f(2) = 9(2) + u(z)e”™®
where g # 0 is a solution of the homogeneous equation
(9.3) g™ + P, 1(2)g™ Y 4 4 Py(2)g = 0.

From Lemma 3 and (9.3), we have p(g) < co. Since g and u are entire, we see
from (9.2) that

u
. —1,—e") < .
(9.4) N(r=1,2e") < N0, )
We now make the assumption that A(f) < co. Set
u(z)
9.5 B(z) = — =€)
(9.5 0 =20

From the second fundamental theorem and (9.5) we obtain
(1+0(1))T(r, B) < N(r, B) + N(r,0,B) + N(r,~1, B)

9.6
(6:6) < N(r.0.g) + N(r.0.u) + N (r, —1, %)
g

as r — 0o, r ¢ D. Then from (9.6), (9.4), and the first fundamental theorem, we
obtain

(9.7) (1+0(1))T(r,B) <T(r,g) + T(r,u) + N(r,0, f)

as  — 0o, r ¢ D. Since p(g) < 00, o(u) < oo, and A(f) < oo, it follows from
(9.7) that there exists a constant « > 0 such that

(9.8) T(r,B) <r®, ré¢ D.

Since a set of finite linear measure is also a set of finite logarithmic measure, we
can apply Lemma 7 to (9.8). We obtain that there exists a constant R > 0 such
that
T(r,B) < (2r)* forallr >R,

which implies that B(z) has finite order. Since ¢ and u also have finite order, it
follows from (9.5) that o(e") < oo, which is a contradiction. This contradiction
proves that our assumption A(f) < oo must be false. Hence A(f) = oo, which is
what we wanted to prove.
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