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Abstract. In this paper we prove that for 0 < p < oo, the norm of a function f in the
Bergman space LP on the unit ball B of C", n > 1, is equivalent to the quantity

uéﬁﬂ@ﬂﬂMW%Wme,

where V and 7 denote the invariant gradient and invariant measure on B, respectively, and

hWDZ%ﬂﬁﬂwluﬁﬂdt

2n—1
z| ten

If n > 1, this result allows us to extend the characterization J, of the Bloch space obtained in
[OYZ, Theorem 2] to the range 0 < p < co. We also get this kind of description of Bloch functions
for n=1.

Moreover, we generalize the result obtained in [CKP] and show that f € H(B) is a Bloch

function if and only if for some p, 0 < p < oo, |Vf(2)|Pdv(z) is a Bergman-Carleson measure.
Finally, we get some results for spaces H? and BMOA, e.g. an extension of the classical Littlewood—
Paley inequality to the case of the unit ball.

1. Introduction

Let B denote the unit ball in C™, dv the normalized Lebesgue measure on
B and do the normalized surface measure on the boundary S of B. Let H(B)
be the space of all holomorphic functions on B. For 0 < p < oo, the Bergman
space LP and the Hardy space H? are defined respectively as

12 = {f Fen®), 51 = [ ><oo}

and

=L e HE). Wl = s [ 160P () < oo
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For f € H(B), set

[(Vf(2), )]

Qs(z) = sup{
where Vf(z) = (0f/0z1,...,0f/0z,) is the complex gradient of f and H,(x,x)
is the Bergman metric on B, i.e.

n+11— [z + [(z, 2)[?
2 (1 —12*)? '

H,(z,z) =

The Bloch space % (introduced by R. Timoney, [T]) is the set of holomorphic
functions f on B for which

| fllz = sup{Q(2) : z € B} < oo0.

R. Timoney [T] has proved that the norms

1£1ly = sup{|Vf(2)|(1 = |2*) : z € B},
1£ll2 = sup{[(Vf(2), 2)|(1 — |2|*) : z € B}

and || f||# are equivalent.
Let V denote the invariant gradient on B, that is,

(V)(2) = V(f 0 0:)(0),

where ¢, denotes the involutive automorphism of B satisfying ¢, (0) = z, ¢.(2) =
0.

Recently C. Ouyang, W. Yang and R. Zhao [OYZ] gave the following charac-
terization of the Bloch space.

Theorem A. Let n > 1, p > 2; then the following quantities are equivalent:

() 171 1

(0) 2 = sup [, [VIEPIAE) ~ F@F (1= lpa)" o) 2 dr (o)
(©) Js = sup [ [VF()PIF() = fla)l*(Ge, )] O dr(z),

where G(z,a) is the Green function of B and dr(z) = (n + 1)dv(z)/(1 — |2|*)"*1.

The authors [OYZ, p. 4310, Remark 3] conjectured that Theorem A holds for
all p > 0, that is, also for 0 < p < 2. Here we show that the quantities given by
formulas (a) and (b) are equivalent for all positive p. Moreover, we prove



Bloch space on the unit ball of C" 463

Theorem 1. Let 0 < p < oo and n > 1; then ||f||, and J,, defined in
Theorem A, and the following quantities are equivalent

Jy = Sup/ VI () = F@P2G(z,0) (1= |pa(2) ) dr(2),

a€B

=sup [ (VPRI - F@Ph(lea(:)) dr(o)
ac

where the function h is given by the formula

h(|z|):/| A= 0=t

t2n—1

2

For the case n =1 we get
Theorem 2. Let 0 < p < oo and f be a holomorphic function on the unit
disc D in the complex plane. Then f is a Bloch function if and only if

(1) Sup/ £ (2) = F@P2[f/(2)]Pg(2,0) (1 = @a(2)]*) dv(2) < o0

a€D
where g(z,a) is the Green function log|(1 —az)/(z — a)| of D with logarithmic
singularity at a € D.

Our next characterization of Bloch functions is connected with a Bergman—
Carleson measure. For n € S and ¢ > 0, let

Ds(n) ={z € B:[1 = (z,m| <d}.
A positive measure p on B is called a Bergman—Carleson measure (Carleson
measure) if and only if x(Ds(n)) = O(6" ™) (u(Ds(n)) = O(6™)). It has been
proved in [CKP] that a holomorphic function f on B is a Bloch function if and only
if |Vf(2)|2dv(z) is a Bergman—Carleson measure. Here we obtain the following
generalization of this result.

Theorem 3. Let 0 < p < co. If f € H(B), then the following statements

are equivalent:

(a) [|flle < oo,

(b) |Vf(2)|?dv(z) is a Bergman—Carleson measure,

(c) |Vf(2)|P(1 — |2|?)P dv(z) is a Bergman—Carleson measure.

Section 4 of this paper contains the proof of Theorem 3 and some results
for the Hardy space HP? and BMOA functions in the unit ball, e.g. a higher
dimensional version of the classical Littlewood—Paley result [LP]: if f € HP, 2 <
p < 00, then

/ PP = o) do(z) < oo.
D

The author would like to express her sincere thanks to the referee for helpful
comments and remarks which greatly improved the final version of this paper.
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2. Preliminaries
For a € B, let ¢, be the involutive automorphism of B given by the formula

a — z — —a21/2 z
) als) = LT C el et

where P, is the orthogonal projection into the space spanned by a i.e.

(2, a)

a
jaf>

PCLZ: POZ:07

and

It has been shown in [R] that

(3) 0,(0) = —(1 = |a]*) Py = V1 — |af* Qa.

Now, by the chain rule and the symmetry of matrix (3) we get

VFEP =1V(f o) (0) = [VF(2)eL0)F = [¢(0)V f(2)]”
= (L= [2PPIPV)P + (1= [2)|Q:zV ()
= 1= (IVFEIF = (V). 2))
=1 =) (V) = [RF(2)),

where Rf is the radial derivative of f.
For u € C?(B), let Au denote the invariant Laplacian on B, i.e.

(Au)(2) = Auo 2.)(0),

where A is the ordinary Laplacian.
K. Hahn and E. Youssfi [HY] proved that for f € H(B)

1 Al £]2 _J_ 2 P
Qf(z)=va|f| (2) = I IV f(2)]-

Hence the following statements are equivalent:
(i) fe2,
(ii) sup{A|f|?>: z € B} < o0,
(iii) sup{|Vf(2)|: z € B} < c0.
We will say that the quantities Ay and By that depend on f are equivalent
if there exists a positive constant C' independent of f such that

Ar/C < By <CA; for every f € H(B).

In this paper C and C; will always denote positive constants, independent of f,
not necessarily the same at each occurrence.

The next lemma is the generalization of the result due to S. Axler (see also [S])
to the several variables case. For p > 1, this lemma has been proved in [O2].

(4)
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Lemma 1. Let 0 < p < co. A holomorphic function f is in the Bloch space
A if and only if

(5) sup [|.f o pa = f(a)r < oo
aeB

Proof. Assume that f € #. Then we have

\f@)—f«DP=LA<Vf@@y@d4S{A|V7@@Hddt

1
2] 1
<C dt =C 1 .
< ||f||z%/0 T £l Ay

The Mo6bius invariance property of the Bloch space implies

uo%@wﬁm»sam@mT}m.

This gives

[ 1o ate) = sl o) < sl [ (w21 ) aoe) < sl < .

Now, suppose that sup,cp || fows—f(a)|Lr < co. It was shown in [Shi, p. 623 (9)]
that for f € H(B) and 0 < p < 00

(6) Wﬂmwsqévwwmw.

Replacing f by f o, — f(a) we obtain
IVF(@)” = [V(f o pa) () < C/ |f o pa(z) = f(a)|” dv(z),
B

which implies sup,c g |Vf(a)]? < cc.

3. Proof of Theorems 1 and 2
For f € H(B), let

1) =PI P2V )1

The proof of Theorem 1 is based on the following
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Lemma 2. If 0 < p < 00, f € LP and f(0) =0, then

1£1E, = h(|z)) dr(2),

where
1 (1 _ tQ)n—l(l _ t2n>
t2n—1

h(|z]) = . dt.

Proof. Combining formulas (3) and (4) of [OYZ, p. 4305] we get

[iseoraro = 5 ["Ud—([ steare)

where By = {z € C" : |z| < t}.
Multiplying both sides of this equality by r?”~! and integrating with respect
to r give

[iserae - o [eora [ S0 [ re),

By Fubini’s theorem

1 1 2\n—1
/‘f )P dv(2) ! /0< 7“2” 1dr th_)l : ff(Z)dT(Z)) dt
2/0 “‘t% )" e

1, |z] <t,
X|z|(t):{0 12

otherwise,

Let

then the right side of the last equality can be be written as

(2n)2 // tntzn 1 E X2 () f7 (2) dt dr(z)

~ o JRCHEOR

Proof of Theorem 1. Let n > 1 and 0 < p < co be fixed. By Lemma 1 || f||%,
is equivalent to sup,cp [|f 0 wa — f(a)|/1». Next, using Lemma 2 we obtain

sup ||f o wa—f(a)| Lr
a€EB

S FQ r p—2 \V4 2 /

= sup (2 )2/ h’(| |)‘ gpa( ) f( )| ‘ (f %a)( )| ( )
S p2 p—2 AV 2 / )

= sSup (2n)2 / h(|90a(z>|)|f(z) f(CL>| | (Z)| ; (Z>
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Since

. (2] n

2= (1= [2[2)n 4272042 2(n + 1)
- M)
1m0 (1 — [2]2)nH L]z 27+2 ~ 2(n— 1)’

and the function h(|z|) is continuous in the interval (0,1) there are positive con-
stants 7 and Cy such that for all z € B\ {0}

Cr(1 = [2*)" e 722 < h(|z]) < Ca(1 = [2]*)" o] 722

Thus the quantities ||f||7,, J2 and J5 are equivalent. It follows immediately from
Lemma 1 of [OYZ] that also J; is equivalent to each of these quantities. o

Proof of Theorem 2. The proof is based on the Hardy—Stein identity [H, p. 42]

r (e [ an) = [, rrewe,

F#(2) = sl f )P 21 (2)]%
If f(0) =0 then we have (by integration)

1 27 - B r
5 | reenpan= [ ([ Lr@we)
From this

/D\f(z)\pdv(z) :2/17’</0T(/|<t%f#(2)dv(z)) dt) dr
/( /rdr/th ))dt
</||<tf (@) do(2))

//||1—t2dtf# 2)du(z) = /hl(\z\)f#(z)dv(z),

where hi(r) =In(1/r) — (1—7?)/2, 0 <r < 1. Now, applying Lemma 1 and a
change of variables we Conclude that f is a Bloch function if and only if

™) sup [ 17() = F@ 217/ (j9u(2)]) do(2) < oo

a€eD

and

where

Since
. (1=r)In1/r) . (1=r)In(1/r)
R (- E =S Wy 7~ B

condition (7) is equivalent to (1). o
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4. Carleson measure characterizations of Bloch and BMOA space

Proof of Theorem 3. The implications: (a) implies (¢) and (b) implies (c)
follow immediately from the descriptions of the Bloch space presented in the in-
troduction and from Proposition 3.1 of [CKP]. In fact, for example,

o () e ae

< sup |V £()|? sup /B (

1 2 n+1
12 2) dv(z) < oo.
zeB acB ‘

1=z a)

Now assume that (for some positive p) |Vf(2)|P dv(z) is a Bergman—Carleson
measure. According to Proposition 3.1 of [CKP] this means that

a€B

) o [ (%)Wﬁﬂzwde <.

Let 0 < r < 1 be arbitrarily fixed. The subharmonity of |0f/dz;|P o p,, i =
1,2,...,n, implies

gf (a)

p 1 p

of
621

(8)

— T2n

6 pal2) du(z) < T%/B VF[P o pulz) dv(2).

B,
In view of the inequality

n p

of

Za.(a) ifo<p<l,
A O
np_lz 5(@) it p>1,
i=1 ¢

(8) yields
VI@P <O [ 19170 pulz) do(e).
B

The change of variables z = ¢, (w) gives

|Vf<z>\p(i“'2|2)n+l do(2).

VP <o [ T ha

QDa(BT)

Th lit
S (1 —la)(A —[2*)

1_|§0a(2)|2: 11— (z,a)?
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implies
1—|z)> > (1 —r)(1—|a]?) for z € pu(By).
This follows that

p CL2 n+1
ﬁ [ wrera -y () me

s [ IVAEra- e (e <Z'“f>|2)”“dv<z>

< (= [, P10 () e

which together with (7) imply f € £. o

Recall that f € H? is said to be a BMOA function if its radial limit function
f* is a function of bounded mean oscillation on S with respect to nonisotropic
balls Qs(¢) ={ne S:|1-(n,¢)| <d}, (€S, 0<d<2. The following Carleson
measure characterizations of BMOA functions have been obtained in [J] and [CC].

(L= lal*)PIVf(a)P <

Theorem B. Suppose f € H?. Then the following statements are equivalent:
(a) f e BMOA,
(b) |Vf(2)]2(1 = |2|>) "L dv(2) is a Carleson measure,
(c) |[Vf(2)]?(1 —|z]?) dv(z) is a Carleson measure.

In view of Theorem 3 it is natural to ask if there is also an analogous gener-
alization of this theorem. Here, we will give the following necessary conditions for

f to belong to BMOA.

Theorem 4. If p > 2 and [ € BMOA then
(a) |[VF(2)[P(1—|z*)"tdv(z) is a Carleson measure,
(b) |V f(2)|P(1 — |2|?)P~tdv(z) is a Carleson measure.

Remark 1. For n = 1, the results contained in Theorems 3 and 4 are
equivalent to those stated in [S, Theorem 1, D and p. 417]. Moreover, it is shown
n [M] that the function f(z) =3 _°0 n~1/222" 2 € D, satisfies condition (a) (or
equivalently (b)) given in Theorem 4 with p > 2 but f ¢BMOA. So, we do not
think that in the case n > 1 and p > 2 these conditions are sufficient for f to
belong to BMOA.

To prove Theorem 4 we will need the below stated characterization of the
Hardy space HP, p > 2, which is an extension of a Littlewood—Paley classical
result to the setting of the unit ball B. Similarly to the case n = 1 this can be
proved by using the M. Riesz—Thorin theorem (see e.g. [Z, pp. 95, 216])

For F € C*(B) let

DF:(aF oF oF GF)

—_— ., —, = zr =T +iyk, k=1,...,n,
01" Oy 0ryn Oyn B TR
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be the real gradient of F and let DF(z) = D(F o ¢.)(0). If, as above,

S

6—2;1, ey 62’”
is the complex gradient of F' then, as one can easily check,
2|DF|? = |VF|* + |VF .

As in [R] the Poisson integral P[f] of a function f € L!(S,do) is defined, for

z € B, by
Pf)(=) = [5 (}1‘_'1}0{255) 4o (0).

The next lemma is an analogue of Theorem 3.24 of [Z, p. 216].
Lemma 3. If 2 <p < oo, f € LP(S,do) and F = P[f], then

(9) /BlﬁF(Z)\p(l—IZIQ)_ldU(Z) SC[SV(C)\”dO-

Proof. We assume that n > 1. For f € LP(S,do), define the operator T' by
the formula N
Tf = D(F).

Inequality (9) can be written in the form
1T fllp < Cllfp, 2<p<=<oo,

where the norm || Tf||, is taken with respect to the measure (1 — |2]?)~! dv(z).
In view of the Riesz—Thorin theorem it is enough to show that 7" is both of type
(2,2) and of type (0o0,00). Since F' is an . -harmonic function in B (see [R,
p. 49]) Lemma 3.2 in [CC] and (4) give

A|F]? =4(1 = |z)(IVFI> = |RF| + |VF|” - |RF|?)

(10) T2 1S T|2 P
A(VF|? + |VF|?) = 8| DF .

By Theorem A in [CC]

/GZ|F|2d¢:(n+1)2/|f—F(0)|2dg§4(n+1)2/|f|2da
B S S

where

1
G(z) = ntl / rm 2t — )L,
|

2n 2|
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From (10) and Lemma 1 in [OYZ]

/B\DF(Z) — 12?) /A|F = [2[%)7" dv(z)
SC'1/B|VF 2)|?G(z) dr(2)
<€y [ 17(01d(0)

which proves that T' is of type (2,2).
Let
(1— ="
‘1 - <Z7 C) |2n
denote the Poisson kernel. To prove that 7' is of type (0o, 00) it is enough to show
that

P(z,¢) =

(11) / |DP Q)| do(¢) <C < 0.
Notice first that since P(z,() =P(z,()
12) IBP(2,0)| = [P, 0)l.

To calculate |V P(z,¢)| we will use formula (4). We have

VP(z() = —n(“ el 0 A e ) K C e EX) >5)

1= (0P 1 (=0
and
opr o (LB (1 - )R
FVP(z() (|1—<z,<>\2n 2T (=, ()P ) ’
Q- -T2 - €.5)2)
QZVP(z,C) =N |z| ‘1_ <Z,<>|2n—|—2
Hence

VP(z, Ol < (1= [2])|P:VP(z, Q) + (1= |2[)/*|Q:V P(=, )|

(1 — ‘Z‘Q)n (1 — ‘2‘2)n+1 (1 _ |Z|2)n+(1/2)
a n<|1 = (2, Q™" i 1= (2, Q)+ " 11— <Z,<‘>|2n+(1/2))'

Now, Proposition 1.4.10. in [R, p. 17] and [12] imply [11]. o
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If 1 <p< oo, then HP is the space of the Poisson integrals of LP functions
that are holomorphic on B (see e.g. [R, pp. 87-88]). Therefore, Lemma 3 implies
immediately the following

Corollary. If f € H?, 2 < p < oo, then

(a) /B IV £(2)P(1 — |2[2) " dv(z) < oo,
(b) /B VF()P(L— 227 du(z) < oo.

Proof of Theorem 4. The theorem follows from the corollary and from the
following characterization of BMOA functions [O1]. For f € H? and for any p,
0<p<oo

fe BMOA  if and only if sup || f o pa — f(a)||gr < oco.
acB

Moreover, the change of variables gives

f € BMOA if and only if

sup [ 9(f o) (P (1~ ) do(a)
L (= la?)”
1= a)

= sup /B \ﬁf(z)‘l’(l — [2]?)

aeB

dv(z) < oo.

In view of Lemma 4.1 in [CC] the last condition means that |V f(2)[P(1—|z|2) " dv(2)
is a Carleson measure and (a) is proved. But (a) implies (b) since, by (4),

VI = |2?) < [Vf(2)]. o

Remark 2. Asin the case n =1 (see [S]) condition (a) (or (b)) of Theorem 4
with some p, 0 < p < 2, is sufficient for f € BMOA. To prove this show first that
if 0 <p <2 then

111 < (150 + [ 195@PA- ) o))
<c(ifor+ [ Rropa-l " ae)

and next proceed as in the proof of Theorem 4.
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