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Abstract. We consider the integrals of functions in the «-Bloch space %<, in the Besov
space B, , in the Mdbius invariant subspace @), of the weighted Dirichlet space, and we show that
they form algebras with respect to the multiplication.

Introduction

Let X be a Banach space of analytic functions in the unit disk D = {z € C,
|z| < 1}. For f € X we denote by F the function

Fe) = [ f©d.  zeb.

The Banach spaces X we are considering in this paper are the following.
The «-Bloch space £, a > 0, is defined to be the space of all functions f
with
[ fllez = [f(0)] + Sgg(l —2)f'(2)] < o0.

By %§ we denote the space of all functions f with

Jim, (1= 2| (2)] = 0

([10], [11], [13]). For a = 1 we get the well-known Bloch space, denoted by 4,
and the little Bloch space, denoted by %y ([1], [2]).
The Besov space B,, 1 < p < oo, consists of all functions f with
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z=x+1y. It is clear that 4 = B.,. The space B; is defined as the space of all
functions f with

1£lls = 1£0)] + | £(0)] +/D!f”(z)]d:vdy < 5.

It is known that By C &/, where o/ denotes the disk algebra of D, that
is, all functions analytic in D and continuous on D. Also B, C B, C £ if
1 < p < q. Note that By is the classical Dirichlet space & of the functions f
with [[,[f(2)*dedy < oo (for the basic theory of B, spaces see [3] or [12,
p. 88-93)).

Finally we denote by @), , 0 < p < oo, the space of all functions f with

1_7 1/2
Cz’dwdy} < 00,
(—z

1fll, = 1f(0) {sup/ |7 (2)]? log?

and by Qp.0, 0 < p < oo, the space of all functions f with

i [ 1P

It is known ([4]) that for 1 < p < oo the spaces @, (@p,0) are all the same and
equal to the Bloch space % (%). We note that in [8] a boundary value criterion
for functions in @, (Qp0) is given, and in [9] a Corona type theorem is proved
for Qp, 0 <p < 1.

For p =1 we have Q1 = BMOA, @1, = VMOA, where BMOA and VMOA
are the classical spaces of analytic functions of bounded mean oscillation and
vanishing mean oscillation ([12, p. 179]). For 0 < p < ¢ it is known @, C Q, ([5]).
The space Q1,0 = VMOA contains all B, functions for 1 < p < oo ([12, p. 188]).

For the integrals F' of Bloch and BMOA functions it is known that they form
algebras with respect to the multiplication ([2], [6]).

u i’dwdyzo.
-z

1. The main result

In this paper we prove that the integrals F' of functions in #“ and in Ag
for 0 <a < 2,in By, for 1 <p < 00, in @, and in @, for 0 < p < oo form
algebras with respect to the multiplication.

Our proposition is formulated as follows.

Theorem 1. Let fi, fo be two functions in X, where X is one of the
following Banach spaces of analytic functions in the unit disk D: %A, #§ for
O0<a<2, B, forl1<p<oo,and @y, Qpo for 0 <p <oo. If

z/o f(Ode,  j=12 zeD,
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then .
Fi(2)Fy(2) = / hQ)dC,  zeD,
0

where h € X and ||h||x < C| f1||x || f2]|x, where C' depends only on X .

Revising the proof of Theorem 1 we are able to prove a slightly different
version.

Theorem 2. Let X be one of the Banach spaces in Theorem 1. If

1 z
O R CLIN R E )

then |
By (2)Bs(2) = - / h)d,  zeD,
0

z

where h € X. Furthermore, ||h|x < C| fillx ||f2]|x, where C depends only
on X.

2. Proofs of the theorems

Proof of Theorem 1. First we show that the functions F(z) = [ f(¢)d(,
z € D, belong to the disk algebra o if f € X, where X is one of the Banach
spaces in our theorem. If X C %, we have (2.3) below which is a sufficient
condition for F' to be in &7 (cf. [7, Theorem 5.5.2]). This covers all cases except
P, 1 < a < 2: here we have to use [7, Theorem 5.5.1] and estimate (2.2) below.
We show that if X is one of our Banach spaces, then

(2.1) [Flleo < Cllfllx-

For a function f € #% we have |f'(2)| < || f|l#«/(1 — |2|*)*. By integration
we get

F(2)] < Cllflloe, 0<a<l,
(2.2) fllza
!f(z)lﬁC%, l<a<?2,
and
(23) N <la(1+10e 1) dorast

Integrating again, we obtain (2.1) in the case X = %#“.
In the cases X = B,, 1 <p<oo,or X =Qp, 0 <p<oo, wehave X C #
and we know that F' must be in &/. Furthermore,

[Flloo < Clifllz < Cllfllx,

which is (2.1).
Next, we consider separately the various cases of our Banach spaces X .
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(i) X = %%, 0 < a < 2. First we note that (FyF»)'(0) = 0. Further it
follows from (2.2) and (2.3) that
(F1F2)"| = |FY'Fy + Fy Fy + 28 Y
(2.4) < ANF] + [l Fal + 2 A1 f2
< Clfilllf2llze + Clfal [ f1llze + Cllf1llz || f2] 2
for 0<a<1,

1
(1= PP

(2.5) [(F1F2)"] < Clfil | f2llze +Cliol [ f1llm +Cl f1ll 2 | f2l 2

for 1 <a<2,and

1 2
(2.6) |(FLFR)"| < Clfil £l + C1 3] 1 1]l +CHf1H@Hf2H@(1 +log — ,Z,)

for a =1.
By the above estimates and an easy calculation we get

I(FLE2) |2 < Cllfillae || foll e

for 0 < a < 2.
(i) X = By, 1 <p < oo. First we assume that 1 < p < co. We have

(FLE)" 1P = |fiF2 + foFy 4+ 2f1 fa|?

2.7
2.7) < CIAPILIL +CLEAPIAIE, + ClAPIAP,

where C' depends only on p. Since f; € B, implies f; € %, we have

1
|fi(2)] < [|fjllzlog| 1+
1 — 2]
1
SCHfjHBplog(l‘Fl_i’Z’)v zeD, j=1,2.
It follows that

Tea¥a54 = // (1= |2[2)P2|(FLFy)"|P da dy
D
< Clfill, 112175,

1 2p
O I fal // e p2(1+log1 M) drdy
< ClAI 0%,
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which implies that
HhHBp S CHleBp HfQHBp'

Keeping track of the constants, we can let p — oo to obtain the algebra
property of integrals of functions in % (cf. [2, Section 3.5]).
We consider now the case X = B;. By definition

I(FEY 15, = |(F P O]+ (B O]+ [[ (R dady

We observe that
(F1F»)'(0) =0

and
[(F1F2)"(0)] = 2| f1(0)] [ /20)] < 2|l f1ll B, 1 2]l B, -

A simple calculation shows
(2.8) (FLE2)"| < CIR || + CLER| [ fT] + CLAlfol + Clfal Lfil-

Now the functions f;, 7 = 1,2, are in the disk algebra &, and

(2.9) 1file < ClfillB., d=12.
Further
(2.10) [ lloe < Cf5ll B

and by [12, p. 58, Remark]

e [ igEldedy < clnol+c [[ 15E)ldedy < Clpla.
From (2.8), (2.9), (2.10) and (2.11) it follows immediately that

I(F1F2) |3, < Cllfall syl f2ll B -

(iii) X = @p, 0 < p < 0o. For a function f € @, 0 < p < 0o, we have
f €A, so that

1 1
< 141 < 141 D
< 11410 =) <Clflo, (14108 ). =,

and [[F|s < C|f|lq@,, where C' is a constant depending only on p.
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By using the same notation as in (i) and (ii) we get again
(FiF2)(0) =0

and
(FLF)" 12 < CIf1PI 2B, + Cls AT,

1 4
+0Hfluépufguzp(1+log1_,Z,) ~

We will use here the equivalent norm for functions in @, which involves the
Mébius transformation ¢¢(2) = (¢ — 2)/(1 —(2), (,z € D, and obtain

1/2
110, ~ o, = 1700 + sup{ [ 17/GIP (1~ (o)) doc}

(see [5, Proposition 1]).
We have now

IR, < s [ (BB P = lec(:)?) dedy

1 4
< Al Il + ClAIR, 1212, [[ (14108 21 ) dnay
< ClAlB L2113,

(iv) X =45, 0<a<2and X = Qpo, 0 <p<oo. We consider first the
case X = %A, 0 < a < 2. It suffices to prove that if fi, fo € #, then h € A .
By (2.4), (2.5) and (2.6) we have

(1= 2% (2)] = (1 = [2])* | F" ()]
< Cllfall . (1 = [ £1(2)] + Cll fill 5o (1 = [21%)*] £2(2)]
+ Cllfills.l follB. (1 = [2%)

for ze D, 0<a<1,

(1 - ’ZP)alh’(Z)’ < CHfQHBa(l - ’Z’Q)Oé’f{(z)’ + CHleBa(l _ ]2]2)a’fé(z)’
+ C\fillB.f2llB. (1 — |22

for ze D, 0 < a<2,and
(L= ()] < Cllfella (X = [P ()] + Cllfall (1 = |21*)] f2(2)]

1 2
+ClAllal el 12 1+ og )
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for ze D, a=1.
We see immediately that in all cases

(1= 1P ()] =0 aslz] —1.

(v) If X =0Qpo, 0<p< oo, we have to prove that

J] WP lpcoR) w0 as o] 1.

Inequality (2.7) for p = 2 and the definition of @, o imply that it suffices to show
that

/ /D APIAPB(C 2) dedy — 0,

where B(¢,2) = (1 - [¢c(2)]?)" <1, (,z€ D, and fi, fo € Qpo-
From the estimate

1
5G] < Cltll, (141082 ). 2.
(cf. the proof of case (iii)) it follows that
()" f2(2)]*B(2,¢) < CM(2)

_ CHleéprzH%p(lJrlog

//DM(Z)d:vdy < 00

and |f1(2)[?|f2(2)]?B(z,¢) — 0 for every z € D when [(| — 1.
Lebesgue’s dominated convergence theorem implies that

4
, .CeD.
1—121) w6

Obviously,

//D ]fl(z)lglfg(z)lgB(z,C) drdy — 0 as [(| — 1.

The proof of our theorem for X = @0, 0 < p < 00, is now complete.
After this, by minor changes, we are able to prove Theorem 2.

Proof of Theorem 2. We have ®(z) = fol f(zt)dt. We start with the case
X CP. If L(z) =1 +1og(1/(1 — |2])), then

1
|'(2)] < /0 tf'(tz) dt' < ClfllzL(z) < CllflixL(z),  [®llee < C[fllx-
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As in the proof of Theorem 1, we see that ® € o7. It is clear that h' = (2$1P2)”
is a sum of terms of type (z®1)"®y = f{ P2, 20D, and 1(2P2)” = 1 5. The
contributions to the estimate of ||h||x from terms of the first and third type are
of the form C| fi| x| f2l|x -

A term of the second type is majorized by

Cllfillx|l f2l x L(z)*.

The same computation as in the proof of Theorem 1 will prove Theorem 2. There
are some slight differences in the case X = B;, which we leave to the reader.
If X =% 1<a<2, wehave

1
|¥'(2)] < HfH@a/o L=zt~ dt < Cllfllx A= 2D, @]l < CIfllx.

omitting again the details.

Question. If we consider M6bius invariant function spaces, we always have
X C B. If ||fllx is essentially ||f'|| for some norm || - || such that ||L?| < oo,
then the argument above works both for the F'- and the ®-transforms. Does it
work for any other transforms?

3. Remark

If we consider the a-Bloch space #“ with a > 2, then we do not have the
algebra property, since in this case h ¢ ZA“ in general.
To see this we take for example fi(2) = fa(2) = (1 —2)17%, a>2, 2 € D.

Then 1
Fi(z) = Fa(z) :logﬁ if o =2

and
1

a—2

Fi(2) = Fa(z) = (1=22"=1) ifa>2

It is easy to check that the function h(z) = (Flg(z))/ does not belong to A“.
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