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Abstract. We achieve characterizations of those ultradistributions p € éa(’w) (RN) (resp.
gfw}(RN )) with compact support such that for each ultradifferentiable function f in &, (RN)

(resp. in &,y (RY)) each solution v € @('w)(RN) (resp. in @Ew}(RN) ) of the convolution equation
uxv = f belongs to the same class as f. These characterizations extend classical results of
Ehrenpreis and Hérmander for distributions and Bjorck and Chou for ultradistributions.

Introduction

Let .@(’w)(RN ) denote the (w)-ultradistributions of Beurling type on RY

in the sense of Beurling-Bjorck [1] or Braun, Meise and Taylor [5]. Then each
(w)-ultradistribution with compact support u € (’w)(RN ) induces a convolution

operator S, on @('w)(RN). S, or p is called (w)-hypoelliptic if each solution
Ve .@(’w)(RN ) of the convolution equation

Su(v)=pxv=Ff

belongs in fact to g’(w)(RN ), when f € é?(w)(RN ). In the classical case of distri-
butions, i.e. w(t) =log(1+1t), the hypoelliptic convolution operators were charac-
terized by Ehrenpreis [8] in terms of a slowly decreasing condition and the location
of the zeros in CV of the Fourier-Laplace transform fi of u, while Hérmander [9]
showed that the singular support of the solution v of pu*xv = f can be con-
trolled by the singular supports of f and p and the support of n. For a complete
characterization in this case we refer to Hérmander [10, II, 16.6].

The results of Ehrenpreis and Hormander were extended in part to ultradistri-
butions by Bjorck [1] and Chou [7]. Bjorck characterized the (w)-hypoelliptic dif-
ferential operators P(D), while Chou gave necessary as well as sufficient conditions
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for hypoelliptic convolution operators p acting on @g MP}(RN ) and 7 Mp)(RN ).
For results concerning pseudo-differential operators on Gevrey classes we refer to
Rodino [19, 3.2, 3.3] and the references given there.

In the present paper we show that the classical characterizations of hypoel-
lipticity extend completely to convolution operators acting on .@(’w)(RN ) or on

.@{w}(RN ), the space of {w}-ultradistributions of Roumieu type. Using the ab-

breviation (x) for (w) or {w}, and denoting the convex hull of a set K by ch(K),
our main result can be stated as follows:

Theorem. For p € &/(RYN) the following assertions are equivalent:

(1) Whenever v € 2. (RN) and p*v € &(RYN), then v € &(RYN).

(2) p is slowly decreasing for (x) and lim,ey(4), |z|—oo (|Im2|/w(z)) = oo if
(*) = (w) (resp. iminf, ey (p), |2j—oo (| Imz|/w(2)) >0 if (x) = {w}).

(3) KerS, C &(RYN) and p is slowly decreasing for ().

(4) There exists F € &/(RY) and v € Z.(RY) such that ux F =6 +1).

) There exists a fundamental solution E for S, satisfying

ch(sing supp, (F)) = — ch(sing supp, (,u))

(6) For each open set 2 C RN and u € Z.(Q — supp(p) + ch(sing supp, (1)))
satisfying px u € &, (€ + ch(sing supp, (1)), it follows that u € & (12).

For p € @‘a(’w) (RY) the proof of the theorem is given by appropriate modifica-
tions of the classical arguments using a recent characterization of those convolu-
tion operators .S, which are surjective on _@(’w)(RN ), given by Bonet, Galbis and

Meise [2]. For u € & {’w}(RN ) the proof can be reduced essentially to the Beurling

case, due to results of Braun, Meise and Taylor [5] and Meise, Taylor and Vogt [15].
As we show, they imply that for each open set Q in RV, &1 (82) coincides topo-
logically with the intersection of the spaces &()(£2), where o runs through all
weight functions satisfying o (t) = o(w(t)) as t tends to infinity. Consequently,

sing suppy,,} (v) = U{sing supp(,(u) : 0 = o(w)}

holds for each u € @{w}(RN). From this it follows that p € co“’{’w}(RN) is {w}-
hypoelliptic if and only if there exists a weight function og satisfying o9 = o(w)
such that p is (o)-hypoelliptic for each weight function o > o satisfying o =
o(w).

( )Note that our results apply in particular to Gevrey ultradistributions and
more generally to ultradistributions g in é"{’ Mp}(RN ) or é"('Mp)(RN ), provided
that the sequence (M))yen, satisfies the conditions (M1), (M2) and (M3) of Ko-

matsu [11] (see Meise and Taylor [13, 3.11]) or the weaker conditions in Braun,
Meise and Taylor [5, 8.9].
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1. Preliminaries

In this preliminary section we introduce the nonquasianalytic classes, the
spaces of ultradistributions and most of the notation that will be used in the
sequel.

1.1. Definition. Let w: [0, 00[— [0,00[ be a continuous function which is
increasing and satisfies w(0) =0 and w(1) > 0. w is called a weight function if it
satisfies the following conditions:

(o) w(2t) < K(14w(t)) for some K >1 and for all ¢.

(8) 7o (w(t)/(1+¢%)) dt < oo.

(v) log(1+1?) =o(w(t)) as ¢ tends to oo.

(0) o(t) = w(e') is convex in R.

For a weight function w we define @: CV — [0,00[ by ©(2) = w(|z]) and
again call this function w, by abuse of notation. The Young conjugate of ¢ is
defined by ¢*(r) = sup,~o{zy — ¢(y)}-

1.2. Remark. (a) Each weight function w satisfies lim;_. (w(t)/t) =0 by
the remark following 1.3 of [14].

(b) For each weight function w there exists a weight function o satisfying
o(t) = w(t) for all large ¢ > 0 and o | [0,1[= 0. This implies ¢, (y) = p.(y) for
all large y, ¢* = ¢,. From this it follows that all subsequent definitions do not
change if w is replaced by o. On the other hand they also do not change if w is
replaced by w + ¢, ¢ some positive number.

(c) For each weight function w there exists a weight function o € ¥°° having
bounded derivative on [0,00] such that ¢ and w are equivalent in the sense that
w <o < Aw + C for some constants A,C > 0.

(d) Let w be as in 1.1. Then, for z,y € CV we have, by [5, 1.2], w(z +y) <
K(1+w(z) +w(y)). Consequently, w(z —y) > w(|z| - |y|) > w(z)/K -1 -w(y),
for arbitrary z,y € CV.

1.3. Definition. Let w be a weight function.
(a) For a set K C RN and A > 0 let

A = {f € C=(K) 1| i = sup sup /) (z) exp(—w*(%')) < oo},

b) For an open set Q C R define
(

) () := Proj_gccaProjmenée (K, m)
={feC™®Q) || fllgm < oo for each K CC  and each m € N},

and
. ) 1
1w} () = Proj_ g coind mendl, (K, E)
={f € C>(Q) : for each K CC Q there is m € N with | f||x,1/m < 00}.
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The elements of &,,)(2) (resp. &1.3(2)) are called w-ultradifferentiable functions
of Beurling (resp. Roumieu) type on 2. We write &,(Q2), where % can be either
(w) or {w} at all occuring places.

(c) For a compact set K in RY we let

2.(K) :={f € &RY) : supp(f) € K},

endowed with the induced topology. For an open set 2 C R¥ and a fundamental
sequence (K)jen of compact subsets of € we let

_@* (Q) = indj_,.@* (KJ)

The dual Z.(92) of 2.() is endowed with its strong topology. The elements
of 7, () (resp. Z;,,()) are called w-ultradistributions of Beurling (resp.

Roumieu) type on €.

1.4. Remark. (a) By Meise, Taylor and Vogt [15, 3.3], for each open set €2
in RV, the seminorms

I k.00 f — sup sup |f)(z)]exp(—¢j(|al)),
zeK aeNJ

where K is any compact set in 2 and o is a weight function satisfying o = o(w),
form a fundamental sequence of semi-norms for &%,,;(€2).

(b) For each compact set K in RN, Z¢,1(K) is a (DFN)-space by Braun,
Meise and Taylor [5, 3.6]. A fundamental system of bounded sets is given by

B i={ € 2y s elacn = [ o0l <1},
RN
where the Fourier transform ¢: RY — C is defined as
o) = [ plwye 0 da.

(¢) For each compact set K in RY, P(,)(K) is a nuclear Fréchet space, by
Braun, Meise and Taylor [5, 3.6]. A fundamental system of seminorms on Z.,(K)
is given by (|| - ||k,m)men defined in 1.3 but also by

eme(t) dt, p e .@(w)<K).

et = [ 160

1.5. Example. The following functions w: [0,00[— [0, 00[ are examples of
weight functions:
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(1)w(t) t*, 0<a<l.
(log ) ﬁ>1

(3) ( ) —t(log(1+t)) , B>1.
Note that for w(t) = t, the classes &, (resp. &,y ) coincide with the Gevrey
classes T4 (resp. T'14}) for d :=1/a.

(4) Let (Mp)pen, be a sequence of positive numbers which has the following
properties:

(Ml) MJQ < Mj—le-H for all jE N;

M2) there exists A, H > 1 with M,, < AH™ ming< <, M; M, _; for all n €

( <j<n M j
N;

(M3) there exists A >0 with >2°° . | My 1 /M, < AjM;/Mjy1;
and define wy: R — [0, 00[ by
[t Mo
_ ) sup, N, log for |t| >0,

wM(t) { JE€No Mj

0 for t=0.

Then wy, is a continuous even function and by Meise and Taylor [13, 3.11] there
exists a concave weight function k with wy(t) < k(t) < Cwp(t) + C for some
C >0 and all ¢t > 0 and such that for each open set Q in RY we have

_ () - £ ()]
Sy () = f€E(Q): sup sup -———— < oo for each h >0

aeNy vek 11 Mo

and each K C Q compact}: &) (92).

We have an analogous identity for the Roumieu spaces. Note that by [5, 8.9], these
identities hold even under weaker hypotheses on (M, )pen, -

1.6. Convolution operators. Let u € & (RYM), u # 0, and open sets
Q1,09 in R™ be given. If 1 — supp(p) C Q5 then we define:

where fi* iz — fi(p(z —-)), x € Q2, and where fi(¢)) = p(¢) and P(z) =
Y(—z), x € RY. Since Sﬁ is continuous and linear, so is its adjoint operator

Su = (L)' Z(Q2) — ZL(Q).

(2) Tt () = &), T,(v) = fi*vla,
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where fiv(p) == (fi* (7% ¢))(0). Again, T}, is continuous and linear, so that its
adjoint
T, = (Tli)t: 8« (Q2) — &(1)
is continuous and linear.
Note that S, (v) = p*v and T,(f) = p* f, so that it is reasonable to call
the operators S, and T}, convolution operators. Note further that T}|4_(q,) = S},
and S,|¢. (,) = T, and that T) and S}, are injective.

1.7. Definition. For v € Z.(R"Y) the *-singular support, denoted by
sing supp, (u), is the set of points in R having no open neighbourhood U to
which the restriction |y is in &,(U).

8. Remark. Similar as Hérmander [10, 4.2.5] one proves that
sing supp, (u * v) C sing supp, (u) + sing supp, (v)
whenever u,v € 2/ (R") and one has compact support.

1.9. Spaces of entire functions. Let A(CY) denote the space of all
entire functions on C¥, endowed with the Fréchet space topology of uniform
convergence on all compact subsets of CV. For an upper semi-continuous function
v: CNV =10, 00| we define

AW, ©) = {1 € ACY): fll = sup 1F)Io(z) < o
zeCN
and note that A(v, C") is a Banach space.

1.10. Definition. Let K be a convex compact subset of RY. Then we
define the support functional Hgx of K by

Hy (y) := sup(z,y).
rxeK

1.11. Fourier-Laplace transform. For u € &/(RY) its Fourier-Laplace
transform i € A(CY) is defined as

fi(z) == p(exp(—i(-, 2))), ze CV,

To characterize its growth behaviour, fix a weight function w and define the func-
tions w;, wjk, v; and vj g by

z) == exp(—j(|Imz| + w(2))),
wj k(2 =exp< J|1mZ|——w(2)>,

u3(2) o= exp gl + Juta)).
v k(2 :exp( j|Imz|+k:w( ))
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Then the Fourier-Laplace transform .%#: p — [ is an isomorphism between the
following spaces (see Braun, Meise and Taylor [5, 3.5, 7.4]:

Moreover, for a given p € &/(RM) and a convex compact set K in RY,
supp(p) C K if and only if there exists j € N such that for each ¢ > 0 we find
C > 0 so that |(z)| < Cexp(Hgx(Imz) + ¢|Im 2| + jw(z)) for every z € CV.

Furthermore, for p,v € &(RY) and ¢ € 2,(RY) we have

F(8,) =Z(W)Fw) and  F(T,(p)) =F(1)F(¢),

hence .7 o Sﬁ o F ! (resp. Z o T/f o .Z 1) is the operator of multiplication by
Z(i).

1.12. Definition. Given p € &/(RY) we let
V(i) = {z € CV | u(2) = 0}.

1.13. Definition. (a) An ultradistribution p € é"(’w)(RN ) is called slowly

decreasing for (w) if there exists C' > 0 such that for each z € RY with |z| > C
there is £ € RV with |z — ¢| < Cw(z) and |(€)] > exp(—Cw(€)).

(b) An ultradistribution p € 5‘{’w}(RN ) is called slowly decreasing for {w} if
for each m € N there exists R > 0 such that for each € RY with |z| > R there
exists £ € RV satisfying |z — £| < w(z)/m such that |2(£)| > exp(—w(§)/m).

1.14. Remark. If p € &/ (RY) is slowly decreasing for * in the sense
of Definition 1.13 then p is slowly decreasing in the sense of Bonet, Galbis and
Meise [2, 2.3, 3.1]. Hence it follows from [2, 2.9, 3.4] that the convolution operator
S and consequently S, is surjective on Z,(R"). Note that by Bonet, Galbis
and Momm [3] the two slowly decreasing definitions are in fact equivalent. For
N =1 and % = (w) this follows easily from Meise, Taylor and Vogt [14, 2.7].

1.15. Notation. For a subset A of RY, we denote the convex hull of A
by ch(A4).
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2. (w)-hypoelliptic convolution operators

In this section we define and characterize when the convolution operator S,
which is induced by 11 € &/, (RY) is (w)-hypoelliptic. To do this we use essentially

arguments which go back to Ehrenpreis [8], and Hérmander [9], [10, Section 16.6]
in the classical case of convolution operators on distributions. Throughout this
section, w denotes a fixed weight function.

2.1. Theorem. For p € é"(’w)(RN ) the following assertions are equivalent:

(1) Whenever v € Qéw)(RN) and p* v € &) (RN), then v € &) (RY),
(2) lim,ey(a), |s|—oo (| Im 2| /w(z)) = oo and there exist A, R >0 such that

(2.1) |i(z)] > exp(—Aw(z)) for each x € RY | |2| > R,

(3) lim,ey(a),[2|—o0 (| Im2|/w(z)) = 0o and p is slowly decreasing for (w),
erS, C & and p is slowly decreasing for (w),
4) Ker S, C &) (RY d p is slowly d ing fc
there exist I € an € Y such that px £ =0+,
h ist ' € 9/, (RY) and ¢ € Z,,)(RY) such th F=0+1
there exists F' € 9! (RN) satisfying p* F = § + ¢ for some ¢ € &,)(RY
(w) (w)

and ch(sing supp,,(F)) = — ch(sing supp,, (1)) -
(7) there exists a fundamental solution E for S, satisfying

ch(sing Supp(w)(E)) =— ch(sing supp(w)(u)),

(8) for each open set Q C RY and u € D (2 — supp(p) + ch(sing supp (1))
satisfying p1*u € &) (2 + ch(sing supp(w)(,u))) , it follows that u € &) (2).

2.2. Definition. (a) If p € (a(”(’w)(RN) satisfies condition 2.1(1), then p and
also S, are called (w)-hypoelliptic.
(b) F € .@(’w)(RN) is called a parametriz for p € dg"(’w)(RN) if ux F=380+¢
for some ¢ € &,)(RY).

The proof of Theorem 2.1 is prepared by several intermediate results and is
given at the end of the section.

2.3. Proposition. If p € é"(’w)(RN) satisfies Ker S, € &,)(R"Y), then

, | Im 2|
lim = 00.
z€V(f1), |z|—o0 w(z)

Proof. Proceeding by contradiction we assume there is a sequence ({;)jen C
V(f1) such that lim;_ . |(;| = co and |Im ;| < Mw({;) holds for every j € N
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and some M > 0. If a = (a;)jen € 1 and ¢ € P, (R"), by the Paley~Wiener—
Komatsu theorem [5, 3.5] there is s € N such that for all n € N there is C,, > 0
with

1(2)| < Cp exp(s|Im z| — nw(z))

for all z € CN. If n > sM + 1 we have, for each k € N,

k k k
D lasl (e o) =D lagl 16(=¢)1 < Cn Y layl.
j=1 j=1 j=1

This implies that the map n: {; — (.@(’w)(RN),U(_@(’w)(RN),@(w)(RN)))

defined by n(a) := 3772, ajexp(i(z,(;)) is well-defined, linear and continuous.
By the closed graph theorem [17, 24.31], n: l; — Qéw)(RN) is continuous and
the range of 7 is contained in Ker S, , since (; € V() for each j € N. By
assumption 7n(l1) C &) (R") and we can apply again the closed graph theorem
to conclude that n: [} — €°°(RY) is also continuous. This yields C' > 0 such

that, for all a = (a;)jen in I3 and z € RY with |z| <1, we have

7=1

jal=1

(O_O el )

If §; = (},,CJN) for each j € N, we get |Cjk| < C for each j € N and
K =1,...,N. This implies that ({;)jen is bounded, in contradiction with the
choice of ({;)jen. O

We need the following lemma which can be seen in Sampson and Zielezny [20,
p. 141].

2.4. Lemma. Let (§;);en be a sequence in RN satisfying |&;| > 2|¢-1] >
27 for every j € N and let (a;)jen be a bounded sequence in C. Then the series
Yooy ajexp(i(-,&;)) converges in 2'(RY) to some n € Z'(RY). If n € €°, then
liIIlj_>oo |CLj| = 0

2.5. Proposition. If yu € éa(’w)(RN) is (w)-hypoelliptic, then there exist
A, R > 0 such that (2.1) holds, i.e.,

|fi(z)] > exp(—Aw(z)) for each x € RN, |z| > R.
Proof. Arguing by contradiction we construct a sequence (§;)jen C RY such

that [&;] > 2|&—1| > 27 for every j > 2 and |i(&;)] < exp(—jw(&;)), for each
j € N. By Lemma 2.4, n:= Z;‘;l exp(i(-,&;)) belongs to 2’'(RY) and hence to
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.@(’w)(RN) but it is not a > function on RY. We show that pxn € &) (R")

to reach a contradiction. First observe that, for ¢ € .@(w)(RN ), we have
(xm,0) =, fix o) =Y A€)p(—&) =Y &) exp(i(-,&)),¢).
7j=1 7j=1

Next note that the definition of ¢* implies for j,m € N, j > m large enough,
a € Np:

(&) (it ) e (e (151)) = 161 oo (me (7))

< exp((—j(le; ) + lal og | — me* (121)
< exp(—j + m)u(€;) < exp(—j + m)

From this it follows easily that u*n € &, (RM). o

2.6. Proposition. If y € éa(’w)(RN ) satisfies the following two conditions:
(a) hszV(ﬂ), |z]—o00 (‘ Imz|/w(z)) = 00,
(b) i is slowly-decreasing for (w).

Then there exist A, R > 0 such that (2.1) holds.

Proof. Since w satisfies condition («) and () we can find k£ > 0 such that
w(z) < kw(3x) if |z| > k. Because of (b), there exists B > 0 such that for all
z € RN there is y € RN with |z — y| < Bw(z) and |i(y)| > B~ exp(—Bw(z)).
Since w(t) = o(t) as t goes to oo, we can enlarge k to get also w(x) < |z|/2B if
lz| > k.

By condition (a), for each m € N there exists C,, > 0 such that

[Im (| > (m+ Dw(|C]) if A(¢) =0 and [¢] = Cp.
We select mg € N, mg > kB. For z € RN with |z| > 2max(B, C,,,, k) we define
g(A) == f(z+ Ay —z)), A € C, where y € RY is the element associated with z
in condition (b) (see above). Clearly g € #(C) and, if |A| < 1, we have
@+ My — @) > |o| = (3B)w(@) > 5la] > Ciny
and
Im(z + Ay — )| = [Im A| |y — 2| <

Buw(zx) <
<mow(z + Ay — z)),

which implies g(A\) # 0 for each A € C with || <
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Now we apply the minimum-modulus theorem of Chou [7, I11.2.1] with R =1,
r= %, M=1,n< %, H = 2+1og(3e/2n), to get

|g(1)[FLH+D
(SUP|,\|§3e ‘Q(A)ISH)(SUPMK:&/Q ’g()\W) .

9(0)] =

If || < 3e, we have [z+\(y—=)| < |z|+3eBw(z) < 4elz| and |[Im(z+A(y—z))| <
3eBw(z). By the theorem of Paley—Wiener—Schwartz—Komatsu [5, 7.2], there is
D > 0 such that for all [A| < 3e we have |i(z + A(z —y))| < Dexp(Dw(z)) for
all |A\| < 3e. This yields

exp(—A(3H + 3)w(x))
(D eXp(Dw(m)))3H+2 7

()] =

and the proof is complete. o

For the convenience of the reader we recall the following result from Horman-
der [9, Lemma 1].

2.7. Lemma. Given positive constants S, T and € > 0 we can find L € N
such that for all 0 < s < S and 0 < r < R/L if u is harmonic when x2+1y? < R?
and satisfies the inequalities

(i) u(x,0) <0,

(ii) w(x,y) > —Sly| — Tr if 22 + y? < R2,
it follows that

(iii) u(z,y) < sly| +er if 22 +y* < r?.

2.8. Proposition. Let u € éa(’w)(RN) satisfy the hypothesis of 2.6. There
exists D > 0 such that for each m € N and each convex compact neighbourhood
K of ch(supp(p)) there exists Ry, >0 such that

1
(=)

for € CV, |2] > R, and |Im z| < mw(Re 2).

(%) < exp(Hg (—Imz) + Dw(Re 2))

Proof. We first observe that, if z € CV satisfies |Im 2| < mw(z) for some
m € N, then |Rez|/|z| goes to 1 as |z| goes to co. This follows from the estimate

1::_2; | Re z| N |[Imz| |Rez]| w(z)
z

2| || E |2

since w(t) = o(t) as t — oo.
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Next fix a compact convex neighbourhood K of supp(px) and m € N and
consider z = x + iy € CV with 0 < |y| < mw(z). Define the entire function

9-(A) := iz + y/lyl), e C.

We study g, for |A\| < Mw(x) for some M € N, depending on m but not on z,
to be selected later. B
By condition (a) in Proposition 2.6, for each s € N there exists D such that

f(z) 0 if |z| > Dy, |Imz| < sw(z).

We claim there is Dj; > 0 such that if 2 = z + iy € CV satisfies |2| > Dyy,
0 < |yl < mw(z) and || < Mw(z), then g,(\) # 0 and

|92(t)] > exp(—Aw(z +ty/[y]))

for all t € R, |t| < Mw(z), where A is the constant in (2.1) (which holds by
Proposition 2.6).

To prove the claim, recall there is k € N such that w(z) < kw(32) if |z| > k
and, given M, there is K > 0 such that ¢t — Mw(t) > 5t if t > K. For

2| > max(K s, 2Dpar, 2k) , we have

1
2

|+ Xy/lyl| > |2] = Mw(@) > 3lz|  (and > k).

In particular |z| < 2|z + Ay/|y||, hence

Tm(z + Ay/[y])| = [Tm | < Mw(z) < Mw (2|2 + Ay/|yl|)
< Mkw(‘ac+)\y/|y|‘)

Thus g.(\) = fi(z + Ay/|y|) # 0. On the other hand, if |z| > max(2R, Kp/) (R
asin (2.1)) and t € R, |t| < Mw(z), we get

=+ ty/lyl| > |x] = [t| > |z] = Mw(z) > j|z| > R,

hence
19:(t)| = |z + ty/lyl)| > exp(—Aw(z + ty/|yl))-

By the very first observation of the proof, there is Dj; > 0 such that
|z| > Dy, z=x+iye CY, 0< |yl < mw(z)

implies

x| > max(K s, 2Dgar, 2k, 2R).
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This completes the proof of the claim.

We write Hg (y/|yl) = o+ B, Hx(=y/ly|) = o — 8. Then Hg(ImyA/|y[) =
alA| + BA. By the theorem of Paley—Wiener—Schwartz—Komatsu [5, 7.2], there is
b > 0 such that

|i(2)] < exp(Hg (Im 2) + bw(z)), if |z| > b.
Now, if z =z + iy € CV satisfies |z| > max(b, Kps, k) and |\ < Mw(z), then
19:(N)] < exp(a|ImA| 4+ BIm A + bw(z + Ay/|y])).
Since |z + \y/lyl| < 2|+ |A| < |z + Mw(z) < 2|z, we get
19-(V)] < exp(a|ImA| + BIm A + bkw(z)).

We define
efIm )\e—Ak‘w(ac)

uzmzzlog( s ):mmA—Akwx)—log\gz(A)\,

which is harmonic if |z| > R,, := max(Dys, b, Ky, k) and |A| < Mw(z), since
g-(A) does not vanish. For ¢t € R, [t| < Mw(z), we get

w(z +ty/lyl) <wlz]) < kw(),

hence
exp(—A(w(z + ty/|y]))) > exp(—Akw(z)).
By our claim above, if t € R, |t| < Mw(z) and A € C, |A] < Mw(x) we have
u(t) < —Akw(z) — (—Akw(z)) =0,
and
uy(A) > BIm A\ — Akw(z) —a|Im A| — fIm A — bkw(z) = —a|Im A| — (Ak + bk)w(z).

Now let
Ak + bk )
g T S ) )

and choose L € N according to Lemma 2.7. Observe that the constants depend on
m but not on z. Next let M := L(m+1)+1, R:= Mw(x) and r = (m+ 1)w(x).
Then we conclude from Lemma 2.7. that

lu(N)| < a|Im Al +e(m + 1w(z), if |A] <.
Setting A = ily|, we get

u:(ily]) = Bly| — Akw(x) —log|i(2)] < aly| + w(x).
This yields
—log |fu(z)| < (o = B)ly| + (Ak + w(x).
Thus 1/|i(z)| < exp(Hg(—y) + (Ak+1)w(z)) if z =2 +iy € CV, |z| > Ry, and
ly| < mw(x). o
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2.9. Lemma. If y € é"(’w)(RN ) satisfies the hypotheses of Proposition 2.6
and [i(x) does not vanish if |x| > Ry, then

LAN ¢(—z) N

Fo= () [ SPdn pegu®Y)
2m |z|>Ro fi() )

defines an element F € .@(’w)(RN) satisfying sing supp,,(F) C — ch(supp(u))

and px F =6+ G for some G which is real analytic on RY .

Proof. By the theorem of Paley—Wiener—Schwartz—Komatsu [5, 7.2] and (2.1)
(which follows from Proposition 2.6), it is easy to see that F' defines an element
of .@(’w)(RN ).

Moreover, for ¢ € Z,)(RY), we have

<M*Fa90>3:<1>N/ de:/ $(x) dx

2 2l>Ry  A(T) |z|>Ro
1\N
—o0)- (52) [ #eldr=p0)+ [ p0G)a,
7T lz|<Ro
where G(t) = —(2m)~ N fngo e!t®h) dx defines a real analytic function on RV .

Thus pu*x F =6+ G as desired.

The main step in the proof is to show that sing supp(,,)(#) C — ch(supp(p)).
To see this we fix 2o ¢ — ch(supp(p)). We select a compact convex neighbourhood
K of —ch(supp(pt)) such that zo ¢ K. By Proposition 2.8, there exists D > 0
such that for each m € N there exists R,, > Ry such that

1
|A(2)]

<exp(Hx(Imz)+Dw(Rez)), if z€ CV, |z| > Ry, |Imz| < mw(Rez).

Since x¢9 ¢ K, there are n € RN, |n| = 1, ¢ > 0 and a compact convex
ball V' around z( of radius 6 > 0 such that Hg(n) + Hy(—n) < —o. Applying
an orthogonal and real change of variables, we may assume 1 = (1,0,...,0). We
choose ¢ € Z(,)(V') such that ¢ is identically 1 near zg, with V' = Bj/s(x0).
If we prove that for each k € N there exists C > 0 such that

(*) |PF(€)] < Crexp(—kw(€))  forall ¢ e RV,

it follows that oF € &, (R") and F is of class &) near zo as desired.
To prove (%), we first observe that, for £ € RV,

~

|z|>Ro fi()

SR () = (2m) N / PE-2) 0
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By 1.2(d) there is 8 € N (depending only on w) such that w(§ —x) > B~ 1w(€) —
w(z)—1 for all z,£ € RY. We may assume that w is ¥ on R and has a bounded
derivative (see 1.2(c)). Now we fix k € N and select ¢ € N such that ot > D+ (k.
We denote by ||z| := max(|a;|, i = 1,..., N) the sup-norm on R¥. We have

. Ge-a) A=) gy
2m) e F(£)] < ‘/{me'ZRO |zl <Re) f(x) d /”m“ZRt fi(z) !
=: A(&) + B(¢).

Since ¢ € Z(,)(RY) and V is a compact convex neighbourhood of supp(¢), for
each m € N there is L,, > 0 such that

|5(2)| < Ly, exp(Hy (Im 2) — mw(Re 2))

+

for each z € C¥.
Consequently, there is Cy > 0 with

A(€) < Crexp(—kw(¢)) / exp(fkw(x))

; dr < Cy exp(—kw());
(ellz|>Ro, |el<mry (2] bexp( )

since the integral is finite.
On the other hand, ertlng r=(r,2") e RV,

@€ —:I:)
de| =:1 I ().
‘/$’||>Rt R lu ‘ ‘/$/||<Rt /$1|>Rt :u’ CL' ‘ 1(5)—'_ 2(5)

We treat the two integrals separately. In I (£) we change the path of integration in
the second integral by Cauchy’s theorem. We define z = y(z1) = 21 + itw(x1,2'),
z1 € R, 2’ € RV~!. Then, if gt(arl) is the bounded derivative of 7, we have

hie= ‘/m’|>Rt/ x’;+§) gt(x1) dx
/Iw’||>Rt/ = ‘M )‘+€)||gt($1)|daj

< CLgy /x/”>Rt/ eXp(HK(tw(ml,x’)n) + Dw(z1, ")
+ Hy (—tw(zy,2")n )—kﬁw( z +§)) day da’

<L /RN 1/ exp(( n) + Hy(—n))t + D + kB)w(z) — kw(§)) dz dz’

< Ly exp(—kw(€)) /RN exp(—ew(x)) dx

for some € > 0, and the integral is finite.
Since the integral I5(£) can be estimated in the same way, the proof is com-
plete. o
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2.10. Remark. Note that arguments similar to the ones given in the proof
of 2.9 permit to show the following: For u € <§’(’w)(RN ) and a compact convex

set K in RY | the inclusion sing supp(w)(,u) C K is equivalent to the existence of
b > 0 such that for each m € N there exists C,,, > 0 such that

|1(2)| < Cpyexp(Hg (Im 2) + bw(z))

for all z € CV with |Im 2| < mw(z) and |z| > C,,. Compare with [10, Volume I,
7.3.8).

2.11. Remark. Let p € éa(’w)(RN) be (w)-hypoelliptic and let F' and G be
parametrices for p. Then sing supp(,,(¥) = sing supp(,,)(G). Indeed, px* F' =
b+ f, puxG=06+g and f,g € &) (RN). Then px*(F—G) = f—g € &, (RY).
Since p is (w)-hypoelliptic, it follows that F — G € éa(w)(RN ), which yields the
conclusion.

As a consequence of Theorem 2.1, every parametrix F' of u € é(’('w) (RY) which
is (w)-hypoelliptic satisfies ch (sing supp(w)(F)) =— ch(sing supp(w)(u)) )

Proof of Theorem 2.1. (1) = (2) = (3): The implication (1)=-(2) is a
direct consequence of Propositions 2.3 and 2.5. By the very definition of slowly
decreasing for (w), (3) follows from (2).

(3) = (5): By Propositions 2.6 and 2.8 and Lemma 2.9, (3) implies the
existence of F' € _@(’w)(RN) such that p* F =+ G, G is real analytic on RY
and sing supp ) (F) C — ch(supp(p)). Select 1 € Z,,)(R"Y) which is identically
1 on a neighbourhood of — ch(supp(p)) and set Fy = ¢F € éa(’w)(RN). We have

pxFy=0+G—px*((1-9)F).

Clearly ¢ = G — px (1 —9)F) € D) (R"), and (3) implies (5).

(5) = (1): Let h € .@(’w)(RN) satisfy p* h € &) (R”Y) and choose F &
8(,y(RN) as in (5). Then Fx (u*h) = (6 +4)*h = h+1 h implies h =
—thx h+ F x (uxh) € &) (RY). Hence (1) holds.

(1) = (6): By Lemma 2.9 and the implications already proved, there is
a parametrix F of p with sing supp ) (F) C —ch(supp(u)). Next fix zo ¢
— ch(sing supp(w)(,u)) and choose x € Z,)(R") identically 1 on a neighbourhood
of ch(sing supp(w)u) and such that —xg ¢ Ch(supp(x)). Then let v := yu €
éa(’w)(RN). Clearly zg ¢ —ch(suppv) and p = v + ¢ for some ¢ € Z,,(RY).
We note that v is (w)-hypoelliptic. Indeed, if v * h € &) (R") for some h €
.@(’w)(RN), we have pxh = v*h+ ¢ xh € &) (RY), hence h € &,)(RY).
By Lemma 2.9, there is a parametrix Fy for v such that sing supp,(Fo) C
— ch(supp(u)). In particular Fp is of class &) on a neighbourhood of zq. It is
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easy to see that Fp is also a parametrix for . By Remark 2.11, sing supp ) (Fo) =
sing supp,,(#'), which implies xo ¢ sing supp, (F).

(6) = (7): The same argument used above to show (5)=-(1), permits to
conclude (1) from (6). By what is already proved, we get (3). In particular p is
slowly decreasing for (w) and by [2, Corollary 2.9] there is a fundamental solution
E € _@(’w)(RN ) with p* E = ¢. In particular F is a parametrix for p, which is
(w)-hypoelliptic. By Remark 2.11, ch(sing supp(w)(E)) = ch(sing supp(w)(F)) =
— ch( sing supp ).

(7) = (8): Let © be an open subset of R and let u € D) (8 — supp(p) +
ch(sing supp(w)u)) satisfy p*u € &) (Q + ch(sing supp(w)(,u))) . We fix zg € Q
and we show that the restriction of u to Bgr(zo) belongs to &) (Br(zo)) for
some R > 0. To do so, take R > 0 such that Bagr(zg) C 2, choose ¢ €
D(w) (Q—supp(u)+ch (sing supp(w)(,u))) which is identically 1 on a neighbourhood
of Bgr(wo) — supp(p) + ch(sing supp(,,)p) and let v := pu € é“(’w)(R“). Since u
and v coincide on a neighbourhood of Br(zo) — supp(u) + ch(sing supp,u),
we get that p+u and p v coincide on Bpr(zo) + ch(sing supp(w)(,u)), hence
[k v € &) (Br(o) + ch(sing supp(w)(u))) . Therefore,

sing supp,, (v) = sing supp,,y (£ * p * v) C sing supp,,, (F) + sing supp,, (1 * v)
C — ch(sing supp(, (1)) + (R™\ (Br(zo) + ch(sing supp (1))
C Rn\BR(.’Bo)

(8) = (1): This is obvious.

(1) = (4): First observe that (1) clearly implies Ker S,, C &(,)(R") and, by
what is already proved it also implies that p is slowly decreasing for (w).

(4) = (1): Conversely, assume that (4) holds and take v € @('w)(RN ) such
that v+ pu = g € &) (RY). Since u is slowly decreasing for (w), we can apply
[2, Corollary 2.9] to find f € é"(w)(RN) such that p* f = g. Accordingly v — f €
Ker S, C &, (RY). This yields v € &,)(RY) and (1) is satisfied. o

2.12. Remark. Theorem 2.1 should be compared with the characterization
of the (w)-hypoelliptic differential operators given by [1, 4.1.1] and the results
stated in Chou [7, IV.11, Remarque 4]. In both articles classes of ultradifferentiable
functions are used which are defined in a different way than those considered here.
However, in many cases these different definitions decribed the same classes. Note
that there are more equivalences and more precise statements in Theorem 2.1 than
in Chou [7].

2.13. Proposition. Let ¢ and w be two weights such that w(t) = o(o(t))
as t — oo. Then the following assertions hold.

(a) There exists p € 5(’w)(RN) which is (o) -hypoelliptic but not (w)-hypoelliptic.
(b) There exists € &/, (R) which is (w)-hypoelliptic but not (o)-hypoelliptic.
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Proof. (a) By Braun [4, Theorem 7], there exist an elliptic ultradifferential
operator G(D) of class (o) and f € &, (RY) which is real analytic on RV\{0}
such that G(D)f = 6. We select ¢ € P, (R") identically 1 on a neighbourhood
of {0} and define 11 := of € Z¢,3(RY) C Z(,)(RY). Clearly p is not (w)-slowly
decreasing, hence it is not (w)-hypoelliptic. On the other hand G(D)u = 6 + x
with X € Z)(R"Y), and p has a parametrix in DR N), hence it is (0)-
hypoelliptic.

( ) y [5, 1.7], there is m: [0,00[— [0,00[ such that w(t) = o(m(t)) and
m(t (U(t) as t — 0. Proceedmg by recurrence, with r; > 2, select a
sequence (rj)jen with 4r; <rj;y1, 7 € N, such that, for all j € N,

(i) 1+o(r;) = m(r;),

J

(i) j(w(r )+1)<m(7“y)

(iii) (j+1)2 < 1nft2rj( (t )/log(t)).

By (iii), if n(t) = card{j € N | r; < t}, t > 0, we have n(t)logt = o(w(t))
as t — oo. For each j € N, select z; € C with |z;| =7;, Imz; = m(r;) and let
f(z) = HjeN(l —(2/2;)), z € C. The function f is entire, its zeros are the z;’s
and

log | £(2)] < n(|2]) log |#| + log2 + &

for each z € C by Braun, Meise, Vogt [6, 3.11]. Hence there is p € &7, (R) with
it = f, supp(u) = {o} and T}, is surjective on &,,)(R), therefore on &,)(R). By
our construction and Theorem 2.1, p is (w)-hypoelliptic, but not (o)-hypoelliptic,
since the first part of condition (2) in Theorem 2.1 is not satisfied for (o). o

2.14. Remark. Observe that the example p € 5(’w)(RN ) constructed in

Proposition 2.11(a) satisfies KerS,, C &,)(RY) C &)(RY) but it is not (w)-
slowly decreasing. Accordingly the condition Ker S, C é(’(w)(RN ) alone does not
imply that p is (w)-hypoelliptic.

We refer the reader Ehrenpreis [8, pp. 574-579] for interesting examples on
hypoelliptic convolution operators in the case of classical distributions.

3. {w}-hypoelliptic convolution operators

In this section we define and characterize when the convolution operator S,
which is induced by u € é"{' }(RN ) is {w}-hypoelliptic. The statements look very
similar, but the proofs require new ingredients. Some of them, as for example
Proposition 3.5 and Corollary 3.7, might be of independent interest. Again in this
section w denotes a fixed weight function.

3.1. Theorem. For p € &, }(RN ) the following assertions are equivalent:
(1) Whenever v € .@%w}(RN) and pxv € &, (RY), then v € & (RY),

(2) liminf,ey(a), 2j—o0 (| Im2|/w(2)) > 0 and for each m € N there is Ry, > 0
such that |fi(z)| > exp(—w(z)/m) for each x € RN, |z| > R,
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liminf ey (4), |2]—o0 (| Im 2| /w(2)) > 0 and p is slowly decreasing for {w},
Ker S, C & (RY) and p is slowly decreasing for {w},

Ker S, C &y (RY) and T,: &,y (RY) — &,y (RY) is surjective,

there exist F' € é"{’w}(RN) and ¢ € P,y (R") such that p* F =0+ 1,
there exists F € @Ew}(RN) satisfying i F = 0 + ¢ for some ¢ € &3 (RY)
and the convex hull of sing suppy, (F) and —sing suppy,, () coincide,

(8) there exists a fundamental solution E for S, satisfying

N NN N
O O = W
~— — — — —

\]

ch(sing supp{w}(E)) = — ch(sing supp{w}(,u)),

(9) for each open set Q C RY and u € @Ew} (92— supp(p) + ch(sing supp{w}(u)))
satisfying pxu € &) (Q—H:h(sing supp{w}(,u))) , it follows that u € &, (2).

3.2. Definition. (a) If € <§’{/w}

also S, are called {w}-hypoelliptic.
(b) F € .@f{w}(RN) is called a parametriz for p € @@{’W}(RN) if uxF=0+¢
for some ¢ € &3 (RY).

3.3. Proposition. If p € @“’{’W}(RN) satisfies Ker S, C &1,y (RY), then

(RY) satisfies condition 3.1(1), then p and

| Im z|

lim inf > 0.

z€V (f1) |z|—o00 W(Z)

Proof. Arguing by contradiction we assume that there exists a sequence

(zj)jen C CV | |zj] — o0, fi(z;) = 0 and |Imz;| < w(z;)/j for each j € N. If

a=(aj)jen €11 and ¢ € _@{w}(RN ), we can apply the Paley—Wiener—-Komatsu
theorem [5, 3.5] to conclude

3 Jag () @) < ¢ 3 raj|exp((—. _ e)ww)),
i=1 i=1 J

for some ¢ > 0, D,C > 0 depending only on ¢. Now an application of the closed
graph theorem (see Meise and Vogt [17, 24.31]) and an obvious modification of the
proof of 2.3 leads to a contradiction. o

3.4. Proposition. Let u € é’fw}(RN) is {w}-hypoelliptic, then for each
m € N there is R,, > 0 such that |i(z)| > exp(—w(z)/m) for each z € RY,
|z| > Ry, .

Proof. Proceeding by contradiction, we find m € N and a sequence (&;),en
in RN such that |&;| > 2|¢-1| > 27 for each j > 2 such that [u(¢;)| <
exp(—w(&;)/m) for each j € N. By Lemma 2.4, 1 := 72 exp(i(-,&;)) be-
longs to @Ew}(RN ) but it is not a ¥ function on R” . Proceeding similarly as
in the proof of 2.5 we show %7 € &, (RY). This is a contradiction. o
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3.5. Proposition. Let w and og be two weight functions with oy = o(w).
Let S := {0 : o is a weight function, o9 < o, 0 = o(w)}. Then, for each open set
Q in R, the following topological equality holds

&y (Q) = QS Eo) (),

when the space on the right hand side is endowed with the corresponding projective
limit topology.

Proof. To prove the equality as vector spaces, it suffices to show
D1} (Bs(0)) = ﬂs 9(+)(Bs(0)),
oc

for each 6 > 0, since the equality holds if it holds locally. By Meise, Taylor
and Vogt [5, 3.9] the inclusion “C” is valid. To prove the converse inclusion, fix
f € Nyes Z()(Bs(0)) and choose (pe)eso in P,y (RY) such that p. — & in
Q‘Ew}(RN) as € | 0. Fix o € S and note that f % p. — f in &) (Bs(0)) (see
the proof of [5, 3.8]). Since this holds for all o € S, it follows from [15, 3.3] that
(f * pe)eso is a Cauchy net in &,y (Bs(0)), which is a complete space by [5, 4.9].
Accordingly, there exists g € &, (35(0)) such that fx p. — g in &y (B(;(O)).
Since f * p. — [ pointwise, it follows that f =g € P, (35(0)).

Note that the topological equality in the proposition follows from the algebraic
one and [15, 3.3]. ©

3.6. Remark. Under certain conditions on the sequence (Mp),>0, see [5,
8.9] and 1.5(4), the spaces &{M»}(Q) coincide with Elwnr} (2) for a suitably defined
weight function wyy . In this situation the proposition above shows that in Chou [7,
1.2.6] even the topological equality holds.

3.7. Corollary. For each u € .@Ew}(RN) we have

sing supp{w}(u) = |J sing Supp(o‘)(u)‘
oeSs

Proof. Let A := sing suppy,;(u). Then ulgn\4 € &y (RM\A). By Propo-
sition 3.5, u|grax\ 4 € &) (RV\A) for each o € S. Hence sing Supp () (u) C A for
each o0 € S. Since A is closed, this implies

B:= |J sing supp(,)(u) C A.
ces
To prove the converse implication, fix xo € RV\B. If no such z( exists, we have
B =R, hence A =R". Choose a neighbourhood V of z, such that VNB = 0.
Then uly € &) (V) for every o € S and hence, by Proposition 3.5, u € &, (V).
This implies xo ¢ sing suppy,,;(u). Therefore RM\B Cc RM\4 and consequently
ACB.o
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3.8. Lemma. If yu € @‘"{’w}(RN) satisfies the hypothesis of 3.1(3), then
there is a weight function og with o9 = o(w) such that for each weight function o

satisfying oy < o and o = o(w), p belongs to é"(’g)(RN) and p is (o) -hypoelliptic.

Proof. By [5, 7.6] there is a weight function oy with o7 = o(w) such that
TS é"('gl)(RN). By [2, 3.2], there is a weight oy > o7 with 09 = o(w) and
such that p is (og)-slowly decreasing. By the very definition p € é”(’g)(RN ) and
p is (o)-slowly decreasing for every weight function o such that oy < o and

o = o(w). By Theorem 2.1 it remains to show that Imz/o(z) tends to co as
|z| = 00, z € V(f), for every weight function o. To see this observe that

Imz Imzw(z) c N
= z

o(z)  w(z)a(z)’

and apply ¢ = o(w) and the first part of the assumption 3.1(3). o

3.9. Remark. If F and G are two parametrices of the {w}-hypoelliptic
operator u € éa{’w}(RN), then sing suppy,y(F) and sing suppy,y(G) coincide.
The proof is the same as the one of 2.11.

Proof of Theorem 3.1. (1) = (2): This follows directly from Propositions 3.3
and 3.4.

(2) = (3): This holds obviously.

(3) = (6): By 3.8, there is Rg > 0 such that j(z) # 0 for every x € RY
with |z| > Ry, since p € Q’GO)(RN ) and is (og)-hypoelliptic. We define, for

pE @{w}(RN)> N ( )
1 o(—z
el = (52) /|x|zRo i

Since p € (5’(’0)(RN ) and is (o)-hypoelliptic for all weight functions ¢ with o¢g < o

and 0 = o(w), the same definition of Fy for each ¢ € .@(J)(RN) yields, by
Lemma 2.9, that Fj € @(’J)(RN) C @%w}(RN), and Fj is a parametrix for u such

that pu* Fy = 0 + G for a real analytic function G on RY and
sing supp ) (Fo) C — ch(supp(p)).
As supp(p) is compact, using Corollary 3.7 we obtain
sing suppy,y (Fo) C — ch(supp(y)).

We fix ¢ € _@{w}(RN) identically 1 on a neighbourhood of ch (sing Supp{w}(u))
and we set F'= pF, € éa{’w}(RN). Since (1 —¢)Fy € &3 (RY), we have

pxF=0+G—px*((1—¢)F);
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since G — px ((1 — ¢)Fo) € &y (RY), we reach the conclusion.

(6) = (1): This follows with an argument similar to the one we used to check
(5) = (1) in the proof of Theorem 2.1.

(1) = (7): Since (1) implies (2), we can proceed as in the proof of (3) = (6)
to get that, for some Ry > 0,

(Fyp) == (%)N/MN%O A/AE(_;;) dx

defines F € @(’U)(RN) with sing supp ) (F) C —ch(supp(u)) for every weight

function o > 0¢ and 0 = o(w), and F*pu = 6+ g, g real analytic in R . By the
proof of (1)=-(6) in Theorem 2.1,

sing supp(, (F) C — ch(sing Supp(g)(ﬂ))

for every o and we can apply Corollary 3.7 to conclude
sing suppy,y (F) C — ch(sing supp ) (14))-

If we apply (6), which follows from (1), we obtain G € é”‘{’w}(RN) with uxG = §+
and with ¢ € &3 (RY), that is, G is {w}-hypoelliptic and p is a parametrix
for G. Since all the parametrices have the same {w}-singular support,

sing suppy,y (1) C — ch(sing supp{w}(F)).

(7) = (8): Multiplying by a cut-off function on Z,3(R") which is identically
1 on a neighbourhood of — ch(sing supp {w}(,u)) , we conclude (6), which is already
equivalent to (1) and (3). Consequently p is {w}-slowly decreasing, hence there is
a fundamental solution E € .@{w}(RN) of pu by [2, 3.4]. Since E is a parametrix
for p, we can apply 3.9 to conclude (8).

(8) = (9): The proof is the same as the proof of (7) = (8) in Theorem 2.1.

(9) = (1) = (4): The first implication is obvious, the second one follows from
Proposition 3.4.

(4) = (5): First observe that Ker S, is a Fréchet space and Ker S,, = Ker T, .
Since p is slowly decreasing for {w}, the operator T}, is locally surjective by [2,
3.4]. Since KerT), is a Fréchet space, a Mittag-Leffler argument shows that 7},
is surjective on é”{w}(RN ). Alternatively one can use the theory of the vanishing
of the derived functor Proj' as it is developed in Palamodov [18] and Vogt [21]:
since Ker S, is a Fréchet space and Ker S, = KerT},, we have Proj' Ker T, =0.
Since Projléa{w}(RN) = 0, this implies that 7T}, is surjective on f{w)(RN).

(5) = (1): We fix v € .@f{w}(RN) such that g = v * pu € &3 (RY). Since
T, is surjective, we find f € @‘"{w}(RN) with f* u = ¢g. This implies f —v €
Ker S, C &1 (RY), from where v € &, (RY) follows. o
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3.10. Remark. Theorem 3.1 extends the results of Chou [7, IV.2-1] in case
that the classes of ultradifferentiable functions considered in Chou coincide with
those considered in the present paper. In this case our results are more precise
and give more equivalences.

Note that the proof of (3) = (6) in Theorem 3.1 shows that the converse of
Lemma 3.8 holds, too.

3.11. Corollary. Let u € {'w}(RN) be given. Then p is {w}-hypoelliptic
if and only if there is a weight function oy with oy = o(w) such that for each
weight function o satisfying og < o and o = o(w), p belongs to é"(’a)(RN ) and
p is (o) -hypoelliptic.

3.12. Remark. Note that by [5, 8.8] the intersection of all spaces éa(w)(RN )
is equal to the intersection of all spaces éa{w}(RN ) and hence equal to the space
of all real analytic functions on R”, by the theorem of Bang-Mandelbrojt (see
Chou [7, 1.2.2]). Thus, each u € ('w)(RN) (resp. p € {’w}(RN)) which is (o)-
hypoelliptic (resp. {o}-hypoelliptic) for every non-quasianalytic weight function
o with o > w, is elliptic in the sense of [7, IV.3].
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