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Abstract. The local dilatation H), at a boundary point of a quasiconformal mapping on a
plane domain of arbitrary connectivity is defined and it is shown that there is always a substantial
point p, such that H, = H, where H is the boundary dilatation. Infinitesimal local boundary
dilatation is also defined and it is shown that the sets of infinitesimally substantial and substantial
boundary points coincide.

Introduction

Let © be a plane domain with two or more boundary points and let M ()
be the space of L., -Beltrami coefficients p defined on € with ||u||e < 1. With
respect to the global parameter z for 2, elements p of M(Q2) are just functions
and we arbitrarily put pu(z) identically equal to zero outside of 2. Corresponding
to any such p there is a global quasiconformal self-mapping f#* of the plane which
solves the Beltrami equation [3], [2],

(1) fz(2) = u(2) f2(2),

and f* is defined uniquely up to postcomposition by a complex affine map of
the plane. We say such a solution f* to this equation is induced by p. Con-
versely, any quasiconformal mapping f defined on 2 has a Beltrami coefficient
u(z) = fz(2)/f(2) in M(2). p is called the complex dilatation of f and
K = (1+k)/(1—k), where k = k(u) = ||pt]|oo, is called the dilatation of f.
K bounds the ratio of extremal length problems corresponding under f taken in
the domain and range of f.

The Teichmiiller space T'(€2) of €2 is a space of equivalence classes of Beltrami
coefficients in M (2). Any Beltrami coefficient p in M () induces a mapping f*
which is a solution to (1), with p identically equal to zero in the complement
of (2. Two such Beltrami coefficients py and p; are equivalent if they induce
mappings fo and f; such that there is a conformal map ¢ from fy(Q2) to f1(f2)
and an isotopy through quasiconformal mappings ¢g;, 0 < ¢t < 1, from 2 to
which extend continuously to the boundary of €2 such that

1991 Mathematics Subject Classification: Primary 32G15; Secondary 30C60, 30C70, 30C75.
Partially supported by the grant DMS 9706769 from the National Science Foundation.



286 Nikola Lakic

1. go(z) is identically equal to z on €,
2. gi is identically equal to f; Yoco fy on Q, and
3. g:(p) = fi P oco fo(p) = p for every point p in the boundary of Q.

Note that this equivalence relation is nonlinear. It is known [6] that the equivalence
relation induced by this isotopy condition is the same as the equivalence relation
induced by the same conditions except the isotopy in condition 3 is replaced by
an isotopy fixing the ideal boundary points of 2.

This equivalence relation partitions M () into equivalence classes and the
space of equivalence classes is by definition the Teichmiiller space T'(€2). The
equivalence class [u] of an element p of M(Q2) always contains an extremal repre-
sentative, that is, a representative o with the property that ||pollc < ||pt]|co for
all other representatives p of the same class. The proof of this fact depends on the
equicontinuity of a family of quasiconformal mappings with bounded dilatation.
We define

ko([1]) = llmolloo,

where g is an extremal representative of its class. The dilatation of the class
is Ko([1]) = (14 ko([n]))/(1 — ko([n])) and the Teichmiiller metric on T(f2) is
defined to be

d([u], [V]) = 5log Ko([o]),

where o is the Beltrami coefficient of f¥ o (f#)~!. Teichmiiller’s metric d is the
quotient metric with respect to the Kobayashi metric on M ().

There is another natural constant associated with any equivalence class 7
in M(Q2). For any p, define h*(u) to be the infimum over all compact subsets F
contained in 2 of the essential supremum norm of the Beltrami coefficient p(z)
as z varies over 2\ F'. Define h(7) to be the infimum of h*(u) taken over all
representatives p of the class 7. The numbers

1+ A" ()
1 —h*(p)
are called the boundary dilatations of p and of the class 7 = [u], respectively. It
is obvious that h(7) < ko(7). By definition, 7 in T(Q2) is called a Strebel point if
h(T) < ko(T) (see [19], [7], and [14]).
Let p be any point in the boundary of 92 and let p in M () represent a
class 7 in T'(€2). Define hjy (1) to be the infimum over all open sets U in the plane

containing p of ess sup,cy|p(2)|. hp(7) is the infimum over all p representing
the class 7 of hj(u). The numbers

1+ ha (1)
L= hy(p)

are called the local boundary dilatations at p of p in M(Q) and 7 in T(2),
respectively.

_ 1+h(7)

Hw) T 1-h(n)

and H(r)

=

p

and H,(T)
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The definitions so far given depend on the nonlinear equivalence relation which
determines the Teichmiiller classes in M (€2). There is an infinitesimal version of
this equivalence relation which is linear. Let A(€) be the space of integrable
holomorphic quadratic differentials ¢(z) defined on 2 with norm given by

loll = / (ol dady.

We say two Beltrami coefficients @ and o are linearly equivalent if

//Ml dxdy—//ug z)dx dy
for all ¢ in A(9).

We find it convenient to stipulate that elements of ¢ of A(f2) are identically
equal to zero in the complement of ). Since A(£2) is a closed subspace of the
Banach space L1(Q2), by the Hahn—Banach and Riesz representation theorems,
the dual space Z(€2) to A(Q) is isomorphic to Lo (2)/N. N is the space of
complex-valued, L., -Beltrami differentials u defined on 2 such that

J[ oo aay =0,

for all ¢ in A(Q). If v is an element of Z(§2) and p is a Beltrami differential in
Lo (), we say p represents v if
— [[ e
Q

for all ¢ in A(£2). Thus, the linear equivalence classes of Beltrami differentials
are in one-to-one correspondence with the elements v of Z(£2).

Corresponding to this linear equivalence relation there is a notion of infinites-
imal boundary dilatation b(v) of the equivalence class determined by wv:

@) b(v) = inf{b*(u) : p represents v} where
b*(p) = inf{||p |o\E |loo : B C 2, E compact}.

b is a semi-norm on Z(Q2). A sequence {p,} in A(Q) is called degenerating
if ||¢nl] = 1 and if ¢,(z) converges uniformly to 0 on compact subsets of (2.
Another semi-norm 3 on Z(f) is defined by

(3) B(v) = sup limsup |v(p,)],
{en} n
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where the supremum is taken over all degenerating sequences {¢,}. Obviously,
B(v) < b(v) and in [4] it is shown that ((v) = b(v).

We can also define the infinitesimal local boundary dilatation at any point in
09

bp(v) = inf{b, (1) : p represents v} where

(4)

b, (1) = inf{[|pt |onv [|eo : U is a neighborhood of p in the plane}.

b, is the infinitesimal version of h,,. Of course, there is also an analogy 3, to 3. A
degenerating sequence ¢,,, (with ||@,|| = 1) in A(Q) is said to degenerate towards
p if for every open set U containing p,

lim // lon(2)|dxdy = 1.
n—oo U
We define

(5) Bp(v) = sup limsup |v(py)],
{en} n

where the supremum is taken over all sequences {¢,} in A(£2) which degenerate
towards p. Obviously, §,(v) < b,(v) and one of our preliminary results is that
Bp(v) = by(v) for all v.

Two important results of this paper are the (affirmative) solution of Gardiner’s
conjecture

(6) H(r) = max H,(7)

and its infinitesimal version

(7) b(v) = max by, (v).

We first prove the infinitesimal statement (7) and we also show that b,(v) =
Bp(v) for every v € Z(€2). In [4] it is shown that [(v) = b(v) for all v €
Z(Q2). Thus, B(v) = maxpecaq Bp(v) for every v € Z(2), and both semi-norms
b, and (3, achieve their maxima at the same boundary points. Every such point
is called an infinitesimally substantial boundary point of € for v. Formula (6) is
a generalization of Fehlmann’s result which says that H([u]) = max,ecaa Hp([p])
for every Beltrami coefficient p in the unit disc A, (see [8] and [9]). Frederick P.
Gardiner conjectured that Fehlmann’s theorem generalizes to all plane domains.
In [16], Reich showed that a similar version of our infinitesimal result (7) holds in
the case of the unit disc using a different method of proof. Reich’s approach also
provided another proof of Fehlmann’s result for all non-Strebel points in T'(A).
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The proof of the result (6) breaks into two cases, according to whether the
Teichmiiller class 7 is a Strebel or non-Strebel point. The Teichmiiller class 7 is
called a non-Strebel class if it is represented by an extremal Beltrami coefficient u
for which there is degenerating Hamilton sequence. A sequence ¢,, with ||p,|| =1
in A(Q) is called a degenerating Hamilton sequence if it is degenerating and if

i [ /Q pn(2)p(2) dz dy = 1o

n—oo

It turns out that this notion can be expressed either in terms of the linear or
non-linear equivalence relation on Beltrami coefficients. Suppose p is extremal
and represents the Teichmiiller class 7. Then p also represents a linear functional
v in Z(Q). It is known that G(v) < ||v]| if, and only if, h(T) < ko(7). Strebel
points 7 in T'(2) are those for which either one of these inequalities is strict and
non-Strebel points are those for which either inequality is an equality.

The third important result of this paper concerns the case when p represents
a non-Strebel class. Assume p is extremal in its Teichmiiller class, let v be the
linear functional in Z(€) represented by p and let 7 be the equivalence class of
p in T'(2). Then the set of points p in the boundary of Q for which any of the
following equalities hold is the same set:

(1) H(r) = Hy(r),

(2) b(v) = by (),

(3) B(v) = By(v),

(4) there exists a Hamilton sequence for p degenerating towards p.

Points in the boundary of Q for which H,(7) = H(7) are called substantial points
for 7 and points for which b,(v) = b(v) are called infinitesimally substantial points
for v. In (2) and (3) the sets are determined by the linear equivalence class of the
linear functional v, whereas in (1) the set is determined by the nonlinear Teich-
miiller equivalence class of 7. For a non-Strebel class 7 represented by an extremal
Beltrami coefficient p, this result implies that the set of infinitesimally substantial
points corresponding to the element v in Z(2) represented by u coincides with the
set of substantial boundary points for the Teichmiiller class 7 represented by pu.
Since H, and b, are upper semi-continuous functions defined on the compact
boundary of €, the sets of points p satisfying (1) or (2) are non-empty.

The result generalizes Fehlmann’s theorem on the existence of substantial
points in two ways. First of all, exactly as Gardiner conjectured, it applies to all
plane domains, not just the unit disc. Secondly, both for the unit disc and for
any plane domain, it says that for non-Strebel classes the sets of substantial and
infinitesimally substantial boundary points coincide.

This paper is organized into seven sections. In the first section, we prove
b(v) = maxy, b,(v) for v in Z(unit disc). Proving this inequality can be viewed
as a problem of sewing together vector fields V' with dilatation bounded by M
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near a large number of points p on the boundary of 2 to obtain a globally defined
vector field with dilatation no more than M + . Instead of sewing, we go all the
way to the boundary of the unit disk and apply the Beurling—Ahlfors extension
process to a suitably chosen alteration of the vector field defined on the boundary
of the disc.

In the second section we define another quantity G(7) associated to a Teich-
miiller class 7 which turns out to be the same as the boundary dilatation H (7).
By definition, G(7) = (14 g(7))/(1 — g(7)), where g(7) is

lim sup limsup Re / [P dx dy
k=00 {pn} n—oo Q

and where the sequence pj is in the equivalence class 7 and is approximating in
the sense that h*(ux) < h(7) + 1/k and the supremum is over all degenerating
sequences {¢,} of quadratic differentials of norm equal to one. It turns out
that because of the principle of Teichmiiller contraction in asymptotic Teichmiiller
space [4], g(7) does not depend on the selection of the approximating sequence
in the equivalence class 7. The main result of this section is that G(7) = H(1).
The freedom to work with GG as a replacement for H is an essential element
in our proof of the first main result. In this section, we give another way to
define boundary dilatation. We call it S(7) and it is the maximal distortion of
degenerating sequences of quadratic differentials under the mapping by heights
induced by the Teichmiiller class of 7. In the case () is the unit disc we show
that S = G = H. We believe this result should be true for any domain €2,
but verification awaits the proof of a preliminary theorem, namely, that there is
a well-defined “mapping by heights” for quadratic differentials on plane domains
corresponding to any Teichmiiller class. This topic has been recently explored by
Strebel, Gardiner and Lakic (see [21] and [15] for more details).

In the third section, we prove b(v) = max,ean by(v) for any plane domain.
The sewing step is avoided once again by going all the way to the boundary and
applying the Sullivan-Thurston [22] extension process used in [5] for vector fields
vanishing at the boundary.

In the fourth section, we prove (3,(v) = b,(v) in all cases. We use the same
method which was used to show ((v) = b(v) in [4].

In the fifth section, we give an alternative definition of local boundary dilata-
tion at a point p in the boundary of 2 of a Teichmiiller class 7. By definition g, (7)
is a limit over sequences {y,} degenerating towards p of integrals fQ Wi Pn Where
1 is a sequence of Beltrami coefficients in the class of 7 whose local dilatations
at the point p give better and better approximations to h,(7). We prove the local
result that g,(7) = h,(7) which is analogous to the global result of the second
section. The proof depends on applying the fundamental inequalities for boundary
dilatation in [4] and on truncating suitable Beltrami coefficients representing the
class of 7.
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In the sixth section, we prove Gardiner’s conjecture max,can H,(7) = H(7)
for non-Strebel points by using the result of the third section and the two forms
of the main inequality to show that points p which realize the maximum of g,
coincide with points p which realize the maximum of h,,.

In the seventh section, we show the equality max,caq Hp(7) = H(7) also
holds for Strebel points 7. Here the method is to use the two main inequalities
for boundary dilatation given in [4].

In the appendix, we give a brief discussion of some consequences of our theo-
rems for Strebel’s chimney domain.

1. Unit disc case

Theorem 1. For all v in Z(A), b(v) = maxpepa by(v).

Proof. Suppose that max,coa bp(v) < b(v) for some v in Z(A). Choose ¢
so that max,ega bp(v) < ¢ < b(v). Let ¢, be a degenerating sequence in A(A)
so that v(p,) — B(v). Let © be an extremal representative of v. Then

/;uwn—+ﬂv%

l1tlloo = [[o]]-

Since ¢ > maxpcan bp(v), there exists [ > 0 such that for every arc I on the unit
circle of length less than [ there exists a neighborhood U of [ and a Beltrami
differential v equivalent to u so that

and

[V ona [l < e

Following Fehlmann’s idea (see [8] and [9]), we divide the unit circle into N > 4x/1
disjoint arcs I; of equal length. Let the end points of arc I; be a; and a;41, with
any1 = ayp. Let € > 0. Choose an arc V; on the unit circle with length less than
[/4 and the center at the point a;. Let R; be the sector in A bounded by V; and
the two radial lines terminating at the end-points of V;. Dividing the sector R;
into more than 1/¢ disjoint sectors and observing that each ¢,, has norm one, we
see that there exist points x; on V;, sectors S; and a subsequence 1, of ¢, such
that x; is a mid-point of the boundary arc of S; and

limsup/ |n| < e for all 3.
Si

n—oo

Since the length of the open arc A; from x; to x;41 is less than [, there
exists a neighborhood U; of A; and a Beltrami differential v; equivalent to u so
that oU; UOA = {x;,x;41} and

Vi [oina [ < e



292 Nikola Lakic

Let n; = (v; — p)xa\w; and v; = [n}]. Here x is the characteristic function of a
set. Then we also have v; = [n?] where n? = (4 — v;)XanU; -

Let H be the upper half plane and let ¢} and ¢? be the pull-backs of } and
n? by a Mobius transformation m that maps the unit disc onto the upper half
plane H and satisfies m(z;) = oo. The space Z(H) is isomorphic to the space of
all Zygmund bounded functions on the real axis, and the isomorphism sends each
v=1[¢] € Z(H) into a Zygmund bounded function V' defined by

_ -1 2z —1)ew) o
Vi(z) = - /Cw(w—l)(w—z)d dv,

where ( is extended to the lower half plane using the reflection j(z) = Z, i.e.

C(2) = ¢(2) (see 13]). Let V; be a Zygmund bounded function corresponding to
the linear functional m,v; in Z(H). Formula (21) in [13] shows that

w<z+t>+w<z—t>—2w<z>:—_1/ Glwtz) o
cw( 7

t ™ w—1)(w+1)
for j = 1,2. Therefore V; satisfies the little Zygmund condition
Vi(z + 1) + Vi(z — 1) = 2Vi(2) = o(t)

locally uniformly for all z in R/{m(z;+1)}. Therefore, by pulling-back the Beur-
ling—Ahlfors extension

1 T+y Z T+y x

®  Rerin=y [ v@dast| [Tvga- [ veal,

2y T—y y x r—y

it follows from Lemma 8.1 in [13] that a Beltrami differential 1; = m*dF;(z) in
the unit disc satisfies v; = [1:], |[Milloc < C|lvi]| and n;(z) — 0 if 2z tends to a

point on OA — {x;,z;41}. Observe that

[vill < [197]loc < [0l +c.

Thus, all differentials 7; are uniformly bounded in the L°® norm.
With no loss of generality we may assume that the neighborhoods U; are
disjoint and that the set

N
F=A\UU
=1

(3

is a union of a compact set and of measure zero. Then,

N N
v=[u] = [Z HUXU;NA T+ MXF} = [Z(m + ViXvina) + 1XF |-
i=1 i=1
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Let

WE

f=>» (ni+vixu,na) + pxF-

i=1
Then v = [fi] and
N

fi=n+> vixvna + Exr,
=1

where
N
n= Z’fh'-
i=1
Therefore,
lim sup / [y | < (NC(|Jv]| + ¢) + Ne) limsup/ ke
n—oo [JUs; n—oo Jus;

< (NC(JJv]| + ¢) + Nc)eN.

Furthermore, if W; = (U; NA)\ (S; U Sit1), then

/U i

lim sup
n—oo

N
< lim supz /W Vithn| + ZZlim sup
1 i =1 j=

n—oo

N

= limsupz / vithy | < climsupz || < c.
e :

=1

Thus,

b(v) = lim v(¢,) = limsup/ by, < c+ (NC(||lv]| + ¢) + Ne)eN,
A

n—0oo n— 00

which is a contradiction provided that ¢ is sufficiently small. o

2. Boundary dilatation

The boundary dilatation H(7) determines Teichmiiller’s metric on the asymp-
totic Teichmiiller space AT(Q) = T(Q2) mod Tp(2), (see [13] and [4]). It also de-
termines the Strebel points in the Teichmiiller space T(€2). In this section we
find several ways to express the boundary dilatation. They are analogous to the
several different representations of the dilatation Ky(7), which determines the
Teichmiiller’s metric in T'(Q).

The first point of view is looking at the mapping by heights introduced by
Strebel in [21]. If f is a quasiconformal homeomorphism of the unit disk A and
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¢ is in A(A), then there is a unique integrable holomorphic quadratic differential
v such that the vertical ¢-distance between any two boundary points r and s is
equal to the vertical 1 -distance between f(r) and f(s), (see [21]). We say that
¥ is the image of ¢ under the mapping by heights induced by f, and we denote
¥ by MH(f, ). Notice that if [f1] and [f3] are the same points in the universal
Teichmiiller space T(A) then there exists a conformal homeomorphism « of A
such that f1(t) = a o fa(t) for every t € OA. Therefore )3 = MH(f2, ) is a
pull-back of 1y = MH(f1,¢) by a:

Py = 1 (a)a’?

That yields ||¢1]] = ||12]|. We define a function from T'(A) x A(A) onto A(A)
by (7,¢) — MH(f, ), where f is normalized to fix 1, —1 and i, and [f] = 7.
This function describes the mapping by heights up to the pull-backs by Mobius
transformations, so we will also call it the mapping by heights and denote it
by MH. It is proved in [15] that Ky(7) is equal to the supremum of || MH(7, ¢)||
over all unit vectors ¢ in A(A). In a parallel manner we define

S(r) = sup limsup || MH(7, ¢,,)||-

(‘pn) n—00

Here the supremum is over all degenerating sequences of unit vectors ¢, .

A second point of view comes from looking at the semi-norm b, the infinites-
imal version of the boundary dilatation h. Since b(v) = B(v) for all v, we would
like to find the corresponding statement for the boundary dilatation. We use the
estimates for the Teichmiiller metric given by the following Reich—Strebel inequal-
ities:

wp [ @/ D]
) <||w||p1/w 1—|pf?

/ ue/1e)|
i 2

= |l
for all 7 = [u] € T(Q2) and all unit vectors ¢ in A(Q2), (see [11] for the proofs).
We say that the inequalities (10) and (9) are the first and the second funda-
mental inequalities of Reich—Strebel, respectively. Reich and Strebel proved the
inequalities (10) and (9) by studying the trajectory structure of the quadratic
differential ¢. Using further analysis of this structure and previous results of
Hamilton and Krushkal, Reich and Strebel came to the following criterion for the

extremality of the Beltrami coefficient p: p is extremal in its Teichmiiller class if,
and only if, there exists a Hamilton sequence for p. Thus,

(10)

ko(T) = sup Re/ [p.
lell=1 Q
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We note that when the class 7 contains more than one extremal representative, this
supremum takes the same value independently of which extremal representative
is chosen. To define the analogous quantity corresponding to boundary dilatation
we use Beltrami coefficients pj which nearly realize the boundary dilatation in
their asymptotic Teichmiiller class. We call a sequence pj in a given class 7 an

approximating sequence if h*(u) — h(7) approaches 0 as k approaches infinity.

Let
_ 14g(7)

~ 1—g(7)

g(7) = sup lim sup sup lim sup Re/ kP -
Q

He k—oo {p,} Mm—o0

G(7)

and

Here, the first supremum is over any sequence uj of approximating Beltrami
coefficients for the class 7 and the second supremum is over all degenerating
sequences {¢,} in A(Q).

Note that (v = [u]) is the infinitesimal version of g(7 = [u]) and b(v = [u])
is the infinitesimal version of h(7 = [u]). The part of the following theorem which
equates G(7) and H(7) is analogous to the theorem from [4] which equates [(v)
and b(v).

Theorem 2. The distortions H, G and S coincide. More precisely,

G(r)=S(r)=H(r) for all T € T(A),
G(r)=H(r) for all T € T(2).

Proof. H(t) = S(7) by Theorem 5 in [15]. Clearly g(7) < h(7). To prove
the reverse inequality we may assume that H(7) > 1. By the definition of H(7),
there exists a sequence of representatives ., of 7 such that h*(u,) — h(7). Then,

by the theorem on inequalities for the boundary dilatation in [4] or, in the case of
the unit disc, by the main theorem of [12], B([un]) — h(7). Thus, g(7) > h(7). o

3. Infinitesimal substantial points

In the proof of Theorem 1 we used Beurling—Ahlfors extension (8) of Zygmund
bounded functions on the unit circle. In [16], Reich showed a similar result by
considering the extension induced by the kernel

B (1= ]2?)°
Sz w) = 2mi(1 — zw)3(w — 2)°

These extensions apply to the unit disc case and cannot be easily extended to an
arbitrary plane domain case. In this section we generalize Theorem 1 to the plane
domain case by looking at the infinitesimal version of the Sullivan-Thurston [22]
extension of holomorphic motions.

Let © be a plane domain and let A be the complement of 2. We assume
that A contains at least three points.



296 Nikola Lakic

Theorem 3. For all v in Z(2), b(v) = max,eaqn by(v).

Proof. Suppose that max,caq by(v) < b(v) for some v in Z(2). Choose ¢ so
that maxpyecpn bp(v) < ¢ < b(v). Let ¢, be a degenerating sequence in A(£2) so
that v(y,) — B(v). Let p be an extremal representative of v. Then

/Q frpn — b(v)

and
[1tlloo = lv]-

We may assume oo € €). Then A is compact in the Euclidean metric, and for some
positive integer M > 0, A is contained in the square of side length 2M centered
at the origin. Since ¢ > maxy,caq by(v), there exists [ > 0 such that for every
subset Y of A of diameter less than [ there exists a neighborhood U of Y and a
Beltrami differential v representing v so that ||V |[ynq || < ¢ (as usual, we assume
that the L>° norm of the characteristic function of an empty set is equal to zero).
Also, we may assume pu, v and ¢, are identically equal to zero in the complement
of 2. We use a two-dimensional analogue of an idea of Fehlmann (see [8] and [9]).
Divide the square [—M, M]? into N squares Ay, As, ..., Ay of equal diameter d
with d less than 1l. Fix € > 0. For every square A; = [a,b] X [c,d] we consider
the frames F;, = P;, \ Q;, where

P I k+1 LE+1] [ 1 k+1 I k+1
w—P—ﬁﬁf’#ﬁiﬁx —mﬁf’+ﬁﬁf}

and

Qik:Pik_1:|:a_lkb Lk X[C_de lk}’

10z T 10L] [ONARRTY
where L > 1/e and k = 0,1,2,...,L. Since ||p,| = 1 for all n, there is a
subsequence v, of ¢, and a frame S; = F;, such that

limsup/ |n| <e for all 1.
Si

n—oo

Let

I k+3 Lk-l—ﬂ { I k+3 1Lk+y

!/ o o
B=1e=1071 " 101 ‘"L ‘T 1L

be the rectangle bounded by the core curve of the frame S;. Also let Ry = R}, ,
Ry = Ry, \ R1,...,Ry = Ry \(RiURyU---URy_1). Note that A C Ry U
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Ry U--- Ry . The diameter of each R; is less than [, thus there exists a Beltrami
coefficient v; representing v and a neighborhood U, of R; such that

N
GUZ C U S, and HVZ
=1

(2

U,NQ ”OO <c.

Let ) = (vi — p)Xayu, - Then [n}] = [n?] where n? = (1 — v;)xv,nq- Pick three
points A1, A2, A3 in A, let ¢, a rational function holomorphic in C defined by

__l (z—=A1)(z = A2)(z — A3)
QOz(w)_ ﬁ(w—h)(w—)@)(w_)‘?’)(w_z)

and let
Vi(z) = / o2 (W) (w) du dv.
Q

Since the function w — ¢, (w) belongs to A(Q2), we also have

W(Z)Z/ngz(w)nf(w)dudv.

V; is a vector field on A with bounded cross ratio norm (see [5]), and any extension
of V; to a vector field V on C with bounded d-derivative satisfies [n!] = [OV].
Instead of Beurling—Ahlfors extension used in Section 2 or the kernel S(z,w) used
in [16] for the unit disc case, we now apply the infinitesimal version of the extension
procedure used by Sullivan and Thurston [22] to extend a holomorphic motion.
This extension was used in [5] to show that the infinitesimal Teichmiiller norm is
equivalent to the cross ratio norm. The extension V is obtained as the limit of
extensions V,, applied to the finite sets A,, = {A1, A2, ..., An12} such that the set
{A1,A2,...} is dense in A. The vector fields V. are obtained by pasting together
the local extensions by a suitable (ample and uniform) partition of unity. The
local extensions are achieved by restricting A,, to a three-point set or a four-point
set depending on the thick-thin decomposition of the domain €2,, complementary
to A, . In the case of a three point set we use the best affine extension (i.e. the
extension with the smallest L> norm of its d— derivative). In the case of a four
point set we use the canonical extension obtained by looking at the one-dimensional
Teichmiiller space of the (extended complex) plane punctured at those four points
(see [5] for more details). Since n}(2) — 0 if z converges to a point on A N U;
and n?(z) — 0 if 2z converges to a point on A\ U;, the proof of the Equivalence
Theorem in [5] shows (see in particular Section 7.5 in [5]) that the extension V
of V; has O-derivative n; which satisfies 7;(z) — 0 if z converges to a point on
A\ 8U;. Furthermore [|0V]jo < C In?|lo for some universal constant C'. The
rest of the proof is the same as in the unit disc case. o
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4. Local boundary semi-norms

Let Q be a plane domain whose complement A contains at least three points.
It is shown in [4] that ((v) = b(v) for all v in Z(2). Now we prove the local
version of this theorem.

Theorem 4. If v € Z(£2), then

bp(v) = Bp(v)
for all p € 0f).

Proof. Let p € 09Q2. It is easy to see that 0 < (,(v) < b,(v). We now show
that (3,(v) > by(v). Clearly, we may assume b,(v) > 0. Let p be an extremal
Beltrami differential representing v. By the definition of b,(v), there exists a
sequence of Beltrami differentials u, and a sequence of neighborhoods U,, of p
such that U,y is contained in U, for all n, (1, U, = {p}, each pu, represents
v, and |pun(2)] < bp(v) +1/n for all z in U, NQ. The result of the previous
section implies that there exists a Beltrami differential v,, representing [, Xo\v,,]
such that |[vn|lec < Cll[ttnXo\v, ]|l and v, (2) — 0 when z converges to a point
on U, NA (v, is the O-derivative of the extension in [5] of the vector field on A
corresponding to [pnXxa\v,]). Thus, there are neighborhoods V;, of p such that
Vi, C U, and |v,(2)| < 1/n for all z € V;, N Q. Since v, is equivalent to p, —
Un XU, NG, 1t s also equivalent to p— pyXxv, nq . Furthermore ||p@ — pnxu,nalloo <
|lv|| + b(v) + 1. Thus,

alloe < C (0] + b(o) + 1)

for some universal constant C'. Note that u is equivalent to the Beltrami differen-
tial 1, = vp + pnxu,na- Let v, = [Muxv,na]. Choose a unit vector ¢, in A(Q2)
such that v, (¢p) > ||vn|| —1/n. Then

bp(v) = bp(vn) < flonll < vn(pn) +1/n

2
<lmxveale [ leal 41/ 2 (@) 2) [ ol 1
V,,NQ n’ Jv,nQ

Hence,
b,(v)—1/n
[ fonlz 0=
V,NQ bp(v) +2/n

Therefore ¢,, degenerates towards p. Furthermore,

— 1 as n — o0.

o)l = | [ maon 2 ol | [ e
> fonll = = (€4 1) (o] + b(0) + 1)
3/n

> b)(v) — % — (1)l +b) + 1)
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Therefore
Bp(v) > limsup |v(py,)| > by(v). o

n—oo

5. Local boundary dilatation

In Section 2 we introduced the formula for the boundary dilatation using
degenerating sequences. In this section we study the corresponding local situation.
Let p be a boundary point of the plane domain Q and let 7 be a point in T'(£2).
In a parallel manner we define

gp(7) = lim sup limsup Re/ HEPn-
Q

k—00 (5,1 n—oo

Here py, is a Beltrami coefficient in the class of 7 such that hy(ux) < hyp(7) +1/k
and the supremum is over all sequences {p,} in A(Q) degenerating towards p.
In keeping with standard notation, we put

1
Gy = 2.
1—-g,
Note that (3, is the infinitesimal version of g, and b, is the infinitesimal version
of h,. The following theorem is the analogue of Theorem 4 and the local version

of Theorem 2.
Theorem 5. For all 7 € T(Q),

Proof. It is easy to see that g, < h,. In order to estimate h, — g,, select
pv representing the class 7 in T'(§2) such that hy(u) is arbitrarily close to hy(7).
Clearly, hy(u) = by(p). Moreover, if we let v be the linear functional in Z(£2)
represented by p, then Theorem 5 and the existence of the limit in the definition
of g,(7) follow from the next lemma.

Lemma 1. For every (2,

by (1) — Bp(v) < Hy(p) — Hp(7).

Proof. Pick a neighborhood U = {z : |z—p| < r} of p such that K(uxanv) <
Hy(p) +1/n and by(v) < by(v) +1/n for all ¢ € 92N U. Define a new Beltrami
coefficient n on by letting

n(z) = p(z) for all z in Q with |z — p| < 37,

n(z) =0 for all z € Q\ U, and

n(z) =tp for all t € (0,1) and all z in Q with |z —p| =r(1— 3t).
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Then by Theorem 3, b([n]) = sup,caq by([n]) < by(v) +1/n. Moreover,

H(n) = H([n]) < H*(n) — Hy([n]) = H*(n) = Hy(7)
< K(n) — Hy(t) < Hy(p) — Hy(7) +1/n.

Therefore, the inequalities for boundary dilatation in [4] yield

b*(n) — b)) < Hy(p) — Hy(7) + 1/n.

Combining these inequalities we obtain

by (1) = Bp(v) = bp(n) = bp(v) <% (n) = by(v)
<b"(n) = o([n]) +1/n < Hy(p) — Hy(7) +2/n. 8

6. Substantial points for non-Strebel classes

Now suppose that 7 is a non-Strebel point in 7'(2). Let u be an extremal
Beltrami coefficient representing 7. Then there exists a degenerating Hamilton
sequence for p and we have h(7) = ||ullc = B([1]) = b([u]) (see [7], [4]). We
now prove the local version of this result. Note that p also represents a linear
functional v = [u] in Z(Q).

Theorem 6. The following five conditions are equivalent for every boundary

point p of  and every extremal representative p of a non-Strebel point T in
T(Q):

Proof. Let p be a boundary point of €2 and let p be an extremal repre-
sentative of a non-Strebel point 7 in T'(2). Also let v be a functional in Z()
represented by the Beltrami differential . It is shown in [4] that b(v) = S(v).
Furthermore b,(v) = B,(v) by Theorem 4. Thus, (3) is equivalent to (4). The
equivalence of (4) and (5) follows from the definitions of the semi-norms § and (3,
and the equivalence of (1) and (2) follows from Theorems 2 and 5.

We now show that (1) is equivalent to (5). Let f be a quasiconformal mapping
with domain €2 and Beltrami coefficient ;. Assume first that there exists a Hamil-
ton sequence ¢, such that [, onpu — ||pfl and ¢, is degenerating towards p.
Suppose that H,(7) < (14 |[¢t]lec)/(1 = ||ft|lcc). Then there exists a neighbor-
hood U of p and a quasiconformal mapping g with domain €2, range f(€2) and
Beltrami coefficient v such that ¢g~! o f is homotopic to identity relative to the
boundary of Q and ||V |;-1o5na) llee < [[tlloc- Let o = vxg-10f@wna). Then o
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is equivalent to a Beltrami coefficient ¢ so that ((z) = u(z) for all z € U N Q.
Thus, the first fundamental inequality of Reich and Strebel yields

2
1—1|lv|,-10 0o —
| |g Lof(UNR) | < <hm1nf/ |90n C@n/’;@nu
L+ v |g-10rwne) lleo KO( n—e 1—¢]
2
o 11— pen/lenl]
= liminf |on| 5
n—oc Jony 1 —|ul
_ Lt llull% — 2Timsup,_ oo Re for ppn
- 1—|[pll%
_ 1+ ||M||?>o - 21irnsupnﬂoo fQ H$n _ 1— HIU’HOC
1 —lpll3 L+ [|plles”

a contradiction.
Finally, assume that H,(7) = H(7) and let U, ={z € Q: |z —p| <1/n}. If
fn = pXU, , then

Ko([pn]) > Hy ([pin]) = Hy(7) = %

Thus, by the second fundamental inequality of Reich and Strebel, there exists a
unit vector ¢, in A(2) such that

2
/| ||1+uns0n/\<pn|\ oLl 1
1 — [pun? Tl e n

Therefore,

1 2 2R
L4 || oo < liminf + ||Mn||oo + 2efQ HnPn
1—lpllec = m—oe 1= lpnllZ
_ 1+ [|p)|2 + 2liminf, o Re [, tin@n
B 1 —lpliZ 7

hmlnfRe/ pon > || ] o

n—oo

n

Therefore, fU lon| — 1 as n — oo and ¢, is degenerating towards p. Moreover,

liminfRe/ Onfl > liminfRe/ Onft — ||u|]oolimsup/ |on| > [|1t]|oo- O
e} n—oo Q\

n—oo U, n—00 n

Corollary 1. With the same hypotheses as in the previous theorem, sub-
stantial points exist.
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Proof. From this theorem and from Theorems 3 and 4, there exist points p
for which the maximum in (1), (2), (3) and (4) are simultaneously achieved. o

Remark. Using the kernel

(1—2[*)?
St w) = 5o~ Fw)iw = 2)

Reich partially proved Theorem 6 in the case of the unit disc (see [16]) and hence
provided another proof of Fehlmann’s theorem for non-Strebel points. Theorem 6
together with the results in Chapters 2 and 4 provides two new proofs of the
same result and it also provides the generalization to the plane domain case. We
generalize Fehlmann’s theorem for Strebel points in Theorem 8.

We say that a boundary point p of the plane domain 2 is a substantial
point for a Beltrami coefficient p if H([p]) = Hp(p). Also, we say that p is an
infinitesimally substantial point for a Beltrami differential p if b([u]) = b,([p]).
The set of all substantial points is called the substantial set, and the set of all
infinitesimally substantial points is called the infinitesimally substantial set. These
sets are clearly closed subsets of €. Theorem 6 shows that the substantial set
coincides with the infinitesimally substantial set for any plane domain and any
extremal representative of a non-Strebel point.

Theorem 7. Let ) be a plane domain and let pu be an extremal representa-
tive of a non-Strebel point in T'(2). Then every degenerating Hamilton sequence
for 1 degenerates towards a subset of the set of substantial points.

Proof. Let ¢, be a degenerating Hamilton sequence for an extremal repre-
sentative p of a non-Strebel point 7 € T(€2). Fix a neighborhood U of the set of
all substantial points for p. Let € be a small positive number. Let p be a point in
0Q/U. By Theorem 6, p is not an infinitesimally substantial point for p. Thus,
there exists a neighborhood V = {z € Q : |z — p| < §} of p in Q, a subsequence
Yy, of ¢, and a Beltrami differential v infinitesimally equivalent to g such that

[V v lleo < llplloc and

limsup/ || <€,
w

n—oo

where W is a thin annulus consisting of those points z for which § —a < |z —p| <
0 + «a for sufficiently small a > 0. By the proof of Theorem 3, the Beltrami
differential pyy is infinitesimally equivalent to the Beltrami differential n + vy
where 7n(z) — 0 as z converges to a point in 92\ W, and ||7]|ec < 2C|| 1) 0o -
Therefore,

14| 0o =1imsup/ Vnp
Q

n—oo

gnmsup(uu Ve [ 1o+l [ w) 20l
\% Q\V

n—oo
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Thus, fv || — 0 as n — oco. Since 90\ U is compact, by passing to a subse-
quence we conclude that fQ/U lon| — 0 as n — 0o0. o

7. Substantial points for Strebel classes

The following theorem generalizes to an arbitrary plane domain Fehlmann’s
theorem on the existence of substantial boundary points for points in the Teich-
miiller space of the unit disc, and so it answers affirmatively Gardiner’s conjecture.

Theorem 8. For all points 7 in T(2)

Proof. Let T be a point in T'(2). If 7 is a non-Strebel point, then the theorem
follows from Theorem 6. Suppose that 7 is a Strebel point. We may assume
H(t) > 1. Let u, be a sequence of Beltrami coefficients representing 7 such that
h*(n) < h(r) + 1/n. Let f be a quasiconformal mapping with domain {2 and
Beltrami coefficient p,,. Then, by the inequalities for boundary dilatation which
led to Teichmiiller’s contraction principle in [4] and [12], A* () — B([pn]) — 0 as
n — oo. By Theorems 3 and 4, there exists a point p, on the boundary of (2
such that £, ([n]) = B([n]). Thus, h(7) — By, ([tn]) — 0 as n — co. Take a
sequence @y degenerating towards p,, such that

Re/s;gpk/ﬁn - 5pn([un])

There exists a neighborhood U of p, and a quasiconformal mapping ¢ with
domain Q, range f(Q) and Beltrami coefficient v such that g~!o f is homotopic
to identity relative to the boundary of Q, ||un |lvng [leo < A*(tn) + 1/n and
[V [g-105wna) lloo < hp, ([n])+1/n. Let 0 = vxg-155wna). Then o is equivalent
to a Beltrami coefficient ¢ so that ((z) = u,(z) for all z € UNKQ. Thus, the first
fundamental inequality for boundary dilatation yields

1 - —1/n < 1—|lv |g—lof(UmQ) oo <
1+hpn + 1/n — 1+ Hl/ |g*10f(UﬂQ) Hoo - Ko([O’])
2
1— Con/lerl|
<hm1nf/ Pk ‘
o e

1 —unsok/w
|2

= lim inf |0k |
k—oo Jonu = |pn

1+ tin |one 12 — 21lmsupk_>oo Re [ @k
L—lp lvne 1%
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1+ |[pn long |5 — 2limsup, o Re [ pnpr
L=l una T
C L () + /)" 28(a))  1—h
N 1— (h*(sn) +1/n)” 1+h

Therefore,
hyp, (1) — h(T) as n — 00.

Finally, since A is compact and H, is an upper-semicontinuous function of p,
there exists a point p in A for which H,(7) = H(7). o

Remark. Note that Theorem 3 is the infinitesimal version of Theorem 9.

Appendix

One way to construct interesting Teichmiiller classes of mappings is to consider
the stretch map fx(z) = x + iy defined on different plain domains. Since fx is
the Teichmiiller mapping associated to the quadratic differential dz? and since the
norm of this quadratic differential is just the Euclidean area of the domain, these
examples are uniquely extremal when the domains have finite Euclidean area. As
studied in many papers by Reich and Strebel (see [19] for further references), when
the domains have infinite area, the stretch map may be either uniquely extremal or
just extremal or not extremal. One of the most important domains in this study is
Strebel’s chimney domain S. The chimney domain S is the union of the chimney
C and the lower half plane. The chimney C' is the region in the upper half plane
between the vertical line z = 0 and the vertical line x = 2. This was the first
example of a non-uniquely extremal quasiconformal mapping fx . Strebel’s frame
mapping theorem implies that the boundary dilatation H(fx) = K (see [19], [18]
and [20] for more details).

In the chimney domain, the point at infinity is the only substantial boundary
point. It is easy to see that the boundary dilatation of fx at any boundary point
of S except a vertex point at the base of the chimney or at the point i0cc is less
than K. To see that H,, < K at p = 0, consider three triangles, 77, T, and T5.
Let T have vertices at —1, —¢ and 0, T have vertices at 0, —z, and 1, and
T3 have vertices at 0, 1 and 7. Consider the piecewise affine map which maps
Ty to Ty with vertices at —K, —iK'/2,  and 0, T to Ty with vertices at 0,
—iKY2 and 1 and T3 to T5 = T3. Since the dilatation of this piecewise affine
map is no more than K'/2 and since it agrees with fx on the boundary of S in a
neighborhood of p, we see that H,, < K at this point. Clearly this same estimate
of H), applies at the vertex point p = 2 of S. By Theorems 3, 6 and 9 there must
be a boundary point for which H, = H and this point must by 70co. Moreover,
by Theorem 7, the support of any Hamilton sequence ¢,, must “move up” the
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chimney C'. That is, for every positive number M and every e > 0, there exists
an integer ng, such that for n > ng,

// lon(2)|drdy > 1 —¢.
Sn{z:y>M}
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