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Abstract. For a real number ¢, for £ in R"™ and for a real positive number a we define S¢
by

(SN =€ F(e),  fe s RM.

The results in this paper concern the case 0 < a # 1. For 0 < a <1, n =1 we improve on the
local integrability of the maximal function x — [|(S®f)[z]| e (—1,1)- In higher dimensions we give
a result for radial testfunctions. For a > 1, n =1 we prove a weighted global estimate of which a
known L*(R)-estimate is a special case.

The methods include asymptotics for the kernel of the Fourier multiplier £ — exp(i|¢|%a)|¢]~2¢
and Pitt’s inequality.

1. Introduction

1.1. Let u(x,t) denote the solution to the free time-dependent Schrodinger
equation Ayu = i0yu with initial data f, (z,t) € R™ x R,. At least for f
in the Schwartz class .(R"™), u is represented by an oscillatory integral with
quadratic phase. We are interested in the behaviour of u(x,t) as ¢ tends to 0.
Cf. Carleson [4], [5]. For rougher initial data this requires a method of making the
values of u precise. See e.g. Sjogren, Sjdlin [19, p. 14-15].

In this as in many other papers the stated convergence problem is viewed
as a summability problem for Fourier integrals corresponding to the multiplier
ma, mq(§) = exp(il€|*). Accordingly we define (S®f)(t) as in the abstract and
observe that u(x,t) = (S%f)[x](t). However, the kernel of m, does not belong to
LY(R"™) but we do have the weak unity condition m(0) = 1.

Intimately connected with the convergence result described here are L{ (L*°)-
estimates, i.e. L{ -estimates for maximal functions. For the multiplier m, it is
known that there is regarding such estimates a significant difference between the
cases 0 < a < 1 and @ > 1 when ¢ = 2. See [31, Section 2.5, p. 488]. The
principle of duality of phases (see Stein [24, Chapter VIII, Sections 5.3 and 5.4,
pp. 357-358]) offers one way of understanding this difference.

The main purpose of this paper is to improve known one-dimensional L{ -
results for maximal functions in the case 0 < a < 1. We have the following
theorem.
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Theorem A. Let ¢ = (4 —4a)/(2 — 4s — a). Then there is a number C
independent of f in the Schwartz class . (R) such that the inequality

1 1/q
([ 1 Nl de) < Cllm,
holds if s is greater than and close enough to %a where 0 < a < 1.

For the definition of the spaces H*(R™) and H*(R") used in this introduction
we refer to Section 2.2 below.
We also have the following theorems.

Theorem B. Let 2 < q < 4. Then there is a number C' independent of f in
the Schwartz class .(R) such that the inequality

1/q
(1Dl o ) <

holds if a > 1.

Theorem C. Let n > 1. Then there is a number C' independent of f in the
Schwartz subclass of radial functions such that the inequality

1/q
An(1 — a)
a q < . —
( /mgl 1S ) dx) <Ol 1= g s

holds if s is greater than and close enough to %a where 0 < a < 1.

Note that ¢ in Theorem A is greater than 2 if the stated conditions on s
and a are fulfilled. Theorem A therefore improves our L2 _(R)-result in [31,
Theorem 1.2(a), p. 486].

Theorem A and C are corollaries to Theorem 2.6 and 2.7 respectively. Theo-
rem B will be proved in Section 4.10.

1.2. Remark. The case ¢ = 4 in Theorem B is in accordance with the
special case p(&) = [£]*, a > 1 of Kenig, Ponce, Vega [10, Theorem 2.5, p. 41].

1.3. Earlier results. The problem sketched above was introduced in Car-
leson [5] and has been studied by many authors during recent years. We will give
a brief description of earlier results. Among other papers and reports we will men-
tion those which contain results of the category best known. With some exceptions
we will restrict ourselves to L (R™)-results.

1.3.1. The case n = 1. As already mentioned results for 0 < a < 1 may be
found in [31]. For the case a > 1 Sjolin [20, Theorem 3 and 4, p. 700] has shown
that f € H*(R), s > i is necessary and sufficient for the local integrability of
x> [|(S*f)[z]l o (_1,1)- The best known integrability property may be found
in Kenig, Ponce, Vega [10, Theorem 2.5, p. 41]. Cf. Remark 1.2 above.

Results reminiscent of Theorem B may be found in Giilkan [7] and in Sj6lin [22].
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1.3.2. The case n = 2. For the cases a = 2 and a > 1 Bourgain [3]|, Moyua,
Vargas, Vega [15], [16], Tao, Vargas [26] and Tao, Vargas, Vega [27] give sufficient
conditions on f € H*(R?) for the local integrability of the maximal function. The
conditions are of the type s = % — ¢ for some small positive number €.

1.3.3. The case n > 3. For a > 1 Sjolin [20] proved using local smoothing
that f € H*(R"), s > + is sufficient for the local integrability of the maximal
function, n > 2. Also cf. Vega [28], Si Lei Wang [35] and [33].

The relationship between (local) smoothing and maximal estimates is ex-
plained e.g. in [20, p. 704-706] and [31, Section 2.3, p. 487-488]. For results of
which m(t, z, p) = exp(itp®) is a special case see Vega [29] and [32, Theorem 14.3,
p. 219]. Those results are derived without any smoothness assumptions on m.

Smoothing results in accordance with [20], [32] and [33] may be found e.g. in

Ben-Artzi, Devinatz [1], Ben-Artzi, Klainerman [2] and Kato, Yajima [9].

1.3.4. Other references in the case a > 1. In the work of Vega [28§]
already mentioned in Section 1.3.3 it is shown that f € H*(R"), s > 7 is a neces-
sary condition for the local integrability of the maximal function, n > 1. This also
follows from the work of Sj6lin in [20], [21] by translating one-dimensional coun-
terexamples to higher dimension using the oscillation of Bessel functions at infinity.
For radial testfunctions there are results by Fukuma [6], Prestini [18], Sj6lin [21],
[22] and Sichun Wang [34]. Weighted estimates for general dispersive equations
including the case a > 1 are treated in Heinig, Wang [8]. Other interesting results
on oscillatory Fourier integral operators may be found in Kolasa [11], [12].

1.4. The plan of this paper. In Section 2 we introduce notation used in
this paper and state our theorems. In Section 3 we collect some auxiliary results
which are classical. In Section 4 we prove our theorems in the case n =1 and in
Section 5 in the case n > 1.

Acknowledgements. The final draft of this paper was made while the author
enjoyed a visit at the Erwin Schrédinger International Institute of Mathematical
Physics. T would like to thank Professor James Bell Cooper and Professor Paul
F.X. Miiller for hospitality.

2. Notation and statement of theorems

2.1. Oscillatory integrals. For x and ¢ in R"™ we let 2§ = 1§+ - 42,6, .
If a is a real positive number and if f is in the Schwartz class .(R"™) we define

1
(2m)"

Here f is the Fourier transform of f,

for= [ e fa)d.

(S))(0)[=] = (S )l](t) =

/ GEHIE) fe) de, LeR.
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Observe that we have redefined S¢ slightly compared with the abstract and Sec-
tion 1.1. We have replaced the summability parameter ¢'/¢ in Section 1.1 by ¢.
Therefore, according to our redefinition of S, u(z,t) = (S?f)[z](t'/?).

2.2. Sobolev spaces. We introduce homogeneous and inhomogeneous frac-
tional Sobolev spaces

R = {1 € 7R U By = [ 162 FOF de < o0},
R = { £ € SR s W By = [ (ISP 1@ d < oo

2.3. Auxiliary notation. B denotes the open unit ball in R, R denotes
the punctured real line R\ {0}.

Throughout this paper we will use auxiliary functions x and 1 such that
X € 65°(R) is even,

x(R\2B)={0}, x(R)<0,1], x(B)={1}

and ¢ = 1—yx. From these functions we obtain two families of functions as follows:
for each positive number N and M set xn (&) = x(§/N) and 1y (€) = Y (ME).

Associated with our auxiliary functions are certain exponents

4s — 2+ a

(2.1) c(x)=1-2s and c=cly) = 5.5

which will play an important role in Section 4.9.2 when we use the Riesz potential
I;_.. In our theorems we will assume that

(22) (1) da<s<i s<ia, 0<a<l or (i) s=1 a>1

We will also use power weights = +—— |2]°(?) where

a) = < +n<%—é)

2.4. Numbers denoted by C (sometimes with subscripts) may be different
at each occurrence even within the same chain of (in-)equalities. The letter R
(with subscripts) will denote various (weighted) linearisations of maximal oper-
ators. There is no definition of such linearisation which is fixed throughout the
paper.

Unless otherwise explicitly stated all functions f and ¢ are supposed to belong
to S (R"™).
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2.5. Remark. The conditions on a and s in (2.2) give 0 < ¢(x) <c¢ < 1 in

case (i) and ¢(x) = ¢ = 3 in case (ii).

2.6. Theorem. Let 2 < g < 2/c. Then there is a number C' independent of
f such that the inequality

1/q
1S P)2]|% ) 2] d <Clfllgsr
B (B) (R)

holds if (2.2) is satisfied.

Case (2.2i) in this theorem is—as already pointed out—an improvement of
our result in [31, Theorem 1.2(a), p. 486] and case (2.2ii) is an improvement of
Sj6lin [20, Theorem 3, p. 700] in the case n = 1. We use Pitt’s inequality as stated
in Muckenhoupt [17] instead of the inequality of Hardy, Littlewood and Sobolev
to achieve these improvements and carry out the proof of the two cases in (2.2)
simultaneously.

Since 2/c¢ = (4a —4)/(4s — 2 + a) Theorem A in Section 1.1 follows directly
from the case ¢ = 2/c in Theorem 2.6.

2.7. Theorem. Let 2 < q < 2/c and n > 1. Then there is a number
C independent of f in the Schwartz subclass of radial functions such that the
inequality
s 1/q
([ 1Dl ol ) < e
holds if (2.2) is satisfied.

It is straightforward to verify that

5<2n(14f<al):r?— 4s> =0

Also, if the conditions on a and s of Theorem C in Section 1.1 are fulfilled the
inequality

_ An(1l —a)
q:= <
2n(l —a) +a —4s

2
c

holds. Theorem C in Section 1.1 now follows directly from the case ¢ = ¢ in
Theorem 2.7.
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3. Some preparation

3.1. In this section we introduce some notation and collect some well-known
results which will be used in the proofs of our theorems. Standard references are
given.

3.2. Notation. We define the Riesz potential I as

n

(3.1)  [Isf](z) = 65/ |z — /| 7P f(a') da, n>p>0, fe.SR").

See Stein [23, p. 117]. Ounly the finiteness of the number c¢g will be used in this
paper.

3.3. Theorem (cf. Stein [23, Lemma 1(b), p. 117]). The identity [Igf] (&) =
€77 f(f) holds in the sense that

/R e f o€y de = [ Usr)(@) () da

R

3.4. Theorem (Pitt’s inequality, Muckenhoupt [17, p. 729]). Assume that
g>p, 0<a<1-1/p, 0<y<1/q and vy =a+1/p+1/q— 1. Then there
exists a number C' independent of f such that

(foemier )™ <[ aptarrar) ™

3.5. Theorem (Stein, Weiss [25, Theorem 3.10, p. 158]). Let f be radial.
Then

~

f(&) = (@m)"/? ’5\_n/2+1/0 fo(r) Jnja—i (r[€]) r™/2 dr

where Jy is the Bessel function of the first kind of order A ([25, p. 154]).

3.6. Theorem (Asymptotics of the Bessel function, [25, Lemma 3.11, p. 158]).
If A > —% , then there is a number C'y independent of p > 1 such that

1/2
2 AT
= (5) (o= -g) s
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4. Proofs for n=1

4.1. Discussion. Let E be a measurable subset of R and let t: R — F
be measurable. Define

(4.1) R, f(x) = /R x(@) [2]o/2-1/0 gias @I g =5 f(e) de

R; can be extended to a t-uniformly bounded mapping L?(R) — L4(R) if and
only if there is a number C' independent of f such that

1/q
([0S DIy b2 ) < CUl,

holds. Theorem 2.6 therefore follows by proving such boundedness for R; when
2<q<2/cand F = B. To derive it we need estimates for the inverse Fourier
transform of

m(€) = exp(Filg|")[E]7*,  £€R,
where a and s satisfy the conditions in (2.2). Write m = xm + ¢¥)m and let K,
and Ky be the inverse Fourier transforms of xym and 1m respectively.

4.2. Lemma. K, is bounded and there is a number C independent of x
such that
Ky (@) < Cla| =N,z > 1,

4.3. Lemma (Miyachi [14, Proposition 5.1, p. 289]; also cf. Wainger [30,
p. 41] and Miyachi [13, Lemma 4, p. 174]).
(a)

a) Ky decreases rapidly and there is a number C' independent of x such that
|Ky(z)] < Ca|~¢®), lz] <1, 0<a<1.
(b) Ky is smooth and there is a number C' independent of = such that
|Ky(z)] < Ca| W), || > 1, a>1.

4.4. Lemma. Let f(z) =|z|7*, x € R", 0 < o < n, and let g € €(R")
decrease rapidly. Then there is a number C' independent of x such that

[(f*g)@) <Cl|™®,  |z[ =1
Proof. Make the splitting

/ !y!‘ag(x—y)dyz/ +/ :
5 ly|<|e|/2 lyl>|e|/2

The first integral can be majorised by a number C' independent of = times

sup  |g(z —y)| |z|"°,

lze—yl|=|z|/2

which decreases rapidly in z. The second integral can be majorised by
Clighpr@ny l2l™* fz[ =1,

where C' may be chosen to be independent of x.
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4.5. Proof of Lemma 4.2. Since —2s > —1, the integral

[ e g2 ) dg
R

is absolutely convergent. Hence K, is bounded (and continuous). To derive the
asymptotic estimate we write

21K, (z) = lim Gyp(z) + H(x)

M — oo

where

G () = /R T (EIE 1) €720 [ xpa](€) de
and

H(x) = /R €78 [€]720 X (€) d.

By Taylor’s formula and integration by parts

Gl < ([ 1 Dxoml@ de + [ 12 Dwnr (@) ),

)| <
Jz]

where C' may be chosen to be independent of x and M . The first integral remains
bounded as M tends to infinity. To bound the second integral independently of M
we notice again that a —2s > 0 and also that |[x¥as]'| is like two approximative
units whose supports approach 0 as M tends to infinity.

To handle H we use Theorem 3.3 and Lemma 4.4. We get that there is a
number C' independent of z such that

[H(z)| < Clz|™ %, z[ > 1.
We can now conclude that there is a number C' independent of x such that
Ky (@) < C(Ja| ™" + |2 7H2) < Cl2| 70,z < 1.

4.6. Lemma. Let a and s satisfy (2.2) and let ¢(x) and ¢(v) be asin (2.1).
Then there is a number C4 independent of € € [0, A], N and x such that

‘/R ¢ CSHED 720 (/) d| < Cia (Ja =00 + [o] ).

Proof. For € > 0 we set

n = e, v=—, and L =¢N.

o8
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By a change of variables
[ et g2 (V) dg = 2t [ e ) x(/2) dn
R R
Let ¢ denote either v or y. By Lemmas 4.2 and 4.3 and a change of variables we
get

628_1

/R e (m)m(n)x(n/L) dn‘ _ e

/ K¢(u)LX(Lu — Lv) du
R

(4.2) < 0528—1/ |Lu|~¢© |R(Lu — Lv)| L du L)
R

< 21 | Lo~ Le©) = e2s—14e(O) 5] =e(O)

To get the last inequality we have also used Lemma 4.4. If ( = x the exponent
of € is 0. If ( =4 it is a(l — 4s)/(2 — 2a), which is non-negative in both of the
cases (2.21) and (2.2ii).

Now we have proved the estimate in the lemma in the case € > 0. Since the
integral

/ SHEHEE) €725 \ (¢/N) de
R

is continuous with respect to € this estimate is valid also in the case ¢ = 0.

4.7. Corollary. Let a and s satisfy (2.2) and let ¢ be as in (2.1). Then
there is a number C4 independent of € € [0, A], N and x such that

[ et e/ de| < Calel .l <1
R

Proof. Cf. Remark 2.5.

4.8. Corollary. Let a and s satisfy (2.2ii) and let ¢ be as in (2.1). Then
there is a number C' independent of € € R, N and x such that

‘/ (i (#EF1E1) | €| =25 ) (¢ /N) dﬁ‘ < Cla|™.
R

Proof. According to Remark 2.5 ¢(¢) = 1 in both of the cases of (. Hence

the exponent 2s — 1 + ¢(() of € in (4.2) is 0 in both of the cases of (.

4.9. Theorem. R; defined by the formula (4.1) can be extended to a
t-uniformly bounded mapping L*(R) — L4(R) if (2.2) is satisfied.

Proof. Functions f and g appearing in this proof are assumed to belong to
%o(R) and to have support in R. We temporarily change notation and replace ¢
by p*, the conjugate exponent of some exponent p.

In the proof we follow Sj6lin [20] and [31] with some modifications.
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4.9.1. Reduction to a kernel estimate. We can replace f by f in the
definition of Ry, since the Fourier transformation (apart from a multiple) is an
isometry of L*(R").

Set

[Ryfl(z) = / X(@) || /2 THPT D) 16175 3 v (€) £(€) dE.

R

Here the integration is performed over a compact set and for Ry the boundedness
L*(R) — LP (R) can easily be verified. A computation of the adjoint shows
that

[Ryg)(€) = /R (@) [/ 1P eI EEHDIE 675y (€) g(x) dr.

We will prove that the mapping R% is bounded LP(R) — L?(R) uniformly with
respect to ¢t and N. Then Ry will be bounded L?(R) — LP (R) uniformly
with respect to ¢ and N. Since

(R f(x) = lim [Ry f](2),

N — oo

we can by Fatou’s lemma conclude that R; is bounded L?(R) — LP" (R) and
that the bound is independent of ¢.
A computation involving Fubini’s theorem shows that

an [ melOPde< [[ 1nG o) de o
where

Ky(z,2') = x(@)x(@)|ea|?/>~ /7" / e ()N | 22y o (€) 2.
R

We shall prove the following kernel estimate: There is a number C independent
of g, t and N such that

ah [ Exes)s@ee) deds’ < Clalmy. o> 0

Once this kernel estimate is proved the desired uniform boundedness follows by
combining the kernel estimate with (4.3).
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4.9.2. Proof of the kernel estimate. In proving (4.4) we first assume that
g € 65°(R) and that suppg C R. There is a number C' independent of ¢, N, z
and z’ such that

(4.5) [ K (2, 2)] < CX(2) X(2') o — 2|
where Y(z) = x(z)|z|¢/2~Y/P". This estimate follows from Corollary 4.7. After

replacing Ky (x,2") in (4.4) by the right-hand side of (4.5) we apply (3.1) and get
that there is a number C independent of g such that

/ | X@RE) o -2 7 go)g(e’) deds’ =C [ [h-(R)(a) Ww)gla) da
R?2 R
(4.6 — ¢ [ e Rale)” de.
R
Here we would like to apply Theorem 3.4 with ¢ =2 and —yg =c¢ — 1. Since
2<p* < 2
c
the inequalities
1 1
q>0p, 0<a<l—— and 0<~y<-
p q

are satisfied, where v = a+1/p+1/¢—1,ie. a =y —1/p—1/g+ 1. Since
(¢/2 —1/p*)p+ ap = 0 we get that there is a number C' independent of f such

that
2/p
/ 1R (e) |2d§<o(/ R |prx|apdx)

2/p
_ (/ Ix(@ \pdw) < o,

Combining (4.5)—(4.7) now proves (4.4) in the case g € €5°(R).
The equation (4.4) may now be proved in the case g € €y(R) by approximat-
ing g by positive functions in €5°(R).

(4.7)

4.10. Proof of Theorem B in Section 1.1. We repeat the proof of
Theorem 2.6 with £ = B replaced by F = R. See Section 4.1. We also replace
x(x) by xa(z) and observe that the number C in (4.5) will be independent
of M. According to Corollary 4.8 that number C' will also be independent of

e =t(x) —t(z).
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5. Proof for n > 1

5.1. Notation. For a measurable function ¢: R, — B and fy € %(R.)
we define

(5.1) [Rtfo](r)z/O X(r) /2 a2 g0 (rp) pt2 P pS fo () dp.

5.2. Lemma. Let 2 < ¢ < 2/c and let R; be defined by the for-
mula (5.1). Then R; can be extended to a t-uniformly bounded mapping
L*(R,) — LY(R.,), if (2.2) is satisfied.

Proof. Write R; = R; 1 + R 2, where

2 1/2 o0 _ * n e . a _g
[Ry1fol(r) = <—> / x(r)re/271P" cos (rp -t Z)e”(”)p 0~ folp) dp.
0

™

As in the proof of Theorem 4.9 we temporarily change notation and replace ¢ by
p*, the conjugate exponent of some exponent p.
It follows from Theorem 3.6 that

1

——p |go(r)|dr, g0 € 6o(R),

R* <C > c/2—1/p*
(R )l < C [ 2 o

where C' is independent of gg. According to Theorem 4.9 R;; can be extended to
a t-uniformly bounded mapping L?(R,) — L? (R.). Hence the theorem will be
proved if we can show that the remainder R}, can be extended to a t-uniformly
bounded mapping LP?(R,) — L*(R.).

Write R} 590 = xRi 290 + Y R{2g0. Without loss of generality we can assume
that go 2 0.

5.2.1. Estimate for yR;,. By Hodlder’s inequality there is a number C
independent of gy such that

[R; 290 ()| < Cp~ [ x(r)r*/> 7P go(r) dr < Cp™*|lgoll ocry)-
(Ry)
0
Upon squaring and integrating,

IXR; 290172, ) < CllgollZor, )

where C' is independent of g .
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5.2.2. Estimates for {R;,. We shall use the fact that there is a number
C' independent of gy such that

(5.2) / 1L, (%90)] (5 dt < C llgol2re,

where X(r) = x(r)r¢/2~1/P" . The proof of this is postponed to Section 5.2.3. We
have to estimate

o 1/p i 2
53) [ ([ s gty ar)
1 0
and
[e%e] [ee) 2
(5.4) / ( / R p—l—Sg()(r)dr) .
P

Let us deal with (5.4) first. We make the change of variables p — t(p) = 1/p
and therefore consider the integral
2

1 o]
[ ([ e gy ar) e
0 t

Using max{t,r —t} <r we get

o [ gy e =t [ ) go(r) dr
t t

< /too r* =t X(r) go(r) dr < /too |t — 7[>~ X(r) go(r) dr < C[Ls(Xg0)] (1)

After squaring and integrating with respect to ¢ (5.2) yields

e’} o) 2
/ (// X(T) T—1+C/2—1/p p—l—s 90(7“) d?") dp S C||go||%p(R+)
1 1/p

where C' is independent of gg.
The equation (5.3) is dealt with in a similar way to get

oo 1/p . 2
/ (/ X(r) /2= 1e p‘sgo(r)dr) dp
1 0
1 t . 2
:/ (ts_l/ X(T)rc/Q_l/p go(r)dr) dt
0 0

< / 1 ( / e ) gor) dr)zdt

1
<C [ G0 dt < Claoloce,
We have proved that

[0R; 2900172,y < Cllgoll7om, s
where C' is independent of g .
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5.2.3. Proof of the estimate (5.2). The function gy may be extended with
0 so as to be continuous on R with compact support in R, . Hence I5(xgo) as well
as its Fourier transform belongs to L?(R). Parseval’s formula and Theorem 3.3
give

| Gane? at < 1. Gl ey = 5= [ 111y (D)

It is easy to verify that
%c > %c — % +s>0

with equality on the right if and only if s = %. Therefore, if we choose p such
that

1 1 c 1 n

B S

p p 2 2 ’

then 2 > p and 0 < 1/p* —¢/2 < 1—1/p. We can now apply Theorem 3.4 with
v=s and a =1/p* —¢/2 and Holder’ s inequality with p and p* (p < p) to get
that there is a number C' independent of gy such that

2/p

[ (Ggor e < © ( [ 7 go<r>|ﬁdr)
= Clixgoliow,) < ClgollTor,)-

5.3. Remark. The method for estimating R} 5 is the same as in Sjolin [21, p.
139-140]. Here we have generalised it to other values of the involved parameters.

5.4. Remark. One might suggest to majorise the integral in e.g. (5.4) using
Minkowski’s and Holder’s inequality. It is straightforward to show that a necessary
condition for such a majorisation is that the integral

/oo |X(T) T71/2+$+C/271/p*|p* dr
0

is convergent which happens if and only if
(5.5) sc—35+s>0.

However, as we have seen in Section 5.2.3, (5.5) is fulfilled in the case (2.2i) but
not fulfilled in the case (2.2ii).
5.5. Proof of Theorem 2.7. We define
(B R)lal(t) = o' [ S g ) de, te R

n
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Let B™ we denote the open unit ball in R™. The theorem says that there is a
number C independent of f in the Schwartz subclass of radial functions such that

(5.6) 1S fllza(Bn,22(B)) < Clfoll 2w, ):

where f(€) = fo(|¢]) [¢|7"/2+1/2.
According to Theorem 3.5

(Sef)[z](t) = (27T)”/2Iml‘s(‘”‘”/“l/0 Tnja—1(|z|p) € " p~* folp) p'/* dp.

Using polar coordinates we get that there is a number C independent of f such

that
q 1/q
dr) .

Here the right-hand side can be majorized by C/ fol| ;2 (g, ) Where C' is independent
of f by Lemma 5.2. We have proved (5.6).

/ rHE2Ea T, o 1 (rp)p e " p fo(p) dp
0

1
HSafHLq(Loo) = C(/ sup
0

teB
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