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Abstract. Asymptotically sharp bounds for the integral means spectrum of lacunary series
are proved. In particular, we show that Rohde’s estimates for lacunary series with positive coeffi-
cients are sharp and hold not only for the positive case. Moreover, a relation between the law of
the iterated logarithm and the integral means spectrum is established. Using this we give a sharp
version of the Makarov law of the iterated logarithm for lacunary series.

1. Introduction

> rei arz™ be a lacunary series with bounded coefficients

Let log f'(2) =
A>2 and

and ngy1/ng >

o og [l F(2)]0
B(t) = lim, | 1
log
1—r

be the integral means spectrum.
In this paper we show that

/
Tm |log f'(rQ)| < 21lim

r—1 1 1 t—0
log log log log ——
1—7r 1—7r

B(t)
t

for almost all ¢ on |(| = 1. The equality holds if there exists

lim M where b*(r) = OOE |ag,|?r"
r—1 1 K ’
IOg ﬁ k=1

This result follows from the law of the iterated logarithm and the asymptotic
formula

Bt) = 7 lim——a—+0(t*%) ast—0
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which will be proved later. The law of the iterated logarithm, proved by Weiss [11],

states that ,
— llog'(r¢)
im
r=1b(r)/log log b(r)
A more general result was obtained by Makarov [5]:

e | log f'(rQ)|
1

log log log
—r 1 —

=1 for almost all |(| = 1.

< [log f'llB

for almost all ¢ on |¢| = 1 and all functions log f* € B. Here B is the class of
Bloch functions, i.e., analytic in the unit disk D = {|z| < 1} functions g with the
norm

lglle = sup g’ (2)|(1 = [2]*) < +oc.
zeD

One of the main problems of the boundary behaviour of conformal maps is
the investigation of the integral means spectrum [¢(¢) for univalent functions f
(2], [3], [4], [7] and [9]). Since the properties of Bloch functions are similar to the
properties of lacunary series it is helpful to study [(f(t) for lacunary series because
it is well known that, for any conformal mapping f, log f’ is a Bloch function.

The first non-trivial result about the integral means spectrum for lacunary
series was obtained by Makarov [6]. He showed that if f is defined by

i = ok
log f'(z 522

then (¢(t) > 0.00035t% for small ¢. Using Bessel functions Rohde [10], [8] im-
proved this result. He obtained that [;(t) > logly(at)/logg for the lacunary

series
log f'(2) = a Z 24" ,

where Iy(x) is the modified Bessel function.
First we prove some auxiliary results. It is convenient to use the following

abbreviation )
/hd@z/ h(re'?) d6
0

Lemma 1. Let log f',log ¢’ € B. Then there exists C' > 0 such that

Ly /|f|td9</|g|d9<0< ) /\f|td9

2
where ' = ¢'¢'" and t < 1.

Ql*
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Proof. It is known [8], [1] that there exists C' > 0 such that

1 Ct
/|t /<C
i =e(y)

1 Cct?
Jirra, [ierao. [igo<c(i2)
- T

Using the Holder inequality we have

/!f’\td9=/lg’\\so’lt2 a6
1_t3/2
(i) (e
, 1—¢3/2 1 Ctd/?
< 1nNE3/2 ’
< uplg)"([1o'149) 0(1_T)
2C1t5/2
§C2( ) /!g\de(/lg!d9>

$3/2

Analogously applying the Holder inequality to [ |f’|*|¢’ |_t2 df we obtain

3Ct5/2
/Ig|d9—/|f||so| - de<c3( ) /|f|tda

Lemma 1 is proved.

Lemma 2. Let log f' =Y 7~ axz® € B. Then there exists C' > 0 such that

Ct5/2
(1 =) I(r,t) s/yf’\tde < C(%) I(r,t)
—Tr

Ql -

where -
I(r,t) = / TT 11+ axtzF /202 do.
k=1

Proof. We have

tlog f' = Ztakzk = Z 2log(1 + tayz"/2) + ZtQaiz%/él + Z O((tagr®)?).
k=1 k=1 k=1 k=1
From (8], [1] it follows that log¢’ = Y77 a22?* € B and > ,o; O((axr®)?) =
(@) (log(l /(1 — T))) Therefore, we can apply Lemma 1 and obtain the required
inequalities.
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Now we can prove our main result.

Theorem 1. Let log f' = >, axz™ be a lacunary series with bounded
coefficients and ngy1/ng > X > 2.
Then ) - )
2 i
By(t) = 7 im L= |a’“1| "L 0@?) ast—o0.
r—
1
©8 1—7r

Proof. By Lemma 2, to prove this result it is enough to estimate
oo o0
/ H 11+ tapz™ /2| d0 = / H (1 + £%]ag]*r®™ /4 + tlag|r™ cos(nif + 6))) df.
k=1 k=1
We multiply out and integrate term-by-term. Since
cos acos 3 = 0.5[cos(a + 3) + cos(a — 3)]
then

cos(np, 0 + 0y, ) cos(ny,0 + 0,,) X -+ x cos(ny, 0 + 0,,)
(1) 1
=5 Zcos((np1 tnp, - Eny, )0 + 7).

The integral of (1) by 6 is equal to zero because Zi;ll Ny, < S0 _11 ng <
np, /(A —1) < ny, . Therefore

/ [ 11 +antz"x /212 A0 = 2 [T (1 + ¢%]axf*r?"e /4)
k=1 k=1
= 27 exp [Z log(1 + t2|ak|2r2"’“/4)]
k=1

1 O(t?) 0
_ 2 2 2n
_27T<1_r> exp{0.25t E lax|“r "“]

k=1

This concludes the proof.
Applying Theorem 1 to the law of the iterated logarithm we obtain
Theorem 2. For almost all ( on || =1 the following inequality holds

— |log f'(r¢)| ()

< 2lim ——~=.
r—1 1 1 t—0 t
log log log log
1—r 1—r7r

The inequality is sharp, i.e., if lim,_.1(b*(r)/log(1/(1 —r))) exists then equality
holds.
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Now we will prove an estimate for a partial case n; = ¢*, ¢ is an integer.
To prove this result we need some lemmas.

Lemma 3. Let

T n S0 ajZV
In(x):(§> Zom (n=0,1,2,...)

v=

be modified Bessel functions. Then
xcosf — log(IO +ZZI ) cos(nb) ) O(z?) asz — 0.
Proof. Tt is known [8] that

exp(x cosf) = Ip(x) + 2 Z I,,(x) cos(nh).

Hence

exp(z cos ) = Ip(x) + 2 Z I,(x) cos(nf) + O(z9)
because I,,(x) < (|z|"/2") exp(|x|?/4)/n!. Therefore

accos@:log(lo +2ZI ) cos( n0>

O(:I;q) )
Iy(z )+22 I,,(z) cos(nf)

+ 10g<1 +

= log (Io +2 Z I,(x) cos(nf) > + O(z?).

Lemma 4. Let ¢ > 1, s;; # 0, p;j > 0 be some integers and |s;j| < q,
pij # s, (1,7) # (I, 8). Then

(2) /H cos (9 > sijdh + 91-) df = 0.
i=1 j=1
Proof. The proof is by induction on m. Consider the case m = 1. Suppose

that .
/COS <928jqu + 91) dé # 0.

Jj=1
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Then 2?21 5;qP7 = 0. Without loss of generality we can suppose p1 < pa--- < pp .
Multiplying our equation on ¢~ ®1*+1) we conclude that s; /q is an integer number
but this is impossible because 0 < |s1]| < q.

Now suppose that m > 2 and (2) holds for m — 1. Using cosacosf =
0.5[cos(a + ) + cos(a — )] we can write our integral as the sum of two integrals
with m — 1 factors and hence our hypothesis is true.

Theorem 3. We have

3% log Ty (t|ax|r?")

Bf(t) = }1_{111 1
log

1—17r

+O(t?) ast— 0.

Proof. Since

/|f’(z)|td0:/exp[t2|ak|qu cos(¢0 + 0) | do
k=1

_ / TT expltlarlr cos(g0 + 6,)] do.
k=1
it follows from Lemma 3 that

/ H exp[t|ak|qu cos(q"0 + 6y,)] b

k=1

O(t?) oo q—1

1

= (1 — r) / 11 (Io(t|ak|qu) +2 3" Li(taglr?) cos j(°0 + ak)) de
k=1 j=1

where we have used that Y52 74" = O(log1/(1—r)).
We multiply out and integrate term-by-term. By Lemma 4 our integral is

o [ Io(tlaxlr?").

k=1
Theorem 3 is proved.
Corollary. Let |ag| =a > 0 then
_ logly(at)
log q
Proof. From the proof of Rohde it follows easily that

mzzozl log Io(taqu) _ log Ip(at)
r—1 1 log g

I

& 1—r

Br(t) +O0(t?) ast— 0.

+O0(t?) ast— 0.
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Applying Theorem 3 we conclude that

00 k
ﬁf(t) _ mZkZI lOg I()(CLth )

rl lo 1
& 1—7r

 logIy(at)
~ loggq

+ O(t?) +O0(t?) ast— 0.
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