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Abstract. Let Z be a sequence of complex numbers tending to infinity having infinite
exponent of convergence. For r > 0, let n(r) denote the number of members of Z of modulus at

most r. If
— loglogn(r)
p= lim —=——=——~=
r—oo loglogr
it is shown that |
inf lim og M(r, f)
f r—oco TL(?”)

1
< min <7r—|—10g2,logﬂ+ >,
n—1

where the infimum is over all entire f vanishing precisely on Z and M (r, f) denotes the maximum
of |f(z)| on |z| = r. This bound strengthens earlier results of Bergweiler.

1. Introduction

Let Z ={z;:j=1,2,3,...} be asequence of complex numbers, not necessar-
ily distinct, tending to infinity and ordered so that |z1| < |z2] < ---. We consider
entire functions with zero set precisely 7, i.e., entire f with a zero of multiplicity
m at a complex number (@ provided that z; = 3 for exactly m different values
of j. We compare the rate of growth of the maximum modulus function

M (r, f) = max |[f(2)|

|z|=r

of such f with n(r), the number of distinct values of j such that |z;| <.
The exponent of convergence o of the sequence Z is defined to be the infimum
of all &« > 0 for which
> 1z < o0,

Zj ?50
or equivalently by
— logn(r)

1.1 = i
(1.1) 7 nglo logr
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It is an easy consequence of Jensen’s theorem that for any entire f vanishing
precisely on Z, the order p of f, defined by

— loglog M (r, f)

p= lim
r—00 log r

satisfies p > 0. We shall be concerned exclusively with sequences Z with infinite
exponent of convergence, and thus all entire f we consider will be of infinite order.

One measure of the growth of n(r) for sequences with infinite exponent of
convergence is

— loglogn(r)

1.2 =1
(1.2) = log log r

It is elementary to verify that © > 1 if ¢ > 0 and that o =00 if u > 1.
Bergweiler has studied the growth of entire functions vanishing precisely on
a sequence Z with infinite exponent of convergence. Let

oo log M(r, f)
L(p) :=supinf lim —————=
(1) wpinf lim ==
where the supremum is over all sequences Z satisfying (1.2) and the infimum is
over all entire f vanishing precisely on Z. (In the case u = 1, we additionally
require of Z that o = 00.) Bergweiler [2] proved the following two theorems.

Theorem A. For every Z satisfying (1.2), there exists an entire f vanishing
precisely on Z such that

3p

Ot < <o

()
= 00.
1 H
Theorem B. For 1 < yu < oo there exists Z satisfying (1.2) such that for
every entire f vanishing precisely on Z ,

i 08 M (r, f)
r—oo  N(T)

We note that Theorem A implies that L(u) < o(p) and Theorem B implies
L(p) > B(p). We also note that a(p) tends to infinity as g4 — 17 and that
Theorem A gives no information about L(1). It is elementary that B(u) is a
decreasing function of p on (1,00) with B(u) — 2log2 as p — 17 and S(u) — 0
as pu — oo. Bergweiler [1] has asked (i) whether L(u) is a bounded function for
1 < p < oo and in particular if L(1) is finite and (ii) whether L(p) — 0 as
[ — 00.

We answer these questions by proving the following two theorems. We remark
that our results give information about the minimum modulus of f as well as the
maximum modulus.

pw—1

> B(p) = (n—1)log

+1
+(u+1)loguu .
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Theorem 1. If Z satisfies (1.2) for 1 < p < 0o, then

w1

log T 1 < p< oo,

(1.3) inf lim H10g|f(rei0)|H°O <

f r—oo n(r) 0

p = oo,

where the infimum is over all entire f vanishing precisely on Z .
Theorem 2. If Z is any sequence with infinite exponent of convergence,

then "
1 7
- [log | f(re®)]|]

f r—c n(r)

< <7+ log2,

where the infimum is over all entire f vanishing precisely on Z .

We note that the combination of Theorems 1 and 2 yields

1
1), 1 <p<oo,
0, = 00.

L(p) < min (77 + log 2, log s

We further note that Theorem 1, in conjunction with Theorem B, shows that

1_70<1)§L(,U)<2+—0<1)7 [ — 00.

(1.4 <
) 7 7

By a refinement of his proof of Theorem B, Bergweiler was able to show [2, p. 103]

that liminf, ,; L(u) > 1.6. This result together with Theorem 2 yields

(1.5) 1.6 < supinf lim log M(r, f)
Z [ orooo (1)

< 7+ log?2,

where the supremum is over all Z with infinite exponent of convergence and the
infimum is over all entire f vanishing precisely on Z. We have been unable to
narrow the gap between the upper and lower bounds in either (1.4) or (1.5).

Our results involve upper bounds for log M(r, f) in terms of n(r) on a se-
quence tending to infinity. It is observed in [2] that in general it is not possible
to obtain such bounds on a large set of r-values, for example on a set of posi-
tive logarithmic density. Suppose, for example, that Z has infinite exponent of
convergence, all members of Z are positive real numbers, and

— 1
lim ogn(r) < 00

rT—00
e log r
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for some set E C [1,00) of upper logarithmic density 1. It is well known [5] that
any entire f vanishing precisely on Z has infinite lower order. Thus

. log M(r, f)
hm —_— = X
rey n(r)

for any such f.
It is perhaps worth remarking that no results such as Theorems 1 and 2 are
possible for the ratio log M(r, f)/N(r), where

N(r)z/(f@dt

is the integrated counting function of value distribution theory. For in Bergweiler’s
examples in Theorem B, n(r)/N(r) — oo as r — oo and thus log M (r, f)/N(r) —
oo for every entire f vanishing precisely on Z.

There is a vast literature concerning comparisons of the growth of log M (r, f)
for an entire function f to the distribution of its zeros. An excellent collection of
references appears in [2].

2. Preliminaries

The following lemma, used in the proof of Theorem 2, is due in its essential
form to Newman [8]. (See also [3].) We are indebted to J. Fournier for bringing the
lemma to our attention and for several helpful communications. For completeness
we include Fournier’s proof of the lemma in the precise form required for our
purposes.

Lemma 1. Suppose 0 < ¢ <1 and that

M .
P(0) = E cpe'™?
k=—M

is a real trigonometric polynomial with

1 1
2.1 < = 1<k <M
(2.1 ol <3 (s ) LSW=
and
22 ol < 77—
' =i e
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Then there exists a real trigonometric polynomial

where L > M such that dy = ¢ for |k| < M and

T
1@l < 1-¢ +e€.

Proof. Let .
=Y e
k=—M

and let b; = cj_p—1 for 1 < j < M and b1 = %co. For 0<j<M-—1, we
have by (2.1)

1 1 1
2.3 b = .
(2.3) bjsal = lejnl = 2(M+1—5—|—j—M)<2(1—5)(j—|—1)
From (2.2) we conclude

|| 1 1

(24) baral =57 = S(M+1—2) ~20-o)(M+1)

We define a linear functional T: H' — € by

) M
= T(Z ajzj) = Zajbji.
j=0 j=0

By a theorem of Hardy [4, p. 48],

M

M
— |a3| |1l
Tf)|§2|aj!\bj+1|§2 < :
pard e)i+1) ~ 2(1-¢)

:0

where we have used (2.3) and (2.4). The Hahn-Banach theorem implies that T'
extends to a bounded linear functional on L![—, 7] with norm at most 7/2(1—¢),
and thus there exists a function h on [—7, 7| bounded by 7/2(1 — &) such that
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for all f € H', where f(0) = lim,_; f(re®).
Letting f(0) = ¢!~ 1% ¢ H' for n > 1, we get

| by, 1<n<M+1
T _ ez(n 1)0 9d9={ N > > s
() 27T/ (6) 0, n>M+1.

—Tr
Taking conjugates we obtain

1 (7 {bn, 1<n<M+1,

—inf
— H(0)do =
2w c () 0, n>M+1,

—Tr

where

H(#) = e“n(h).
Setting H*(0) = e *M+DIH (), we have

1 [T by, 1<n<M+1,
(2.5) { sns At

—i(n—M—l)GH* 0) do =
¢ () 0, n>M+1.

2r ),

Using ¢,_np—1 =by, for 1 <n < M and %co = byr41, we rewrite (2.5) as

1 x Ck, —M < k< -1,
(2.6) o e M H*(0)d0 = %c,, k=0,
T
T 0, k> 0.

Clearly [|H*|loo = [|h]|oco < 7/2(1 —€) and we note by (2.6) that H* has the
same Fourier coefficients as does R for k > —M . We set

G(0) = H*(0) + H(0).

Thus [|G|loc < 7/(1 —¢) and G has the same Fourier coefficients as does P for
k| < M.
For all integers k, let

1 ™

:% .

By, e~ G(0) db.

Consider the L' Cesaro mean oy, of G, i.e., let

L
k .
00~ 3 (1 4 )

k=—L
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Because Fejér’s kernel is positive, we have

v
lozlloe < MGlleo < 7

Finally, set

M
_ L
Q) =o.,(0,G) + k:ZM 7ok’

Since |cx| < 1/(1 —¢) for |k| < M, we have

M(M +1) T
C+rD)d—e) “1-¢

1Qlloe < lloLlloo + +e

provided that L +1 > M(M + 1)/¢(1 — €). Furthermore, for |k| < M, since
By = ¢, we see that
1

2

e~ Q(0) db = cy,

proving Lemma 1.
The following elementary growth lemma is used in the proof of Theorem 1.

Lemma 2. Suppose g: [0,00) — [0,00) is a nondecreasing function continu-
ous from the right and suppose that 0 < o < lim,_,o g(x)/x. Then there exists
a nondecreasing sequence x; — oo such that

g(x) — g(z;) < alx — x;), 0<z<uz,.
Proof. Let b; — oo be an increasing sequence and let
xz; =inf{x > 0:g(x) > ar +b;}.

Clearly x; is a well-defined sequence of real numbers such that z;;1 > z; — oco.
The continuity of g from the right ensures that g(z;) > ax; + b;. The definition
of x; implies that

g(x) < ax +bj, 0 <z <y,

and hence
9(x) — g(z;) < a(x — z;), 0<zx<uxy,

completing the proof of Lemma 2.
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The proofs of both Theorems 1 and 2 are based on an analysis of the Fourier
series of log |H (re®®)| where H is entire. Suppose that H is entire with |H(0)| =
1. Suppose that H has zero sequence {z,} with due regard to multiplicity and
that |z,| # r for v =1,2,3,.... Let n(t) be the number of zeros of H counting
multiplicity of modulus no more than t. We write

[e.9]

log [H(re*)| = 3 em(r, H)e'™,

m=—o0

where the Fourier coefficients, first studied by F. Nevanlinna [7] (see also [6]), are
given by the following formulas:

(2.7) co(r,H) = N(r) = /07“ nit) dt,

t
B 1 r\" [z \"
. m 7H =—7" a_ - - — 3 217

(28)  em(rH) =" 4 o Y = . m

|z | <7
where
(2.9) log H(z) = Z Bmz™

m=1

near 0 for some branch of the logarithm, and

Cem(r,H) = cp(r, H), m > 1.

We collect certain estimates (see (2.14) and (2.15)) involving the Fourier series
of log |H(re®)| which are common to the proofs of Theorems 1 and 2. Suppose
2z, #0, 2z, — 00, and H is the convergent product

(2.10) H(z) = ﬁE(i,y— 1),

where we recall that the logarithm vanishing at z = 0 of the usual Weierstrass
factor E(z,p) is given by

(2.11) log B(z,p) = ——— — ——— —oe, [z <1

Suppose that H has no zero of modulus r. From (2.8), (2.9), and (2.11) we
conclude that if |z,,| < r, then

(2.12) e (7, H) = % 3 (;—V)m— % (?)m
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and if |z,,| > r then

(2.13) nlr H) = 5 Zm (é)m_ =3 (;)m

|zo| <7

Since the modulus of each term on the right side of (2.13) is at most 1/2m and
there are at most m such terms, we see that if |z,,| > r, then

(2.14) e (r, H)| <

1
3

We now suppose that |z,,| < r. Taking into account the possibility of H
having more than one zero of modulus |z,,|, we see from (2.12) that

e (r, H)| < % :m| ((;)m - (;)m) dn(t)
219 4l -m(( ) - (B2 e L ()

<[ (G) 6)) s *

where we have used integration by parts and the fact that the summation in the
middle expression contains at most m terms, each of modulus no more than 1/2m.
A critical role in the proof of both of our theorems is played by (2.15).

3. Proof of Theorem 1

We first suppose 1 < p < co. With no loss of generality, we may presume
that |2z1]| > e, for multiplication of f by a polynomial leaves (1.3) unaffected. Let
e in (0,1) be such that (1 —¢)?u > 1+ 2e. With the convention log* 0 = 0,
we apply Lemma 2 for ¢t > e with = = loglogt, g(x) = log*log™ n(e®"), and
a = (1 —¢)p to conclude that there exists an increasing sequence r; such that

log™ log" n(t) — loglogn(r;) < (1 — ¢)u(loglogt — loglogr}), e<t<r].

By continuity it is immediate that there exists r; > 77 such that n(r;) = n(r})
and

log™ log™ n(t) —loglog(1 + ¢)n(r;)

3.1
(3:1) < (1 —¢)u(loglogt — loglogr;), e<t<r;.

We rearrange (3.1) to obtain

log* n(t logt \ 179
(3.2) og nlt) _ (log . e<t<ry
log(1 + ¢)n(r;) log r;
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Hence
logtn(t) _ (logt """ log(1 + e)n(r;)
S J R € S t S Tj,
logt log r; log7;
or
+ .
- log" n(t) _los(l+inlry) |,

logt — log r;

To simplify notation, we define

_ log(1+ ¢)n(r;)

4 i
(34) 4 log 7
and rewrite (3.3) as
(3.5) n(t) <t“, 0<t<rj

Since Z has infinite exponent of convergence we observe from (1.1) and (3.3) that
uj; — 00 as j — 00.

For a fixed a > 1, consider the function g(y) = y* —1, 0 <y < 1. Clearly
g(0) = —1, g(1) =0, and g is increasing and convex on (0,1). If yo in (0,1) is
determined by yg‘_l =1—¢, then

— (=1 — (=1
9(y) — ( )Sg(yo) ( >:1_5, 0 <y < yo,
y—20 Yo — 0
and 0 0
9W) =0 o 9W0) =0 _ pam1 oy _0) o<y <t
y—1 Yo — 1

for some o in (yo,1).
Recalling that o = (1 — ) > 1 and setting y = (logt)/logr;, we conclude
that there exists 7; in [1,r;) with log7;/logr; = yo such that

logt \ 17" log t
(3.6) < o8 ) <(1-¢) °8 : 1 <t<7y,
log r; logr;

and

logt (1=e)u 5 [ logt .
3.7 —1<(1- —1),  F<t<r
60 () (1= it F<t<n
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From (3.2) and (3.6) we have

log™* 1
og_n(t) (1-o)-28L  c<ici,
log(1 + ¢)n(r;) log r;
or
(3.8) n(t) <td==w 0 <t <7

From (3.2) we have

o (I—e)u
(3.9)  log*n(t) —log(l+e)n(r;) < (log(l+ e)n(r;)) (( log ¢ ) - 1)7

log r;
for e <t <r;. The combination of (3.7) and (3.9) yields
logn(t) —log(1 4 e)n(r;) < (1 — &)*pu;(logt — logr;), Ty <t <rj,

or

¢ (1—e)?pu;
(3.10) n(t) < (1 +¢)n(rj) <r_> , T <t<r;.
j

We define the entire function H by (2.10) and proceed to estimate |c,, (75, H)|
from above. First we note from (2.7), (3.4), and (3.5) that

T4 t T4
I%%iMz/‘ﬂlﬁs/ to=tdt
0 t 0

SR L YY)

uj Uj

(3.11)

For |zp,| > r;, ie., for m > n(r;), we have (2.14) with r = r;. Thus we
consider m such that |z,| < r;. First suppose m > (1 + ¢€)u;. From (2.15) and
(3.5) we have

ey, H) g/ (ﬁ)m@m%

lzm| \ T t

" e 1 z WM 1
(3.12) ST;-H/l g 1dt—|—§ Sr;”{l m| + }

_ . m
2| m — u; 2rj

. 1 1
<7y {auj|zm|m(1(1/(1+5)) + 2r;?”b }
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Writing

(3.13) em(rj, H) = 17" Bm(5), (I1+e)u; <m < n(rj),
we see from (3.12) that there exists J; — 0 such that

(3.14) B ()™ <85, (L+e)uy <m < n(r)).

We now suppose that m < [(1 + ¢€)u;]. We have from (2.15) that

o [
(3.15) %/((%)Z (%)m>@dt+%

=t (rj, H) 4+, (rj, H) + 3,

_|_

where of course the first term is omitted if |z,,| > 7;. From (3.10) we have

N A ORIONOR

(14 ¢e)n(r;) 1 1
: 2 ((1—8)2uuj—m+ (1—6)2le+m>'

Estimating the sums by the corresponding integrals we obtain for large j

[(A+e)uy]

(1 +e)n(r)) 1
D, Cmlry H) < 2 ((1—6)2uuj+1

(1~ )% + (1 + o), )
(1= )2y — (1+ 20)u,

(1+¢e)n(r;) (1—ePu+1+e¢
= 2 (log 1—o)2pu— (1+25)> +o(n(r3)).

m=1

(3.16) +log

By (3.15) we may write
(3.17) Cm (rj, H) = ¢ (r, H) + chy (rj, H)

where |c% (rj, H)| < ¢ (r;, H) and |c§1(7‘j,H)| < cfn(rﬁH) +
and (3.16)

Thus by (3.4)

1
5 -

(3.18) Z B (ry, H)| < (1 +&)nlr;) log((l(l__g)z)uli—zllj2€€)> +o(n(r;)).

m=1
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We next consider ¢, (r;, H) for (1 — 3e)u; <m < [(1+ €)u;]. Writing
(3.19) o1y, H) =17 Bm(3), (1= 38)u; <m < [(1+e)uy],
we have from (3.8) and (3.15) that

Tj t T‘j
B (5)] S/ n(t) dt</| tA=eug—m—1 gy

m+1 —
Jzml Zm
|Zm‘(1—s)uj—m 2

m — (1 — 8)uj 5uj’zm’m(l—(l—ﬁ)/(l—gﬂ)) ’

<

Thus there exists €; — 0 such that

(3.20) B (DIM™ <5 (1= ge)uy <m < [(1+e)uyl.

1

Finally, suppose m < [(1 — &)u;]. Let m/ = [(1 — e)u;]. Using (3.4) and

(3.8) we have for large j

Thus
[(1—e/2)uy] e/
(3.21) Z 2 (rj, H) < (1+4¢)d=</4 (n(ry)) (1= 3e)uj = o(n(r;)).
m=1

From elementary considerations, because H has no zeros on |z| = r;, there
exists M; > (1 + ¢)u; such that

(3.22) Z lem (15, H)| < en(rj).

|m|>M;
We define £, (j) for (1 — 3e)u; <m < M; by

—2¢% (rj, H)
—r;n] , (1 — %5)1@- <m < [(1+¢)uy],
B23) =] 0l

"

(1+¢e)u; <m < M;.
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From (2.14), (3.13), (3.14), (3.19), and (3.20) we note that there exists v; > 0
such that whether |z,,| < r; or |z,| > rj,

(3.24) [m ()™ < 7 — 0, (1—2e)u; <m < M;.
We consider a subsequence r;, such that

(3.25) Ujy ., > 2Mj,, 1 <k < oo,

and

—, 1 <k < o0,

Viksr <
27‘jk

ensuring by (3.24) that for £ > 1

1 m
(3.26) [5m (Gp)| < ( ) , (1—3e)u;, <m < M, p>k.
27"jk
We define
Mj [o@)
(3.27) Tj(z) = > km(§)2™, T(2)=>_ Tj,(2)
m=1+[(1—¢e/2)u;,] k=1

and note by (3.25) that the powers of z appearing in the various T}, are distinct.
We also note by (3.24) that T' is entire. We set

fi(z) = H(z)e"n®

and
f(z) = H(z)eT®),

From (2.7), (2.8), (3.17), (3.23), and (3.27) we see that

(3.28)
(co(rj, H), m =0,
(/r]k’H)—{_c (/rjk’H) 1<m <1 ég)u’]k]?
Cm(Tjkvfk) = (TJIH )7 (1 - %E)ujk <m < [(1 +5)uj]7
O, (14 ¢e)uj, <m < M;,,
L em (T, H), m > M;, .

From (3.11), (3.18), (3.21), (3.22), and (3.28) we see that
(3.29)

D dem(ris Sl < (1 +€)n(7“jk)log(

m=—0o0

(L—e)u+(1+e)
(L—o)u—(1+2)

) + (e 4+ o(1))n(r;,).
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Since |k (Ji)| < 1, it follows from (3.25) that

Z T; (7, ')

p<k

< My, < Qg ) (U4 2)nr,) 2 = o(n(ry,)).

‘ oo

Also by (3.26)

§ : TJk

p>k

implying that

(3.30) log

e§:p¢kjﬁ””%ew)‘u = o(n(rj,))-

oo

The combination of (3.29) and (3.30) yields

(1-¢)Pp+1+e
(1—2)2u—(1+2¢)

o173, < 1+ e, tos )+ e+ oWt
Letting ¢ — 0", we obtain (1.3) for 1 < pu < 0.

If u = oo, it is elementary from Lemma 2 that for every u/ < oo there exists a
sequence satisfying (3.1) with g/ in place of . Thus the conclusion of Theorem 1
holds with g’ in place of p for every p/ in (1,00), proving the theorem in the
case L = 00.

4. Proof of Theorem 2

In view of Theorem 1, we may restrict our attention to sequences Z for which

p < % With no loss of generality we may presume that |z;] > 1. Suppose
0<e<4t.
3

Let m; be an increasing sequence of positive integers. Let

logn(t)
logt

r;f:inf{t2|z1|: zmj—l—l—s}.

Because Z has infinite exponent of convergence, it is elementary that r} is a
nondecreasing sequence of real numbers tending to infinity. It is immediate that

(4.1) n(t) < tmiti=e, t<r}.

Because n(t) is continuous from the right, for each j there exists v such that
|z| = 7} and

(12) n(r) 2 ()
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We wish to focus on a sequence of circles containing no members of Z and
thus choose r; > r7 such that n(r;) = n(rj) and

r n(rj)
(4.3) (—3> <l+e.
re
J
For j > 1 we define

1 t 1
fj:inf{t2|21\: Olg()gi) §(mj+1—€)},

and note trivially that 7; < T;‘ and
(4.4) n(t) < timiti=e/2 < F
Since logn(t) is continuous from the right, we see from the definition of 7; that

log n(7;) S Myt l—¢

log ;T 2
Since p < 2, for large j we have logn(7;) < (log#;)*/? and thus

(45) log 7; . log 7; > (logfj)f S (Ingj)l/Q s
m; mj +1—¢ = 2logn(;) 2

as j — 00.
We form the product (2.10) and now estimate |c,, (7, H)|. By (2.7), (4.1),
and (4.3) we have

Tal) L [Pl
4. o(ri, H) = — log(1 .
(4.6) Co(rj, H) /0 ; dt—i—/ﬁ " dt<mj+1_€+og( +¢)

We next suppose 1 < m < m;. We note from (4.2) for large j that n(r;) >
2™ > mj; > m and thus |z,| <r;. From (2.15), (4.1), and (4.3) we conclude

ey, H)| < %/m (%) +(5)") "
() (e

UL iy - L)

+
mj+1l—e—m m;+1l—-e+m

1
+(1+e)log(l+e)+ 5"



On the growth of entire functions 85

We conclude for 1 < m < m; that there are expressions c2 (r;) and ¢ (r;)
satisfying

(4.7) Cm (1, H) = ¢ (r5) + (),
X (1+ &) ()it
(45) IS g
and
(L4e)(ry)mitt=e
(49) ) < e

We set ¢2,,(r;) = c%(rj) for 1 <m < m; and also set c{(r;) = co(rj, H).
Now

m;

1
E < log 2,
mj+1—ec+m

m=1

and thus by (4.9) for large j

s (14 ) (log2)(r5)™s 1=
8,ry)| < L,
(4.10) g; 2

(14 2¢)(log 2)(r;f)mj+l_5 .

<
2

We now suppose m; < m < n(r;) and note that |z,| < r;. From (2.15),
(4.1), (4.3), and (4.4) we have (with the omission of an obvious term if |2,,| > 7;)

|em (rj, H))| §/|:|(%)m@ dt+/j(%)m@dt

J

" i\ n(t) 1

_J 2 ode+ =

+[f(t) £ 4T3
J

rm
4.11 < . .
(4.11) |92 (1 — L(my + 1 — ¢))
+ i

—m—m,; —1+
;n T (m—my —1+¢)

+(1+5)10g(1+€)+%
= (B (3) + B (4) + B5.(5) + Bin (7)) -
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Trivially

(8%,0) + B GNY™ = (1 + &) log(1 + &) + 1)/ /)

<— =0, mj <m<n(rj), j— .
r
j

(4.12)

Likewise for m; < m < n(r;) we have for large j

a / ~\\1/m 1 1
(4-13) (ﬁm(J)) < |zm|1—(mj+1—a)/2m < ’zml‘l/él —0
as j — 00.
For m; < m < n(r;) we have
1

b .
€Tj

and thus

loge m—m; —1+¢

(4.14) log (B2, (7)) /™ < = L log 7.

We consider two cases. If m; < m < 2m;, then

m 1
iym _ loge ¢

(4.15) log (8.(7)) oy 1087 o0 oo,
by (4.5). For m > 2m; we have by (4.14)
log(ﬁfn(j))l/ <-BLy (—1 + 0y —5> log 7
m m m

(4.16)

log e 1 1-¢ - .
< - +—5+ logr; — —o0, Jj — oo.
2m; m;

For m > mj, including those for which |z,,| > r;, the combination of (2.14),
(4.11), (4.12), (4.13), (4.15), and (4.16) implies the existence of J; — 0 such that
if
(417) Cm(Tj7H) = Bm(])TTv

then

(4.18) B (DIV™ <85 =0, j— o0
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Using (4.6) and (4.8) we apply Lemma 1 with M = m; to conclude for large
J that there exists a trigonometric polynomial @Q;(6) with

Qi) = > dnlrj)e™,

m:—Lj
where L; > m;, such that
(4.19) din(r;) = cp(rs),  Im| < my,
and
(4.20) ”Qj”oo < (1L_€ —f—E) (1‘}‘5)(7“;)”13'4’175'
We write
(421) dm(T‘j) = ’ym(T‘j)T‘;n, m; <m < Lj,

yielding by (4.20)

™ m;ij+l—e—m
] < (7 +e )@t e

and hence

Lm < log(m/(1—¢) +¢) + log(1 +¢) _mte—m;—1 log 1.
m m

log [ (r;)
For m; < m < min(L;,2m;), we have

1/m<10g(7r/(1—8)+6)+10g(1+5)_ € logr; — —00

4.22) 1 m (7
(422)  log bym(ry) " S

as j — oo by (4.5). If L; > 2m;, for 2m; < m < L; we have
(4.23)

log(m/(1 —¢)+¢) +log(l+¢€ 1 1-—
log [ () < BT/ Q=€) +€) o Lo Ve ( “togr - —oc

2mj _5 + 2mj

as j — oo. Combining (4.22) and (4.23), we conclude there exists x; > 0 such
that

(424) |’7m(7‘])|1/m < Kj; — 0, m; <m < Lj,
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as j — o0.
By elementary considerations, there exists M; > L; such that
(4.25) Z lem (15, H)| < en(rj).

|m|>M;
For m; <m < Mj, we define

—2¢p (1, H) + 2d,,(175)
7
—2¢p, (15, H)

m ) —
J

, my <m < Ly,
(4.26) bm(j) =

r

From (4.17), (4.18), (4.21), and (4.24), we conclude that there exists n; > 0 such
that

(4.27) by (7)™ < m; — 0, m; <m < M, j — .

Let

and

By (2.8), (4.7), and (4.26)

((colrjs H) = c5(r;), m=0,
o (ri) + e (ry),  1<m<my,
(4.28) cm(rj, [5) = § dm(75), m; <m < Ly,
0, L; <m < Mj,
L e (15, H), m > M;.

We also of course have ¢_,, (75, f;) = cm(rj, f;) for m > 1.
From (4.2), (4.10), (4.19), (4.20), (4.25), and (4.28), we have for all 6 in
[—7, 7] and large j that

‘log|fj(7”jei9)|‘ S' Z dm(r])ezme

|m|<L;
(4.29) + Y e+ D em(ry, H))
1<|m]<m, jml> M,

< (1 i . )(1 +e)n(r;) + (log2 + 3e)n(r;).
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We consider a subsequence mj, satisfying

(4.30) mj,., > Mj,, kE>1,
and
, 1 \"
(4.31) b, (Jp)| < (2 ) , E>1, p>k+1, m;, <m< M,
i

where we have used (4.27).
We set

= Z Tjk (Z)
k=1

and note by (4.30) that the powers of z in the various T}, are distinct. From (4.27)
we see that T' is entire and from (4.31) it follows that the Maclaurin coefficients

of T have modulus less than 1. Thus by (4.2), (4.3), and the fact that u < 2, for
—7m < 60 <7 and large k we have

M -y
(4.32) Z Ty, (rj.e)] < M; T <myr Tt <en(rj,).

.]kljk

From (4.31) we have for —m < 6 < 7 that

> T, (re) < > > lbm )l

>k =k+1 mj,<m<M;,
(4.33) 3 e ’
()
> ooy (D
p=k+1 m;, <m<M;, 2
We set

f(2) = H(z)e"™®
and note by (4.32) and (4.33) for large k and —7 < 60 < 7 that
‘log |f(Tjkei9)| — log |f]k (Tjkew)H < 5n(7“jk) + 1.

We conclude by (4.29) that for large k

[log | f(rj.e )| . ((—+6>(1+€)—|—log2+56>n(7’jk).

Since ¢ in (0, 3) is arbitrary, we obtain the conclusion of Theorem 2.
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