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Abstract. It is shown that for the Weierstrass nowhere differentiable functions X, ;(t) =
Yoo gacos(b™t) and Yo u(t) = Yo7, a™sin(b™t) the set (Xap,Yap)([0,27]) has a non-empty
interior in R?, provided b € N, b > 2 and a < 1 is sufficiently close to 1. It follows that the
box dimension of graph(X, ;, Y, ) is equal to 3 — 2« where a = —loga/logb and its Hausdorff
dimension is at least 2. Moreover, the level sets L(s) for X, ; and Y, ;, have Hausdorff dimension
at least o for open sets of s € R, so the Hausdorff dimension of graph X, ; and graphY,; is at
least 1+ «.

1. Introduction

This paper concerns the famous functions

Xap(t) =D a"cos(b"t),  Yap(t) =) asin(b"t)
n=0 n=0

for t € [0,27] and 0 < a <1, b>1, ab > 1. The first one was introduced by
Weierstrass in 1872 as an example of a continuous, nowhere differentiable function.
In fact, the non-differentiability for all given above parameters a, b was proved
by Hardy in [Ha]. Later, the graphs of these and related functions were studied
as fractal curves. A basic question which arises in this context is computing the
Hausdorff dimension (HD) of these curves. However, this problem is still unsolved
for the classical functions X, and Y.

For ab =1, the graphs of X, ; and Y, ; have Hausdorff dimension 1 and o-
finite 1-dimensional Hausdorff measure, as was proved by Mauldin and Williams
in [MW]. For ab > 1, it is easy to check that the functions X,; and Y,; are
Holder continuous with exponent « for

log a

_logb
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(i.e. a =0"%). Consequently, the box dimension (BD) of their graphs is at most
2 — a (see Lemma 2.2). In fact, it is equal to 2 — «, as was proved in [KMY].
Hence, HD(graph X, ), HD(graphY, ;) cannot exceed 2 — a. Moreover, the
packing dimension of these graphs is 2 — a (see [R)).

It is believed that the Hausdorff dimension of these graphs should also be
equal to 2 — .. Note that

Xa’b(t) = CLXa7b(bt) + cos't, Ya,b(t) = aYa7b(bt) + sint,

which means that the graphs are roughly self-similar for the scaling with horizontal
factor b and vertical factor a.

The difficulties lie in the lower estimates of the Hausdorff dimension. There
are not too many results in this direction. Mauldin and Williams in [MW] gave
the lower bound of the form 2 — a — C/logb for a constant C' > 0 independent
of b, which approaches the upper bound as b — oo. Przytycki and Urbanski
proved in [PU] that the Hausdorff dimension of graph X, ;, graphY, ; is greater
than 1 for b € N, b > 2. In [Hu|, Hunt showed that the Hausdorff dimension of
the graph of the function

Z a” cos(b"t + 6,,)

n=0

with 6,, chosen independently with respect to the uniform probability measure on
[0, 27], is almost surely equal to 2 — «.

It turns out that it is easier to consider the problem for the Weierstrass func-
tion with cosine replaced by some other continuous periodic function g: R — R..
For instance, take g(t) = dist(¢,Z) (the sawtooth function), which was studied by
Besicovitch and Ursell in [BU]. For a = b, we obtain the van der Waerden—Tagaki
function, which has Hausdorff dimension 1 and o-finite 1-dimensional Hausdorff
measure. This was proved by Anderson and Pitt in [AP]. Moreover, by the work of
Ledrappier [L], the case b =2, a > % can be brought to the case of the Bernoulli
convolutions »_ +a™, where the signs are chosen independently with probability
1 on [0,1]. Then the work of Solomyak [S] implies that the Hausdorff dimension
of the graph is 2 — « for almost all a € (%, 1).

Another interesting problem is studying various measures related to these
graphs. For a function f: [tg,t;] — R™ denote by p; the image under f of
the uniform probability measure on [tg,?;]. Little is known about the measures
px,, and py,,. It is conjectured that the Hausdorff dimension of graph X,
(or graphY, ;) is 2—a if and only if the measure px, , (or py, , ) is absolutely con-
tinuous with respect to the Lebesgue measure on R. This holds for the Bernoulli
convolutions, as was proved in [PU]. Kéno showed in [K] that if b € N and ab is
sufficiently large and the suitable measure ux,, or uy,, has a bounded density
function with respect to the Lebesgue measure, then the Hausdorff dimension of
the graph is 2 — a.
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In this paper we consider the complexification of the functions X, ; and Y, 4,

i.e.
o0

Fop(z) =) a"z", z2€C, [z <1,
n=0
for a € (0,1) and b € N, b > 2. Then F,; is holomorphic in the open unit disc,
continuous in the closed unit disc and

Re(Fu (")) = Xan(t), Im (F, p(e)) = Yau(t).

We prove that if a is sufficiently close to 1, then the image of the unit circle S?
under F,; (i.e. the image of the segment [0,27] under the map (X,p,Y,s)) is a
curve which has non-empty interior in the topology of the plane. More precisely,
we show

Theorem 1.1. There exist ag < 1 and ¢ > 0, such that for every a € [ag, 1)
and every b € N, b > 2, the set F,,(S') contains a disc of radius ¢/(1 — a).
Moreover, Fayb(Sl) is the closure of its interior in the topology of the plane.

Figure 1. The curve Fj,»(S') for a = 0.7 (left) and a = 0.8 (right).

The idea of complexifying the Weierstrass function is not new. In [Ha] Hardy
used its harmonic extension to prove non-differentiability. Our approach, however,
is not analytical but relies on some elementary geometric facts (Lemma 3.3).

Apart from presenting an interesting example of a “plane-filling” curve, Theo-
rem 1.1 has some consequences concerning the graphs of the functions X, 5, Y4 5.
First, we can compute the exact value of the box dimension of graph(X, s, Y, )
(as a subset of R?), which is equal to 3 — 2a.. The Hausdorff dimension of this
graph is at least 2. These results are shown in Corollary 4.1.

For s € R define the level sets of X5, Y, as

Lx,,(s)={teR: X,(t) = s}, Ly, ,(s) ={t €c R: Y, (t) = s}.

In Corollary 4.3 we show that the Hausdorff dimension of Lx, ,(s) and Ly, ,(s)
is at least a for some open sets of s € R. This implies (Corollary 4.4) that

HD(graph X, ), HD(graph Y, ;) > 1 + a.
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Theorem 1.1 and the corollaries are true for a close to 1, i.e. for a close
to 0. The functions X, Y, are Holder continuous with exponent «, so the
map (Xgp,Yas) is also Holder continuous with the same exponent. This implies
(see Lemma 2.2) that

HD(F, (S")) = HD((Xa, Ya,s)([0,27])) < BD((Xa, Yap)([0,27])) <3 — 20,
so for v > 1 we have HD(F, ,(S')) < 2. In particular, F, ;(S"') has 2-dimensional
Lebesgue measure 0, f(x,,y,,) 18 singular with respect to this measure and
Theorem 1.1 cannot be true. It would be of interest to check whether Theorem 1.1
holds for every a < % (See Figure 1, where the left picture shows the curve for
a = 0.5145... and the right one for v = 0.3219....) The most interesting case is
o= % Indeed, we have the following;:

Fact. Suppose a = % and F,;(S!) has positive 2-dimensional Lebesgue

2
measure. Then p(x,,y,,) 18 not singular with respect to this measure and the
measures fix,,, [y,, are not singular with respect to 1-dimensional Lebesgue
3

measure. Moreover, HD(graph X, ;) = HD(graphY,;) =2 —a = 3.

Proof. Let Leb,, be the m-dimensional Lebesgue measure. By Lemma 2.2, we
have Lebo ‘Fayb(sl) < Cu(x,,.v,, foraconstant C. Suppose ji(x, ,.y,,) i singu-
lar with respect to Leby and take a set A C F, ,(S') such that I(X o, Ya ) (A) =1
and Lebs(A) = 0. Then

Leby (Fa5(S")) = Leba (Fuu(S') \ A) < Cux, , v, (Fap(S')\ A) =0,

which contradicts the assumption. Hence, p(x, , v, ,) is not singular with respect
to Leby. Since px,,, py,, are orthogonal projections of pu(x,,y,,) on the
coordinate axes, they are not singular with respect to Leb;. The last part follows
from Corollary 4.4, because 1 + o = % =2—-a.

2. Preliminaries

We recall some basic definitions and facts concerning the Hausdorff and box
dimension.

Definition 2.1. For A C R™ and ¢ > 0 the (outer) §-Hausdorff measure of
A is defined as
5 T . §
HO(A) = gl_r% inf Z (diam U)°,
Uew
where infimum is taken over all countable coverings % of A by open sets of

diameters less than ¢.
The Hausdorfl dimension of A is defined as

HD(A) = sup{d > 0: #°(A) = 400} = inf{§ > 0: #°(A) = 0}.
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Let N.(A) be the minimal number of balls of diameter € needed to cover A.
Define the lower and upper box dimension as

BD(A) = liminf M, BD(A) = lim sup M.
e—0 — log € e—0 - 10g €

The box dimension is also called the box-counting or Minkowski dimension.
It is easy to check that

HD(A) < BD(A).

The definitions of the Hausdorff and box dimension easily imply

Lemma 2.2. Let A C R™ and let f: A — R™ be a map such that

1£(x) = F@W)Il < el —yl”
for every x,y € A and constants ¢ >0, 0 < 3 < 1. Then for every 6 >0,
A0 (f(A)) <PA°(A),  so  HD(f(A)) <HD(A)/B.

Moreover,
BD(graph f) < BD(A) +m(1 - B),

BD(graph f) < BD(A) +m(1 - ).

We shall use the following theorem estimating the Hausdorff dimension of a
planar set by the dimensions of its level sets (for the proof see e.g. [F]).

Theorem 2.3. Let E C R? and A C R. Suppose that there exists 3 > 0,
such that if © € A, then #°({y € R: (z,y) € E}) > ¢, for some constant c.
Then for every § > 0,

HOB(E) > best? (A),

where b depends only on 3 and §. In particular,

HD(E) > HD(A) + gggHD({y eR: (z,y) € E}).

Notation. The symbols cl, int and 0 denote respectively the closure, interior
and boundary in the topology of the plane. The euclidean distance is denoted
by dist. AB is the segment with endpoints A, B and |AB| is its length. We
write D,.(z) for the open disc centred at = € C of radius . For t € R we denote
by [t] the integer part of ¢, i.e. the largest integer not greater than ¢.
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3. Proof of Theorem 1.1
Let 0 <a<1,beN, b>2. By the definition of F,, we have

Fop(e2™) — Fy p(e*™") = 2i Z a" sin(mb™ (t1 — tz))e™ " (i)
n=0
for every t1,t2 € [0,1]. Let
Zn’k2627rik/b” forn207 kzl,...,bn

and fix j € Z. Then
n—1

. . Cin— i N/ pn—l
Fov(Znkti) — Fap(znk) =21 Z alsin(mj /b em i (2RH)/b
1=0

= 2ia" Z a~ ™ sin(7j /b™)e™ 2RI/

m=1

where
u(j)(a b) = a ™ sin(wj/b™), Cy(r]L,)k(b) — mi(2k+5) /0™

Note that u$(a,b) € R, C(]) (b) € S. Moreover,

Zn,k = Zn4ng,bn0k

and
Cfrjz)b”()k:( b) = pTi(26™0kt5) /b i /o™ j2mikb™ O™
for every ng > 0. Thus,
Cf,f,)bnok(b) = ™" for m <mng
and
n+no
Foup(Zninobroktj) — Fap(znk) = 2ia™ Z u$)(a, b)Cg)bnok( b)
m=1
no . o n+ng
= 2iq" "0 Z ul9) (a,b)e™ /0" 4 2jqm M0 Z ul)(a, b)C(J)bnOk( b)
m=1 m=ng+1
1 Sl o m > ‘ m
(1) = 2ia”+"°(z uld) (a,b)e™ /" — Z uld) (a,b)e™/b
m=1 m=ng+1
n+ng
3 )
m=no+1

= 20"t (UD) (a,b) + AY)  (a,b)),

n,k,ng
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where
U9 (a,b) Z ul9) (a, b)e™/0"
m=1
Note that
@) A0, @bl <2 Y @b <2m) Y (ab) " = =T (ab) ™.
m=ng+1 m=ng+1 av —
Let -
U (b) =) sin(mj/b™)e™ /"
m=1

Lemma 3.1. For every b € N, b > 2, there exists an integer jo such that
(1) UW)(b), U (b) # 0 and Arg(UU0) (b)) # Arg(U70) (b)),
(2) if b tends to oo, then UJ0)(b) tend respectively to U(*i0) = 0 such that
Arg(U(jo)) £ Arg(U(—jo))'
Proof. By definition,

oo

Re(U(j)(b)) = % Z sin(27j/b™), U(J) Z sin? (7 /b™).

m=1
Note that for every j # 0 we have Im(UYW(b)) > 0, so UY)(b) # 0 and
Arg(UY (b)) € (0, 7). Moreover,
Re(U(b)) = —Re(UY (1)),  Im(UT (b)) = Im(UY (b)),

so Arg(UY) (b)) # Arg(U=9) (b)) if and only if Re(UY (b)) # 0.

Let
) 1 for b < 4,
Jo =

[ib] for b > 4.
Then 0 < 2770 /0™ < 7 for all b> 2, m > 1 and the equality holds only if b = 2,
m = 1. This implies Re(UU0)(b)) > 0, so Arg(UU0) (b)) # Arg(U~70)(b)).
Note that
(3) 0<jgo < b
Using this, we obtain

(£30) (B) — sin(L7i +7ijo/b| < 7T_jo _ mJo < T
\U (b) — sin(£mjo/b)e | < 22 b b 1) = 20 1)

m=

which tends to 0 as b tends to oo, so U*70)(b) tends to
U(Eio) — bhm sin(£7[1b]/b)e Emilb/4]/b — 1(£1+4).
Lemma 3.2. Let jo = jo(b) be the number defined in the proof of Lemma 3.1.

If a tends to 1, then U(*J0)(a, b) tend respectively to U*70)(b) uniformly with
respect to b > 2.
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Proof. Recall that

ulFio)(q,b) = a™™ sin(iwjo/bm)c:{ + sin(7jo/b™),
so it is sufficient to show that the series

Z u%jo) (a’ b)eimjo/bm

m=1

are convergent uniformly with respect to b > 2 and a € [ay,1) for some a1 < 1.
To check this, it is enough to notice that by (3), we have

. o m ' 2\"
ju(Fio) (q, b)etmiio/b" | = g—m sin(ﬁ) < 1(ab)l_m < 7T(—>

for every a € [%, 1).

The proof of Theorem 1.1 is based on the following elementary planar geo-
metric property.

Lemma 3.3. Let A, B, C be three non-collinear points in the plane. Then
there exist a point P in the interior of the triangle ABC' and constants ,¢ > 0,
such that for every q < 1 sufficiently close to 1 there exists v > ¢/(1 — q) such
that

D, (P) C Dy (A) UDg, (B) UD, (C)
for every A € D.(A), Be D.(B), C € D.(C).

Proof. Let P be the unique point in the interior of the triangle ABC', such
that {APB = {BPC = LCPA = %w. For Z = A, B,C denote by Sz the closed
angle of measure %7‘(’ and vertex P, symmetric with respect to the line PZ and
containing Z. Then

(4) D, (P) = (D,(P)NS4) U (D,(P)NnSp) U (D.(P)NSc).

Take r > |AP|. Let Q, Q' be the two points in dD,.(P), such that L APQ =
LAPQ' = g7 and let R be the point of intersection of the line AP with 0D,.(P)N
Sa (see Figure 2).

Then

(5) max{dist(4,2) : Z € 0(D,(P)NSa)} = [AQ|.

To see this, observe that max{dist(A, Z): Z € m} is achieved for Z €
{P,Q}. Moreover, it is easy to check that dist(A,Z) decreases as Z goes along
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Q

W3 W3

o
Figure 2. The set D,.(P)NS4.

OD,(P)NS4 from Q to R. Since L PQA < 7 = LAPQ, we have [AQ| > |AP].

This shows (5). By (5) and the triangle inequality, if

(6) qr > |AQ| +e,

then

D, (P)NS4 C Dy (A)
for every A € D.(A). Since

Q| = /2 — [APr + [APP2,
the condition (6) is equivalent to
(7) (1—¢*)r? — (|JAP| — 2¢eq)r + |AP]? — €% < 0.

Solving the quadratic inequality, it is easy to check that if € > 0 is sufficiently small
and ¢ is sufficiently close to 1, then (7) holds for r € [¢4/(1 — q),ca/(1 —q)],
where ¢4 > 0 depends only on |AP| and ¢y > 0 is arbitrarily small if ¢ and
1 — g are sufficiently small. Replacing A by B and C and repeating the above
arguments, we obtain by (4)

D, (P) C Dy, (A) UD,,.(B) UD,,.(C)
for every A € D.(A), Be D.(B), C € D.(C) and
r € [max(cy, ¢, c)/(1 = q),min(ca, cp, cc) /(1 — q)]

(if € is sufficiently small and ¢ is sufficiently close to 1). Hence, the lemma holds
for ¢ = min(ca,cp,cc)/2 and r =2¢/(1 —¢q). o
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Now we can prove the main lemma which is used in the proof of Theorem 1.1.

Lemma 3.4. There exist ag < 1, ng > 0 and ¢ > 0, such that for every
a € [ag,1) and every b € N, b > 2 there exist zop € C and ¢ > ¢/(1 — a), such
that for every n >0 and k € {1,...,b"},

b0 (k+1)
Dgan (Fa,b(zmk) + zoa") C U Dgan+n0 (Fa,b(zn—i—no,l))-
1=bm0 (k—1)

Proof. Let jy be the number defined in the proof of Lemma 3.1. Take b > 2
and define A, B,C € C setting

A=0, B=UY®), C=U")0).

By Lemma 3.1, the points A, B, C are not collinear. For a < 1, n > 0,
ke{l,...,b"} and ng > 0 let

0,
mo (UGo) (g, b) + A% (a,b)),

n,k,ng

=a
— g0 (U(_j‘))(a, b) +A(—jo) (a, b))

n,k,no

A
B
C
Take a small ¢ > 0. By (2) and (3) we obtain

a"OIA(ijO) (a,b)| <

n,k,ng

1 —ng no
a1 <4 (3)

for every a € [%, 1), every b > 2, every ng and every k. Fix ng such that

an(2)™ < Le.

By Lemma 3.2, there exists 2 < @y < 1 such that for every a € [ag, 1) and every
b>2,

(8) |a”0U(ij0)(a,b) _ U(ijo)(b)| < %5.

This implies |§ - Bj, \5 —C| < e. Apply Lemma 3.3 for the points A, B, C, A,
E, C. By this lemma, there exist a point P € C and constants ¢, > 0, qo < 1
(depending only on b), such that for every ¢ € [go, 1) there exists r > ¢,/(1 — q)
such that

(9) D, (P) C Dy (A) UDg, (B) UD,, (C)
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Take agp(b) < 1 such that ao(b) > ap and (ao(b))no > qo. Let
z0 = 2iP.
Take a € [ag(h),1) and ¢ =a™. Then g > (ag(h))"” > qo, so by (9) and (1), we

have
D, (20/(2i)) C Dy.gno (0)

UD, gm0 Fa,b(zn—l—no,bno]gﬂ_j[)) — Fa,b(zn,k))
2ia™
U Drano (Fa,b(zn—kno,bnok._jo) — Fa,b(zn,k) ) ,
2ia™
where
C C

T—aw no(l —a)’
Multiplying by 2ia™ and adding Fj, (2, k) We obtain

D2ra” (Fa,b(zn,k) + ZOan) C D2ra"+"0 (Fa,b(zn,k))
(].].) U D2ra"+"0 (Fa7b(2’n+n07bn0 ]C+j0))

U Dgran+no (Fa,b(zn—i—no,bno k—jo )) .

In this way we have proved the lemma with ag, ¢ and r depending on b. To get
the independence of b, let

A=0, B = U(jo)’ C = y(=io)

and define A, B , C , ng and ag as previously. Note that by Lemma 3.1, for given
€ > 0 there exists by such that for b > by we have

+j +j 1
|U( Jo)(b) — U JO)| < e
Using this together with (8), we have
la™ U0 (g, b) — UFI)| < 2e

for a € [ap,1) and b > by. Repeating the previous arguments, we show that there
exist ap(00) <1, ¢ >0, 20 € C and r > 0 such that

12 " i =)

and (11) holds for every a € [ap(c0),1) and every b > by.
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Define

min(cg, ..., Cpy, €
ap = max(ao(2), .. .,ao(bo), ao(0)), €= = 2ng 0 OO).

Take a € [ag,1), b > 2 and let o = 2r for r from (11). Then by (10) and (12) we
have ¢ > ¢/(1 —a) and

Dgun (Fa,b(zn,k) + Zoan) C Dgan+n0 (Fa7b(zn7k))

U D ggntno (Fa,b(ZnJrno,b”O k:+jo))

U DQa”+”0 (Fa,b(zn+n0,b"0k—jo)) .
By (3), this implies

b™0 (k+1)

Dga" (Fa,b(zn,k) + ZOan) C U Dga”+n0 (Fa,b(zn—i—no,l)) .a
I=bm0(k—1)

Remark. In fact, the symmetry between B and C gives zg € R, zp < 0.
Proof of Theorem 1.1. Let

An(0,p,q) = LqJ D o (Fap(2n,1))-

l=p

Take n >0, k€ {1,...,0"} and m > 0. Applying Lemma 3.4 a number of times
we obtain
D,on (Fa,b(zn,k) + zoa“) C Aping (0, 0™k — b0 b0k 4 b"°),
Dgan (Favb(zmk) + zoa” + Zoan+n0)
- An+2n0 (Q7 anOk . b2n0 _ pno ’ bZnOk + b2n0 T bno)’

1 —q™mmo

pmmo 1 prmo 1
A [ 0,00k — 0?2 oy, o 72
Aot 0(@ b — 1 * bno—1>
C Appmmg (0,5 (k — 2), 6™ (k + 2))

for every a € [ap,1), b > 2 and suitable zg € C, ¢ > ¢/(1 — a). Hence,

Zna oo
Dga"/2 (Fa,b(zmk) + 0 ) C ﬂ An+mn0 (Q7 b (k - 2)7 bmno(k + 2))

I —am m=mg
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for sufficiently large mg. This means

zoa™ 00 _
Dgan/2 <Fa,b(2n,k) + 0 = ) C ﬂ U Dgam”O (Fa,b(627”t)) .
l—a m=mo te[(k—2)/b™,(k+2)/b"]

By the compactness of F, ;(S'), we have

zoa™

(13) Dy o Fulona) 4 12000 ) © Fan({e27 st € [(6= 25, (64257 }),

which easily implies both parts of the theorem. o

4. Corollaries

Corollary 4.1. For every a € [ag,1) and every be N, b > 2,
@(graph(Xa,b, Ya,b)) = ﬁ(graph(Xayb, Ya,b)) =3 — 2a.

Moreover, J#? (graph(Xaib,Yayb)) > 0, so HD(graph(Xa’b,Yayb)) > 2.

Proof. Consider the first part of the corollary. Since the map (Xqp,Yap) is
Holder continuous with exponent «, we have by Lemma 2.2,

ﬁ(graph(){a,m Ya,b)) <3- 20&,

so it is sufficient to show the opposite inequality. Take ¢ > 0. Let n be the
maximal number for which 27 /6™ > ¢ and let

o= | 202k 2n(2E 4 1) forkzo,...,{b——1}

b b"

Then |I| > ¢ and dist(I,, [r,) > € for ki # ka. By (13), the set (Xap, Yan) (k)
contains a disc of diameter ca™ for a constant ¢ > 0 independent of k, n. Hence,
to cover graph(X, s, Yap)|r, we need at least c?a?"e~2 balls of diameter & with
non-empty intersections with graph(Xep, Yap)|r, . Since for ki # ko we have
dist(Iy,, Ix,) > €, such balls for k; and ko are disjoint. Hence,

N, (graph(Xa,b, Ya,b)) > c1a?e73 = b2 T3 > e

for some constants ci,co > 0. This implies @(graph(X%b, Ya,b)) >3- 2.

To prove the second part, note that F, ,(S') is the orthogonal projection of
graph(X, p,Ya ). Since the projection is a Lipschitz map, it is enough to use
Theorem 1.1 and Lemma 2.2 for § =1.
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The next corollary shows that for the functions X,;, Y, we can improve
the general estimates from Lemma 2.2.

Corollary 4.2. For every a € [agp,1) and every b € N, b > 2 there exist
Ux,,,Uy,, C R, such that Ux,, (or Uy,,) is open and dense in X, ([0, 27])
(or Y, 4([0,27])) and for every § > 0,

a,b?

if #°(A) >0, then s+ (XCL_;(A)) > 0 for every set A C Ux
if #°(A) >0, then s£*0+Y (v,

a,

5 (A)) > 0 for every set A C Uy, ,.
In particular,

HD(X, ,(A)) > a(HD(A) + 1) for every set A C Ux, ,,

HD (Yajbl (A)) > a(HD(A) + 1) for every set A C Uy, ,.

Proof. Let Ux,, (or Uy,,) be the orthogonal projection of int F,;(S') on
the real (or imaginary) axis. By Theorem 1.1, Ux, , (or Uy, ,) is open and dense
in X,5([0,27]) (or Y,4([0,27])). Take A C Ux,, such that #°(A4) > 0. By
definition, for every s € A the set

({s} x R) N (Xap, Ya) ([0, 27])

contains a non-trivial interval. Hence, by Theorem 2.3, we have
AT (A X R) N (Xap, Yap)([0,27])) > 0.
Since the map (Xqp, Ya,p) is Holder with exponent «, we have by Lemma 2.2,
A (Xap) 1 (A) = 20T ((Xap, Yap) (A X R)) > 0.
The case A C Uy, , is symmetric.

Taking A = {s} in Corollary 4.2, we obtain the following result on level sets
LXa,b (8) ) LYa,b (5) .

Corollary 4.3. For every a € [ag,1) and every b€ N, b > 2,

H#*(Lx,,(s)) >0 forevery s € Ux,,,
A“(Ly, ,(s)) >0 for every s € Uy, ,.

In particular,

>« for every s € Ux, ,,
>« forevery s € Uy, ,.

Moreover,
intR(Ymb(LXa’b(s))) #0 forevery s € Ux,,,

intr (Xa,(Ly, ,(s))) #0 for every s € Uy, ,.
By Corollary 4.3 and Theorem 2.3, we get
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Corollary 4.4. For every a € [ag,1) and every be N, b > 2,

Y aans (graph X, ), ita (graph Y, ) > 0.

In particular, HD(graph X, ;), HD(graph Y, ;) > 1+ a.
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