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THE LAW OF THE ITERATED LOGARITHM
FOR LOCALLY UNIVALENT FUNCTIONS
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Abstract. In this paper we prove a sharp version of the Makarov law of the iterated log-
arithm. In particular, we show that the constant in the right side of this law depends on an
asymptotic behaviour of the integral means of the derivative of an analytic function. Also, we
establish that this constant is equal to the asymptotic variance for some domains with fractal type
boundaries.

Let f be an analytic and univalent function in the unit disk D = {|z| < 1}.
Makarov [5] proved that there exists a universal constant C' > 0 such that

(1) limn sup [ log f'(r¢)|

< C|log f'ls
r—1- \/log(l/(l — 1)) logloglog(1/(1 — 1))

for almost all ¢ on || =1, where

1

= (2)

log f'l|s = [log f'(0)] + sup (1 — |2[*) 7

|z|<1

is the Bloch norm. Pommerenke [8, p. 186] showed that this inequality is true
for C = 1 and there is a univalent function for which the inequality is false for
C < 0.685. Therefore, this result is not far from being the best possible. Przytycki,
Urbaniski and Zdunik [9] established that for some classes of domains with fractal
type boundaries the equality holds with v/o2 in the right side of (1) where

o’ = — lim sup f [log f/|2d9

B 2T 1 log(l/(l — T‘))

is the asymptotic variance. In the paper [9] the authors used another definition of
the asymptotic variance. But, in fact, their definition is equal to our definition in
the “fractal” case.
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The goal of this paper is to obtain a sharp version of the Makarov law of the
iterated logarithm for locally univalent functions, i.e. for functions f for which

f'(2) #0, z€ D.
Let f be a locally univalent function in the unit disk D and p be a complex
number. Then for all § > 0 we define

Bs(p) = ]Og[éﬁzpw!szyﬂde}
s\P) = r:%%)l) 10g(1/(1 . ’I“))

In other words (s5(p) is the minimal number for which

» 1 1 ,Bg(p)
|fP)1do < - —— , 0<r<l.
o\1l—r

If p is a real number then

Bs(p) — B(p)  asd —0,

where

g [, ()P
flp) = hr:lj}lp log(l/(l — 7"))

is the classical integral means spectrum [8, p. 176].

It follows from the integral means spectrum concept ( [2], [7], [8]) that there
is a connection between geometric properties of domains and the integral means
spectrum. On the other hand, Makarov [5] established that the law of the iterated
logarithm is closely related to the boundary properties of conformal maps. This
leads to the following natural question: Is there a simple relation between the law
of the iterated logarithm and the integral means spectrum? A possible answer for
this question is the following result which we will prove later.

Suppose f is a locally univalent function in the unit disk and 6 > 0. Then

lim sup [log /7(r¢)| < 2limsup 55 (p)
r—l- \/log(l/(l —r))logloglog(1/(1 — 7)) p—0 Pl

for almost all ¢ on (| =1.
It is more convenient for us to formulate this result in the form of the following

Theorem 1. Suppose f is a locally univalent function in the unit disk. Then
the following inequality holds

@) lmew log £/(r¢)
r—1— \/Iog(l/(l — 7)) logloglog(1/(1— 1))

< /o2(0+)
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for almost all { on || =1, where

o2(8) = 4lim sup ﬁé(p).
@) p—0 |2

We remark that Pommerenke’s result with the constant C' = 1 easily follows
from our theorem because it is known [3] that if log f’ is a Bloch function then
02(0+) < || log f'||% . Moreover, we will see that in many cases

o?(0+) = o,

Further, it is convenient to use the following abbreviation:

27
/ h(rei‘))dez/hde
0

The next lemma can be deduced from Makarov’s proof of the law of the
iterated logarithm [5].

Lemma 1. Let C) be a sequence of positive numbers and C’;/k — 1 as

k — oo. If
1

- T

/ |log f'|>™ df < C,,n!A*" log" -
for all natural n and for all r € [1 — exp(—expe™),1), then

lim sup | log f'(r¢)| <A
1=\ log (1/(1 — 1)) log loglog (1/(1 1))

for almost all ¢ on |(|=1.

Proof. We use Pommerenke’s version of Makarov’s law [8, p. 186]. Our proof

is almost the same as Pommerenke’s proof. Let us only remark that instead of
oo . . . o0
J.” in his proof we have to consider fexp(e") .

Proof of Theorem 1. Fix § > 0 and € > 0. Then there exists pg = pg(d,e) > 0

Such that-
1 1 (o2 (8)+¢e)|p|* /4
Plde < = ——

for |p| < po. This implies

1 1
Jutnesrn= [ 55 [ irianas= oz [ flemiasia
p|=t p|=

1 1 (c2(8)+e)t? /4
< — te (0 po)
—o\1l—r ’ ’ ’
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where
o0

22\ " 1 [
In(z) = Z(Z) [P =— [ e"esfdg

2
k=0 0

is the modified Bessel function of order zero [1]. At the same time,

/“(’g PP a < ﬁnﬂ/f (t]log f]) d < iz (1 (o (0)+e)1? /4
>~ t2'n, . 0 ~ th ! 6 1_ . .
Setting
4
t2 — n n < log log ]og

(02(5)+5)10g(1/(1—r))’ 1

and using the identity
( 1 )1/10g(1/(1—?"))
e =
1—r

1 1 1 "
/12n < Zpl2pn 2 n
/\logf] d9_5n.e nn(a (6) +¢) (logl_r) :

we obtain

Applying Lemma 1, we get

lim sup | log f'(r{)|
r—l— \/log(l/(l — 7)) logloglog(1/(1 — 7))

for almost all ¢ on |(| =1 and for all § >0, ¢ > 0. Hence, this result is true for
0 =0+ and € = 0. This completes the proof.

< Vo%(d) +e

If f is a univalent function and f(D) is a domain with rectifiable boundary
then inequality (2) is trivially sharp. Non-trivial examples, which show that this
inequality is sharp, can be obtained by using lacunary series.

Let log f" = Yy, axz™ be a lacunary series with bounded coefficients and
ngr1/nk > ¢ > 1. Since log f/ is a Bloch function then o2(0+) < +o0o0 as was
mentioned above. In the other direction, Makarov [6] showed that if n; = 2* and
ap =1 for all k then 02(0+) > 0. Rohde [8] improved his result in the following
sense. Suppose ¢ is an integer, nj = ¢* and ar = a > 0, then ¢2(0+) > a?/logq.

In [4] it was shown that if ¢ > 2 then

2 B?
0“(04) = limsu ,
05 r—>1plog(1/(1—r))

where B = >"77 | |ag|*r?"x .
We want to extend this result for the case ¢ > 1. To do this we need the
following



The law of the iterated logarithm for locally univalent functions 361

Definition ([10]). We say that a lacunary series satisfies condition (g, R) if
it consists of blocks of terms of length R, separated by empty blocks of length p.

Weiss [10] proved the following

Lemma 2. Let f(z) =Y -, axz™ be a lacunary series satisfying condition
(0, R), where

@ -1 <ie-1) and ¢P(R+1)? <5
Let M = suplag|, B> =377 |ax|*r*", r €[0,1). Then

7T€(1—c7:1:z2)t2192/4 < /etRef(reie) do < 37Te(1+ctR2)t2B2/4.

Denote by oy the minimal positive number for which
(@ =17 <ig-1)  and ¢ (e +1)* <4
Now, we can prove the following

Theorem 2. Let log f' = Y ;- axz™ be a lacunary series with bounded
coefficiens for which ny1/ni > q > 1. Then

2 B?
0“(04) = limsu ,
(0+) r_>1plog(1/(1—r))

where B? = 72 | |ag|?r?*™.
Proof. Tt is clear that we can represent log f’ as f; + fo, where f; satisfies
the (0o, R)-condition and f, satisfies the (R, go)-condition. Let us estimate B?

and B3. In fact, it is enough to estimate only By because B2 = B? + B5. We
have

o J(R4+00) 00
2 2g" 2 2¢™9
By, <M E | E TqSMQ()E r=d §C’log1_r/R.
J=1 k=jR+(j—1)eo j=1

Evidently, without loss of generality, we can assume that p =t is a real positive
number. Setting R = t~2/%, we have

1/« 1/B
/|f’|td9: /6tRef1—|—tRef2 do < (/eatRefl d@) </65tRef2 d9> ’

where 8 =t"1/% and o = (1 — t'/%)~1. Applying Lemma 2 with f; and f, and
the estimate for B, we obtain

/|f/|td9§C€B2t2/4( 1 )
1—r

/‘f/|t a0 > C€B2t2/4(1 _ 7n)CtQJrl/s‘

This concludes the proof.

C2+1/5

Analogously,
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Applying the law of the iterated logarithm for lacunary series [10] it is easy
to show that if
B2
lim
r—1log(1/(1—7))

exists then the equality in (2) holds. Other examples which show that (2) is sharp
come from the theory of Julia sets. The idea for using Julia sets in the theory of
univalent functions is due to Carleson and Jones [2]. They conjectured that the
basin of attraction of infinity for an iteration z2 + ¢ for some ¢ maximizes (o4 (1)
in the class X.

Let F(z) =27+ a,—1291 4+ --- be a polynomial of degree ¢ > 2 and

Q={C: F"(¢) —» o0 as n — oo}

be the basin of attraction of oo for F'.

Theorem 3. Let 2 be a simply connected John domain. Then

B2
o%(04) = 02 = limsu ,
05 P Tog(1/(1 = 1)

where B2 = Y |ag|?r*; ap are the coefficients of log f' and f is the conformal
mapping from D~ = {|(| > 1} onto Q.

Proof. Our main idea is an approximation of the function log f’ by lacunary
series. Let

Cq 1 Zlog Zbg 7,

It is known [7] that
log f(¢) = — > (¢”) = ¢(¢) + 9(0),
k=0

where g(¢) = Y200 vy St o bi¢ 74 and @(¢) = S 300 b, Fixing
e > 0, we will show that there exists N = N(g) such that |Cg'(¢)] <e/(|¢|* —1).
From Pommerenke’s result [8, p. 100] it follows that »~7° bk |25 T < 400 for
John domains, where b;, are the Taylor coefficients of log(f(¢) — (x)/¢. This
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implies that 3% [b;|%j'"* < 400 for John domains. Therefore, we have

Cg' ()] = Z Z Jq’“bC”q|<Z Z 3q" by | R

k=0j=N+1 k=0j=N+1
o0 o0 [oe)
=D BUNED DRI ED DR Sy i
k=0 j=N+1 j=N+1
'R q'r
<ENa Y e = ENa ) T emaE
= (1— R )/ o (1 )/
[e%e) q ’I“q
<e
= SN,o ; (1 — r)a/2qok/2pad* /2

_ _ EtNoa (1—a/2)k,.(1-a/2) EN,a 1
_(1—7@‘/22(] / /2)a" <C—— T Wherer—}—z<1.

So, there exists N = N(a,¢) such that [(g’(¢)| <e/(|¢|* —1). Consider now

. 1/p 1/s
/|f’(Re“9)|td9:/|€<p]t|eg|td8 < (/leﬂptde) (/|eg|std0> ,

where s =1/e, p=1/(1—¢).
Since [Cg'(¢)] < €/([¢|* — 1) then it follows from the result of Clunie and

Pommerenke [3] that
1 t2/4
Itdh < C| —— :
/\e | d@_C(R_1>

It is easy to see that ¢ is a lacunary series with Hadamard gaps. Applying
Theorem 2 to this series we see that

1 t2p20i+01\1(t2+1/5)
PPt = | ——
2

0. = — limsup f|g0|2d9
7 21 g1 log(l/(R-1))

1\ P @2H0E)+OoN (> T7)
/|f Relg)|td9<0( _1> .

where

Thus,

Arguing as above, we obtain
1 >t2(0w2+0(€))+0N(t2+1/5)

/|f Rew)|td9>0( 71
2

Obviously, o, — ¢ as ¢ — 0. Hence, o(0+)? = o2.
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Corollary. Let ) be a simply connected John domain. Then

A1 \/log(l/(R — 1)) logloglog(1/(R — 1))
for almost all ¢ on || =1.

Proof. This formula immediately follows from Theorem 3 and the well-known
law of the iterated logarithm for Julia sets [9]:

_— |log f'(RC)| = Vo2,
21 log(1/(R — 1)) logloglog (1/(R — 1))

Note also that this equality follows from the classical law of the iterated logarithm
for lacunary series [10]. Therefore, we see again that (2) is sharp.
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