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Abstract. We analyze the relations of the geometry of a regulated complex domain 2 with
the existence of Bergman type projections from LP (£2) onto the Bergman space #P({2). The
main technical device is a Muckenhoupt type weight condition. In particular we find bounded
Bergman type projections on «/?(2) even in the case 2 has arbitrary inward or outward cusps.
As a consequence, 2/(€) is isomorphic as a Banach space to [,,.

1. Introduction

Let 2 C C be a complex domain bounded by a Jordan curve. We want
to find Bergman type projections from LP () onto the corresponding Bergman
space. Moreover, we want to analyze the relations of the geometry of 2 with
the boundedness of various Bergman projections. Here, the space LP () is with
respect to a weighted 2-dimensional Lebesgue measure, where the weight w is of
the simplest possible type: it is a power of the boundary distance,

(1.1) w(z) = (dist (z,(‘?Q))a

for some a > —1. By the Bergman space </P({)) we mean the space of analytic
mappings f: 2 — C endowed with the norm

1/p
(1.2) VA= [l = ( / \flpwdm> < .

We only deal with the case 1 < p < 0.
As a consequence of the Koebe distortion theorem (see [5, Corollary 1.4]), the
weights (1.1) correspond on the open unit disc D to the weights where the weight

(1.3) v(z) = [/ (2) (1 = |2,

where ¢: D — (1 is a Riemann conformal map. Clearly, v is in general a nonradial
weight on D, although it emerges in a canonical way from a most natural class of
weights on €.

2000 Mathematics Subject Classification: Primary 46E15; Secondary 46B03, 47B38, 30HO05,
30C20.
Academy of Finland project number 38954.



56 Jari Taskinen

It turns out that certain Muckenhoupt-type conditions will play a central
role. Our predecessor is the paper [2, p. 143], where it was shown that the weight
19/|27P on D satisfies the Békollé-Bonami condition B,(0), i.e.,

p/p"
(1.4) sup / |¢'|2_pdm( / || (2=P) (=" /P) dm) < Cm(S)P
S Js S

where p and p* are the usual dual indices of each other, if and only if certain
geometric conditions for the boundary of € are satisfied. In (1.4) the sup is taken
over all sets

(1.5) S:=5(,0):={z=re"eD: 1-p<r<1land|f—tl<2mp},

where 0 <0 <27 and 0 < p < 1.

Moreover, in [2] it was shown that the condition (1.4) is equivalent to the
boundedness of the Bergman projection on the space LP(f).

The conditions of [2] for € require more than being just a regulated domain
in the sense of [5].

In our paper we generalize the above mentioned result of [2] both qualitatively
and quantitatively, see Theorem 3.1. On the technical, quantitative side we show
that (1.4) still holds if |¢’| is raised to more arbitrary powers and dm is replaced
by a weighted measure

(1.6) dme, == (1 — |z])% dm.

On the qualitative side, our results hold for arbitrary regulated domains. In par-
ticular we do not need the assumption that the domain should be of bounded
boundary rotation type, cf. [2, assumption H2, (ii) on p. 138]. We do not put any
restriction for the number of cusps as in H2, (i), on p. 155. On the other hand,
we are not able to handle the limiting case (i.e. equality in the condition (3.3))
in this generality. It seems that some additional assumptions on €2 are needed
in that case. A version of that result is contained in a different paper [6]; it is
not presented here since the proof is technical and based on a completely different
method.

Theorem 3.1 implies boundedness results for a large family of Bergman type
projections from LP (€2) onto </P(Q2). These are presented in Section 4. It follows
from [2] that for example the existence of cusps in  may make the standard
Bergman projection unbounded on LP(f2). However, we are able to show that for
an arbitrary (regulated) 2 there are more general, but still of the Bergman type,
bounded projections, see Corollary 4.6.

It also follows from these results that 7P (£2) is linearly homeomorphic to the
Banach space [,; see Corollary 4.7.

Concerning notation, dm denotes the two-dimensional Lebesgue measure and
dp is the one-dimensional Lebesgue measure on the boundary of the unit disc. The
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notation “dist” and “diam” denotes the euclidean distance of two given points,
respectively, the euclidean diameter of a set. We denote by C', C’ or ¢ strictly
positive constants which may vary from place to place but not in the same sequence
of inequalities. By writing “2” between two quantities A and B (which may
depend on some variables z, 6, ...) we mean that there exists a constant C' > 0
(independent of z, @, ...) such that C~'B < A < CB. Otherwise we recommend
the references [3], [5] and [8].

2. Regulated domains

Before formulating our main result, Theorem 3.1, we recall the properties
of regulated domains. Let us start with a simply connected, bounded domain
) C C with a locally connected boundary. In this case a Riemann conformal map
Y: D — Q has a continuous extension to D (still denoted by ). We can thus
define the curve w(t) = (e'), 0 <t < 27. According to [5, Section 3.5], Q is
called a regulated domain, if each point of 02 is attained only finitely often by
Y, and if

(2.1) B(t) == lim+ arg(w(r) — w(t))

T—1
exists for all ¢ and defines a regulated function. (Recall that (3 is regulated, if it
can be approximated uniformly by step functions, i.e. for every € > 0 there exist
0=ty <t; <---<t,=2r and constants 71,...,7, such that

(2.2) |ﬁ(t)—’yj| <e€ for i1 <t<ty, j=1,...,n.)

Geometrically, 3 is the direction angle of the forward tangent of 9 at w(t). For
more details, see [5, Section 3.5].
Regulated domains can be characterized as follows.

Theorem 2.1. Let 2 C D be a simply connected domain with locally
connected boundary. Then (2 is regulated if and only if, for a Riemann conformal
map Y: D — Q,

; 2T it
23 o) =gl O+ 5 [ G (a0 o= F )

et 2
where (3: [0,27] — R is a regulated function.

In the situation of Theorem 2.1 the function ( coincides with the direction
angle defined above. For a proof, see [5].

Let us denote by BMO(9D) the BMO-space on the boundary of the unit disc;
for a detailed definition, see [8]. Let BMO(D) stand for the space of measurable
functions f on the disc with norm

1
(2.4) up o /Q f — foldm,



58 Jari Taskinen

where () is running over all open Euclidean discs intersecting D and fg is the
mean of f over Q). See [3, p. 282].

We shall need the John—Nirenberg inequality for functions in BMO(0D)
(cf. [3, Theorem VI.2.1]):

Lemma 2.2. There exists a constant C' > 0 such that for every positive A

p({z e I|f = f1] > A})

(2.5) sup < e_CA/”fHBMO(BD),
I p(1)

where I runs over all subarcs of D, p(I) denotes the 1-dimensional Lebesgue
measure of I, f € BMO(ID), and f; denotes the integral mean of f over I.

Given a function in BMO(0D) we shall also need to control some two-
dimensional BMO-like properties of its Poisson extension:

Lemma 2.3. There exists a constant C' > 0 as follows. If f € BMO(0OD)
with || fllsmo <1 and F: D — C is the harmonic Poisson extension of f, then

m({z € QIIF(z) = Fol = \}) _ _cajfimmooD)
(2.6) sgp m(Q) <e ;

where the supremum is taken over all Fuclidean discs intersecting D and Fg is
the mean value of F' on Q.

Proof. 1t is known that BMO(0D) is mapped continuously into the harmonic
Bloch space 4}, (the space of harmonic functions on the unit disc with finite Bloch
norm) via the Poisson extension. On the other hand, 4}, is known to have a norm
equivalent to that of BMO(D). See e.g. [8, p. 188] and [3, p. 282] for these
statements. Hence || F|lsmom) < C|F|lz, < C'|lfllsmoep) < C”.

On the other hand, the two-dimensional version of the John-Nirenberg in-
equality implies

ol € Q1 1F(:) — Pl = M)
(2.7) Qp Q)

< e~ CMIIFlBMom)

The lemma follows. o
Finally, we need to control the mean Fg above.
Lemma 2.4. There exists a constant C' > 0 as follows. If f, F' and () are

as in the previous lemma then

(2.8) [Fol < Cllog(m(Q))| I fllBmo(apy + C|Fb|.

Proof. Let Q C Q1 C Q2 C --- Qk be a sequence (as short as possible) of sets
Q; (asin (2.4)) such that m(Q; N D) =2m(Q;_1 N D) for all j (here Qp := Q)
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and such that m(Qy) > 1. Hence, k < C’|log(m(Q))‘ for an absolute strictly
positive constant C”.
We obtain |Fg| < |Fg — Fg,| + |Fg, — Fp|+ |Fp|, and here

k—1
(2'9) |FQ - FQk| < Z ’FQj - FQj+1| < CkHFHBMO(D)?
j=0
since
1
’FQ] _FQj+1| S m(Q) 0 |F_FQJ+1|dm
J J
(210 <2 / F—Fo. . |dm<2|F|
S — — Q1AM > BMO(D)-
m(Qi41) Ot Qj+ (D)

The term |Fg, — Fp| is estimated in the same way, since the sets @) and D
are of comparable 2-dimensional measure. Now, combine (2.9) with the bound
for k. The estimate in terms of the BMO-norm of f follows from the inequality
above (2.7). o

3. Main result

Our main result, Theorem 3.1, gives a connection of a Muckenhoupt type con-
dition (for |¢|) with the geometry of 2. The result holds for arbitrary regulated
domains.

Theorem 3.1. Let ¢ be a Riemann conformal map from D onto the bounded
regulated domain 2. Let a >0, 1 <p < oo, 1/p+1/p* =1, and let the numbers
a, o and v (all > —1) satisfy

Y
3.1 a=—+ —.
(3 .

19

Then the (weight) function |Y'|* satisfies the condition

p/p*
(32) sup [ 14/ ([ e am, ) < Cma(s)
if
) )
(3.3) 240> L and 402 >—£*(*y+2).
T T P

Conversely, if 2+ o < ad1/m or ady/m < —p(p*)~L(y + 2), then (3.2) fails.
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Remarks. 1° Here, the sup is as in (1.4) and

01 1= sup lim (B(t+7)—B(t—7)) >0 and

T—0

dg 1= 1nf lim (ﬁ(t +7)=B(t—71)) <0

T—0t

(3.4)

which exist e.g. by (2.2), see also [5].

2° The theorem still holds, if a < 0. In this case (3.3) has to be replaced
by “24 0 > ady/m and ad1/m > —p(y + 2)/p*” and the reverse condition by
“24 0 < adg/m or ady/m < —p(y + 2)/p*”. This can be deduced from the case
a > 0 by replacing a by b:= —ap*/p and p by p*.

3° The first (respectively second) condition (3.3) means a restriction for out-
ward (respectively inward) pointing corners and cusps in the boundary of 2.

The method of proof is basically still the same as in [2]. The main difference is
that we explicitly use the notion of regulated domains. This allows us to approxi-
mate the direction angle of the boundary curve conveniently just by step functions,
and this leads to some simplifications and generalizations in the arguments.

Proof. 1° Let us assume that (3.3) holds. We first derive in (3.5)—(3.21) a
representation for [¢'|* which reveals the essential factors in (3.2).

Let us fix 0 < € < 1 such that 2+ 0 — ad; /7 > 2max(1, ad; /7, |o|)e and

* ada ad
7+2—|—p——>2 ax(l p_|_2|| |)
p T

and such that

1 4
(3.5) = > 1004 rnax(l, il <1 + 3))
€ a D

where A > 0 is the maximum of the constants C' occurring in the bound [3,
Theorem VI.1.5], and Lemmas 2.2, 2.3 and 2.4.
According to (2.3), the function |¢)’|* has the representation

27 4
(3.6) '] = C’exp(—% Re/o e+ “B(t) dt),

et — 2

where 3 is the harmonic conjugate of 3 — ¢, 3 defined by (2.3).

By (2.2), there exist finitely many points 0 = tg < t; < -+ < t, = 27 such
that |3(t) —t—ny,| < &° for t;_1 <t < t;, for some real constants v;, j =1,...,n.
We denote by (31 and (32 the 27-periodic extensions to R of the functions

(3.7) Bi=> vixi» Be=B—t—p,
=1
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where x;(t) =1 for t;_1 <t <t; and zero elsewhere. Clearly, the modulus of 2
is bounded by &°. By the choice of the points t; we have (with o :=7,)

. — o — )| < 2e8 ‘_'._“<5.
(3.8) |01 Oréljagn('yjﬂ 7])‘_25 and 0o Oglgn(fyjﬂ )| < 2

Let us define for j = 1,2

it _
(3.9) . o it |,
_exp(——wlm/O eit_zﬁ](t)dt),

we thus have [¢’|? = eCvi1s.
Concerning vy, we want to show that, for o =14¢~
number),

. p/p”
(3.10) / v§ dm (/ vy /P dm> < Cm(S)P.
S S

This follows from [2, Théoréme 1.2], as soon as we show that (notation as in (2.5))

(3.11) <ﬁ/,”§/2 dﬂ) (ﬁ/l@ op”/(2p) du>p/p* <C.

Notice that by the theorem for conjugate functions, [3, Theorem VI.1.5],

1 (which may be a large

(3.12) 1B2]lBMocop) < AllB2| LoDy = Aesssup |Ba2(t)] < £,

te[0,27]

see the choice of ¢ above. By [3, Lemma VI.6.5], (3.11) is satisfied, if

sup ———=
T M(I)

1
Sup ——
r p(l)

/ega(ﬁz—ﬁz,l)/‘“r du < C and

(3.13) ; o

/e_Qap(ﬁz—ﬁw)/“p* du < C.
I

The proof of these is standard: let I be an interval and denote, for the positive
real numbers s < s, I[s,s'] := {t € I | s <|Ba(t) — B2,1| < s'}. Then
(3.14)

/GQG(BQ—BQ,[)/ZL’TF d,U/ — ( / + / _|_Z / )690(52 52 I)/47r dlU/

I 110,47 /(ea)] I[4w/(0a),1] Ik, k+1]
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Here the integrand is bounded by a constant on I[0,47/(ea)]. On I[47/(ea),1],
the integrand is bounded by €24/ but the measure of the set I[47/(oa),1] is at
most u(l) times

(315) e—C4ﬁ/ga||@2||BMo < 6—0471'/9(154 < 6—29a/47r’

see the John—Nirenberg inequality (2.5), (3.5), and (3.12), and notice also 1/ <

0 < 2/e. This integral thus is less than % In the same way one finds that the

integral over I[k,k -+ 1] is bounded by 27%. We thus obtain the first inequality
of (3.13). The proof of the second one is similar.

For 11 we want to prove

. p/p"
(3.16) /Syf dm g« (/s v ¢ /pdmw*) < Cmige (S)P,

where 1/0+ 1/0* = 1, hence, 1 < ¢o* = 1+ ¢. It is enough to prove this for so
small sets S that dist (9,e7) < 2m(S) < 1 for at most one j. First, v; has a
representation

(317)  wi(z) = wi(re”) = 01(2) ]:[ (1= 1)2 4 (0 — t;)2) O /20
§=0

where 77 is a bounded function on D which is also bounded away from zero.
One obtains (3.17) easily by taking the convolution of (3.7) times —a/(27) with
the conjugate Poisson kernel —Q.(t), see [3, p. 102]; the product stems from the
principal part 2r(0 —¢)/((1 —r)* +r(0 — t)?) of —Q.(t). Now

(T=r)2 470 —t;)2 = (1 —7)2 4+ (0 —t;)* = dist (', re'’s)?

3.18 L
(3.18) >~ dist (re®?, )2,

Keeping this in mind, we want to estimate |, S vy ’ Admgg= .
Because of (3.17) and (3.18), we can replace v1 by

(3.19) dist (rew, eitj)_a(7j+1—7j)/7r

for some j; let us also denote diam(S) by h, hence m(S) = h?. Let us fix a
point Re'l’ € S, where 1 —h < R <1, 0 < T < 2r. Applying the linear
change of variables L: z — z — Re’l" we find that L(S) is contained in the set
{w € C | |w| < 10h}. Hence, using polar coordinates,

/Vlg* dMmg s %/dist (ret?, )= Qo1 =0/T dmy .

S S

(320) 10h 27

S/ / re a(’yj+1—7,j)/7rrag (COSH)UQ rdrdf.
0 0
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Since (3.3) and (3.8) hold, the total exponent of 7 in (3.20) becomes larger than
—1 (we have p* =1+ ¢, see also the choice of ¢). Hence, (3.20) converges and is
bounded by a constant times

(3.21) B0 ai(vi41—;) /e o+2
In the same way one proves that
(3.22) / yl_g*p*/p dm e < Che P a(Vis1—)pr+e™ v +2
s

As a consequence of (3.21) and (3.22) we obtain (3.16):
(3.23)

. .y p/p”
0 —o"p"/p
/1/1 dmg o (/ vy dmw*)
S S

< Ope ((a/m)=(a/m)(vit1 =) +e" (+yp/p")+2(1+p/P") — Cpe PO+2D Mg (S)?

For the last step one uses m.(S(6, h)) = h?*e.
Moreover, to see (3.2) we combine (3.10) and (3.16) and use Holder:

p*
| |admg(/ | /”dm)
1/0" 1/e
< (/ Vi dmgg*) (/ Vé’dm>
s S
. p/(e"p") . p/(ep™)
% (/ V1_g p*/p dmw*> (/ VQ—QP /pdm)

S s

< Cm(8)P/m e o (S)P/€ < C'my(S)P.

2° We consider the reverse direction. Assume for example 2 + o < ady /7.
This time we choose £ > 0 such that —(2 + o) + ad1 /7 > 2max(1, ady /7, |o|)e
and such that (3.5) also holds. We again define the functions §; and v; as in
(3.6)—(3.9).

Using the methods of part 1° we find an essential lower bound for r; at
least in a large enough subset of D, as follows. We again use the representation
(3.17) and Lemma 2.2. Let us fix j such that ;.1 —; > 8 — 2¢°; consider
the sets S(t;, 0), where notation is as in (1.5) and 0 < o < % is so small that
o < min, (|e’+1 — e])/100. As in (3.19) we see that

(324)  w(z) > Cdist (z,6) 01 70)/7 > Cdist (2, ¢i) 12/

for z € S(t;,0). Applying again the linear change of variables z — e ("=t (z—¢s)
we thus obtain the bound (z = re®)

/ [ |* dm, = C/ vive dmy > C’/ dist (re )_“(51_255)/”1/2(r6i9)dm0

(3.25) > —/ / 0126/ 700 (o5 0) T ruy (re' — ) dr d6.
—7/4
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This is bounded from below by a constant times

h pr/4 , ' '
(3.26) / / % vy (re? — ei) dr db),
0 —7/4

where o' = —a(§; —28%)/r+o0+1< —1—¢.

Our aim is now to obtain the lower bound oo for (3.26). The main difficulty
is to prove that vy is large enough on a large enough set. We prove this by taking
advantage of the BMO-property of 3,. It might be dangerous if | 52\ were large;
but the set where this happens is very small. One of the technical difficulties is to
extend the estimates on the boundary to the inside of the disc. We claim that

(3.27) m({z | |va(z)] <k~°}) <Ck™

for every k € N. Let us denote by B: D — C the Poisson extension of B5. The
mean value (with respect to z) over the whole disc of the conjugate Poisson kernel
(e’ + 2)/(e" — z) is a bounded function with respect to ¢, with a bound, say, 10.
Hence, since the sup-norm of 35 is smaller than £*, we find that the mean value
Bp of B over the unit disc satisfies |Bp| < e3. Let us define a decomposition of
D into subsets @, ; as follows. Denote

(328) @, :={z|1-27"<|z] <1-27""1, 27mj27" < arg(z) < 2m(j+1)27"}

forall n € N, 1 <35 <2". Let @, ; be a Euclidean disc containing Q;%,j such
that m(Qn,;) < 2m(Q;, ;). By Lemma 2.4,

(*) 1Bg, ;| < Cnl|B2llpmo(ap) + CBp < C'née®.
Moreover, by Lemma 2.3,

m({z € Qn,;j | |B(z) —Bg,,| > %dog k;})

.2 .
(3 9) < C/m(Qn’j)e—Calogk/HﬁzHBMo(aD) < Cl/m(Qn,j)k_

Given k, denote now by N(k) the set of pairs (n,j), n € N, 1 < j < 2", such
that |Bg, ;| > %z—:logk for (n,j) € N(k). Clearly, (%) implies n > Ce 2logk.
Hence, by (3.28),

(330) m( U Qn,j) S 02—05*2 log k S Clk—05*2
(n,j)EN (k)

Moreover, for (n,j) ¢ N(k) we have |Bgq, ;| < clogk/2. Hence, for such (n,j)
and for z € Qn;, if |B(z)| > clogk, then |B(z) — Bg, ;| > clogk/2. This

combined with (3.29) yields m({z € Q,; | |B(2)| > elogk}) < C’m(Qn,j)l{:*E_2
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This and (3.30) together imply m({z € D | |B(z)| > elogk}) < Ck=° " . Hence,
(3.27) follows.

We denote by Ay the set consisting of 2z with the properties (k+1)71 < |2] <
k=1 and |ve(2)| > k7°. Now (3.27) clearly implies m(A;) > C’k~2. Hence, by
(3.26),

/|¢\admg—0/yly2dmg>02/ = e

_CZmAkk: o' o= 6>(J’Zk,» 2-a'—e — o
k=0 k=0

(3.31)

since —2 —a’ —e > —1. Hence, (3.2) cannot hold. o

4. Applications: Bergman type projections

In this section we assume that 1 is a conformal map onto a bounded regulated
domain Q, ¢ : =9~ 1: Q — D, and 3, §; and &y are as in Theorem 3.1.

1° The standard Bergman projection. Using Theorem 3.1 and [2, Lemma 1.1]
we obtain

Theorem 4.1. The Bergman projection

1 ' (2)¢'(€)
4.1 Pof(z) :=— dm((),
(4.1 o= [ S (6) dm(¢)
is a bounded operator from LP(2) onto </P(2
(4.2) (2— p) 02 > —127—23 (in case p < 2), or, 2> (2 —p)%2 (in case p > 2).

Conversely, if

) 2 0
(4.3) (2—]0)—2 < ——]: (in case p < 2), or, 2< (2—]))—2 (in case p > 2),
v P v

then Pq is unbounded in the given space.

Proof. Take @« = v = 0 =0 and a = 2 — p in Theorem 3.1. Use (3.3)
or Remark 2 after Theorem 3.1 depending on whether p < 2 or p > 2. Notice
that the first condition (3.3) in Theorem 3.1, 2 > (2 — p)d; /7, always holds, since
0 < 67 < 7. The same is true for the analogous condition in Remark 2. o

See the case 3° for the relation of P and the standard Bergman projection
on the disc. The conditions (4.2) and (4.3) are analogous to (i), p. 143 of [2].
Theorem 4.1 is more general than Theorems 2.1 or 3.3 of [2] in the sense that we
do not need a ‘bounded boundary rotation’-type assumption, cf. H2, (ii), on p. 138
of [2]. Moreover, we do not put any restriction for the number of cusps or for the
local geometry around cusps as in H2, (i), on p. 155.
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Corollary 4.2. If % < p < 4, then the Bergman projection (4.1) is bounded
on LP(Q) for every bounded regulated domain 2.

2° The conjugated Bergman projection. It is clear that the composition
operator Cy: f +— fo1 is a linear homeomorphism from LP?(Q2) onto LY (D) (this
space endowed with the norm || - ||, , see (1.2)) and from /?(Q2) onto <Z?(D),
where the weight v on D is defined by v(z) = [¢'(2)|>. So, the operator P, :=
(Cy) *PpCy, where Ppf = [ f(C)/(1 — 2()*dm(() is the standard Bergman
projection on the disc, is again algebraically a projection operator on LP({2).

It is known by [1] that Pp is bounded on L% (D) if and only if

p/p”
(4.4) sup / |y|dm( / |y|—p*/pdm) < Cm(S)?,
S JS S

where S is as before. From this and Theorem 3.1 we obtain
Proposition 4.3. The conjugated Bergman projection Py, is bounded on
Lr(Q), if

) )
(4.5) << and 2> —ﬁ*.
s s p

The converse statement is analogous to Theorem 4.1.
Here the first condition (4.5) always excludes outward cusps. The second

condition is vacuous if p > 2. So in this case arbitrary inward cusps are allowed.

3° A general family of projections. Finally we want to show that given an
arbitrary regulated domain (2, an arbitrary 1 < p < oo and an arbitrary weight

(4.6) w(z) = (dist (z,@Q))a,

a > —1, one can find bounded Bergman type projections from L? (£2) onto 7P (€2).
These will be picked out of a family which depends on the indices n € Z and
a > —1. We consider the space LP(€2) and the operator

Pf(z) = Ppanf(z)
(4.7) (ot 1)/ so’(z)z‘”so’(C)”*W_C)(g— ()"
o (1= p(2)(0)) "
Notice that the standard Bergman projection is the case « = 0, n = 1 and the

conjugated Bergman projection is the case a =0, n = 2.
Formally, P reproduces analytic functions, since

£(€) dm(Q).

(48) Pf(2) = (o + 1)/ ()" /Q K(z 0@ (O™ £(0) dm(C),
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and here the kernel

¢ (2)¢" () (1~ [e(0))?)"
4.9 K(2,¢) = —
(4.9) S PR )

is reproducing. To see this, use
(i) the fact that

a (1 — ¢
(4.10) Pl(a)f(Z):(aH)/DWf(odm(O
is the orthogonal projection from L?l_|z|2)a(D) onto '52{(21—|Z|2)°‘(D)’ and
(ii) the Hilbert space isomorphism f — (f o)y’ from L?l_w(zﬂg)a (©) onto
L%1—|z\2)°‘ (D), and from @f(%_w(z)lg)a(fl) onto 527(21_‘242)@ (D).

We have the following

Lemma 4.4. The operator P, (4.7), can be extended as a bounded projec-

tion from LP () onto @/ (Y), if and only if the projection P](Da) is bounded from
L?(D) onto </P(D), where

(4.11) v(z) = [/ (2)] 2~ TP — o))

Proof. Since P reproduces an analytic function, we only need to worry about
its boundedness. But the proof for this is straightforward. Use e.g. the Koebe
distortion theorem (see [5, Corollary 1.4]), to see that the weight w o (z) on D
is equivalent to the weight (1 — |z|)%|¢)’'(2)|*. We omit the details. o

It is very useful for us that the boundedness of P](Da) in the situation of

Lemma 4.4 can be characterized in terms of a condition like (3.2), see [1]: P](Da) is
bounded on LE(D), if and only if

p/p"
(4.12) sup / ] dme ( / yy|—p*/pdma) < Cmg (S)P.
S S S

This immediately gives us

Theorem 4.5. Let €} be an arbitrary regulated domain, let, for some a > —1,
w(z) = (dist(z,00))* and 1 < p < co. Let P be as in (4.7) and assume
2—(2—n)p+a>0. Then P is a bounded projection from LP () onto </?(12),
if

2+a—|—a>(2—(2—n)p+a)5—1 and
(4.13) 5 T

2 p
(2 — (2—n)p+a)? > —E(a+2)—|—a.
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Here §; and 05 are as in Theorem 3.1. The converse statement is analogous
to Theorem 4.1. Also the formulation of the case 2 — (2 — n)p 4+ a < 0 is left to
the reader.

Proof. The boundedness of P is equivalent to (4.12), by Lemma 4.4. This is
equivalent, in view of (4.11), to

(4.14)

« p/p
sup /S [P g ( /S |~ (2= @=mp+a) dma_ap*/p) < Cma(S)P,

which by Theorem 3.1 is satisfied, if (4.13) holds. o
Taking a large enough « in Theorem 4.5 one obtains

Corollary 4.6. Let 2 be an arbitrary regulated domain, let, for some a >
—1, w(z) = (dist (2,09))" and 1 < p < co. There exists a bounded projection
from LP () onto </P(Q2). The space @2 (1) is isomorphic to [,.

Proof. The operator f — (f o)y’ is a linear homeomorphism from LP (2)
onto LP(D) and from «Z?(Q) onto &/P(D), where v(z) = |¢'(2)[>7PT%(1 — |z|)°.
Taking n = 1 and « large enough, Lemma 4.4 and Theorem 4.5 show that P](Da)
is a bounded projection LE(D) onto </P(D). But in view of [7, proof of Theorem
III.A.11], this suffices to establish that </P(D) is isomorphic to I,. o
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