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Abstract. In this paper, we give a characterization of mappings which preserve caloric
functions between semi-riemannian manifolds.

1. Introduction

The Appell transformation plays important roles in the study of the heat
equation—especially in the study of positive solutions of the heat equation, be-
cause it preserves the solution of the heat equation, and also its positivity. In
this note, we shall give a characterization of such transformations, called caloric
morphisms between manifolds. We treat not only riemannian manifolds but also
semi-riemannian manifolds.

H. Leitwiler [4] and the author [7] studied the characterization of caloric
morphism on Euclidean domains. For riemannian manifolds, the characteriza-
tion can be obtained in almost parallel form. But it does not go similarly for
semi-riemannian manifolds. The biggest difference is that f° can depend on the
space variables, although f° depends only on the time variable for riemannian
manifolds.

We organize this paper as follows: In Section 2, we define the caloric mor-
phism, and state the main theorem and related results. In Section 3, we shall give
some lemmas, and prove the main theorem in Section 4. Examples are given in
the final Section 5.

2. Notation and results

In this paper we always consider manifolds to be connected and infinitely
differentiable. Let (M, g) be a semi-riemannian manifold, that is, M is a manifold
endowed with non-degenerate and symmetric metric g which is not necessarily
positive definite. If ¢ is positive definite, then (M, g) is called a riemannian
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manifold. For details on semi-riemannian manifolds, we refer to [6] and for our
purpose see also [1].

When M is the euclidean space with a translation invariant metric g, we call
(M, g) a semi-euclidean space. In [5], the authors determined caloric morphisms
between semi-euclidean spaces of same dimension, which is a generalization of the
result by H. Leutwiler [4].

We denote by A, the Laplace-Beltrami operator on (M, g) which is given in
local coordinates ()™, by

m

1 0
A= D o

4,5=1

. Ou
)
(\/!glg axj)’

where 5 5
Gij = g(%, @) g = det(gij;)

and (¢g%/) denotes the inverse matrix of (g;;).
A C? function u(t,z) defined on an open set in R x M is said to be caloric
if u satisfies the heat equation

ou

ng = a

—Agu = 0.

Definition 1. Let M and N be semi-riemannian manifolds and D be a
domain in R x M. A pair (f,) of a C? mapping f: D — R x N and a (C?
function ¢ > 0 on D is said to be a caloric morphism if:

(1) f(D) is a domain in R x N,

(2) for any caloric function u defined on a domain F C R x N, the function

p(t,x) - (uo f)(t )

is caloric on f~1(E).

Evidently, the composition of two caloric morphisms is also a caloric mor-
phism. To be precise, let M, N and L be semi-riemannian manifolds and D,
E be domains in R x M, R x N, respectively. If (f,¢): E — R x L and
(g,%): D — R x N are caloric morphisms such that g(D) C E, then we can make
a caloric morphism (F,®): D — R x L from (f,¢) and (g,%) by the composition
(F,®) = (fog,(pog)¥).

Now we shall state our main theorems, first in the case that M is a riemannian
manifold and next in the general case. The author gave the characterization theo-
rem of caloric morphisms on Euclidean spaces in [7] (cf. [4]). It can be generalized
to the riemannian case in a very natural form as follows.
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Theorem 2.1. Let (M, g) be a riemannian manifold and (N,h) be a semi-
riemannian manifold. For a C? mapping f on a domain D C R x M to R x N
such that f(D) is a domain and for a C? function ¢ > 0 on D, the following
four statements are equivalent:

(1) (f,¢) is a caloric morphism;
(2) We write f = (f°, f%,..., f) for a local coordinate (y',...,y™) of N. Then

O, fY ..., f™ and ¢ satisfy the following equations (E-1)—(E-4):

(E1) Hyp—0,

(E-2) fIgfa =29(Vglogp, Vo f®) — 22,7:1 Q(ngﬁ’ Vgf7)- th»y of for a=

N P

(E_S) ng() = 07

(B-4) g(V,f*,Vof?) = (1% o f) - (df0/dt) for a,8=1,...,n,
where V, denotes the gradient operator of (M, g) and ’Tg,y denotes the Christof-
fel symbol of (N, h);
(3) There exists a continuous function A\ on D, depending only on t, such that

Hy(p-uo f)t,x) = At) - p(t,x) - Hpuo f(L,2)

for any C? function u on R x N;
(4) There exists a continuous function X on D such that

HH(SO “uo f)(th) - )\(t,IL’) : (ip(tv*Qj) ) Hh’U,O f(ta IL’)
for any C? function u on R x N .

In the case of semi-riemannian manifolds, we have the following characteriza-
tion.

Theorem 2.2. Let (M,g) and (N,h) be semi-riemannian manifolds. For a
C? mapping f on a domain D C R x M to a domain f(D) in R x N and for a
C? function ¢ > 0 on D, the following three statements are equivalent:
(1) (f,¢) is a caloric morphism;
(2) f=(ffL ..., f") and ¢ satisfy the following equations (E-5)—(E-8) for a
local coordinate of N :
(E_5) HgQD = 07
(E-6) 1Hgfa =29(Vglogp, Vg f®) — 22,7:1 9(ngﬁa R th7 o f for a =
ey,
(BE-7) g(V4f° Vyaf®) =0 for a=0,1,...,n,
(E-8) g(Vyf*,Vyff)=(h*P o f) X for a,f=1,...,n,
where A = H, % —2g(V,log o, V,f0);
(3) There exists a continuous function X on D such that

Hy(p-uo f)(t,x) = At,z) - ¢(t,z) - Hyuo f(t,x)

for any C? function v on R x N .
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Remark 1. If dim M = dim N or (M, g) is riemannian, then it follows from
(E-7) that f9 depends only on ¢ and then A = df°/dt, which shows that (E-7) and
(E-8) are equivalent to (E-3) and (E-4), respectively. Thus Theorem 2.1 follows
from Theorem 2.2. Moreover, since f(D) is a domain in our definition, A does
not vanish. In the case that M is not riemannian, it happens that f° depends
both on ¢ and on x (see Example 4). Also, it happens that A changes its sign in
the case that M is not riemannian (see Example 5).

Corollary 1. Let (M,g), (N,h) be semi-riemannian manifolds and let the
signature of the metric g (respectively h) be (p,q) (respectively (r,s)). If there
exists a caloric morphism from D C R x M to R x N such that \(t,x) # 0 at
some point (t,x) € D, then

pZr,qZs or pZs, qZT
holds. Especially, if M and N have the same dimension, then
p=r,q=8 or p=8§ q=T1.

Corollary 2. Let (M,g), (N,h) be semi-riemannian manifolds of same
dimensions. If (f, ) is a caloric morphism from D C R x M to R x N such that
f has an inverse mapping f~' on a open set E C f(D), then (f~',1/¢o f™')
is a caloric morphism from FE into R x M .

Proof. Let v be any C? function on R x M. Then u = (1/po f~1).-vo f~1
is a C? function on E. By (3), there exists a continuous function A on D such
that Hy(p-uo f) =X ¢ - (Hpu)o f. Since dimM = dim N, X does not vanish
(see Remark 1). Hence we have

1 1 - 1 _
)\of‘lsoof—l(Hgv)of 12Hh<s00f‘1 e s 1)'

Therefore (f~*,1/¢ o f!) is a caloric morphism from E into D by (3). o

As an application of Theorem 2.2, we have the following propositions, which
enable us to construct new caloric morphisms. These are proved by a calculation
similar to the one in [7, Proposition 5].

Proposition 2.1 (direct product). Let I be an open interval of R and
M; be a semi-riemannian manifold (j = 1,2). For two caloric morphisms of form
((fo(t), f;(t, :z:j)),goj(t,xj)) from I x M; to Rx N;, we consider a map (fo, f1, f2)
from IXMl XM2 tORXNl XNQZ

(t,x1,22) = (fo(t), fr(t, 1), f2(t, x2))
and a function py1ps on I x My x Ms:
(t,x1,22) — p1(t, 1) p2(t, x2).
Then a pair ((fo, f1, f2), ¢12) is a caloric morphism.
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Proposition 2.2 (direct sum). Let E be a semi-Euclidean space, I an open
interval and M a semi-riemannian manifold (j = 1,2). For two caloric morphisms
(fj, ;) from I x M; to R x E, we put

f(taxhx?} = fl(tvxl) + f2(t=$2)7
‘P(taxlaxQ) = @l(taxl)QOQ(t?xQ)

for (t,x1,22) € I x My x Ms. Then (f,p) is a caloric morphism from I x My x Mo
to R x F.

Remark 2. Let g be a harmonic morphism with constant dilatation from a
domain 2 C M to N (see [1] for the definition of harmonic morphism). Putting

f(twr) = (t,g(.ﬂ?)), So(ta :C) =1,

we obtain a caloric morphism (f, ).

Finally, we make a remark on the relation between harmonic maps and caloric

morphisms. Let (M, g) and (N, h) be semi-riemannian manifolds. For a mapping
f: M — N, the tension field 7(f) is defined as

Ta(f):Agfa—i_zg(vgf’y?vgfn)'(hrznof% Oézl,...,n,
Ysn

in the local coordinates. A harmonic map is the solution of

(1) 7(f) = 0.
Then (E-2) or (E-6) can be written as
of* _ a
= (f)+29(Vglogp, V,fY), a=1,...,n.

Now we introduce a new field 7,(f) by
7o (f) = 71(f) +29(Vglogw, V), a=1,....,n.
Then (E-2) or (E-6) can be simplified as

0
)

The equation

Tap(f) =0
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is the Euler-Lagrange equation of the weighted energy functional

o, (f) = /Q () duy,

while (1) is the Euler-Lagrange equation of the energy functional

Eo(f) = /Q e(f) dug.

where
() = Gldf1? = 5 3 0(Vol* Vi) - (haso £, dugle) = Vgl do
a?ﬁ

and Q) is a relatively compact subdomain of M .

3. Preliminaries

First, we quote a theorem by L. Hérmander from [2], in order to construct
local solutions of the heat equation with prescribed derivatives at a given point.

Let P be a second order differential operator of C'*° coefficients on R™ of
the form

_ i ki 9
P_Za( 89018333 Zb 8mk+c()

ij=1
where the matrix (aij (m)) is symmetric and non-degenerate for all .
Theorem A. Let m = 2 be an integer. If u € C™TY(R") and Pu(z) =

O(|z|™~1) as © — 0, then for any s > m there exists U € C*(R"™) such that
U(x) —u(z) = O(|z|™*!) as © — 0 and PU = 0 on a neighborhood of 0.

In the proof, he uses the following theorem, which is also useful for our pur-
pose.

Theorem B (]2, Theorem 7.1]). For any positive integer s, there exists a
bounded linear operator G from the Sobolev space H*(R™) to H**1(R™) such
that for every f € H*(R"), PGsf = f on a neighborhood of the origin.

Next we prepare lemmas for the proof of the main theorem. Combining the
Sobolev imbedding theorem with Theorem B, we have the following lemma.

Lemma 3.1. For any integers s = 2 and s’ > 3n—+s—1 and any C¢' function
f defined on a neighborhood of the origin in R", there exists a C° function u
such that Pu = f on a neighborhood of the origin.

By Theorem A, we have the following lemma.
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Lemma 3.2. Let ((nij)zjzl, (Mk)i_y,m) € R™ Tn+L gatisfy nij = N and
n N n
> a(mi + ) b (0)m + c(0)n = 0.
i,j=1 k=1

Then for any s > 2 there exists a C'® function U such that

0*U oU .
Oz 0L (0) = Nij, W(O) = Nk, U(O) =, for Za]7k: 17"'777'7

and PU = 0 on a neighborhood of 0.

Proof. Put m = 2 and apply Theorem A to the function

Z Nij T -'LJ"}_ZURI' +n.0

231

Using these lemmas, we have the following existence theorem for the solution
of the heat equation with prescribed derivatives.

Lemma 3.3. For any ((nij)ﬁj:m (Uk)zzo,ﬁ) € RO +0+D+1 gueh that
Nij = 1 and

n
77022 7713+Zb 77k+6 )
ij=1

there exists a C? function u on a neighborhood of the origin of R x R™ such that

9%u ou .
(2) 555700 =mijs 57(0.0) =, w(0,0)=n, forijk=01....n,

and (Ou/0t) — Pu = 0. Here we use a convention (9/0x°) = (9/0t).

Proof. We shall construct a solution of form
(3) u(t, ) = ug(x) + ur ()t + Lus(2)2.

Substitute (3) into the heat equation (0u/0t) — Pu = 0 and compare the coeffi-
cients as the function of t. Then we obtain the equations

PUQZO, PU1:UQ, PUQ:ul.
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From the initial value condition (2), ug, w1, us must satisfy

82
u2(0) = 92 (0,0) = moo,
ou
Ul(O) = E(O,O) = To,
ouq 9%u .
@(O)_ atal’j (050)_770] for]—l,...,n,
uo(0) = u(0,0) =7,
Oug ou
W(O)—w(0,0)—T]k fOI']{I—]_,...,’I’L

82U0 (O) . 82u
OxtOxI OxtOxI
First we shall solve the equation Pus = 0 under the condition u2(0) = 9.
Put 7] = moo and 7y = 0 for k = 1,...,n. Since the matrix (a"(0))7;=; is
non-degenerate, there exists a symmetric matrix (ﬁij)zjzl satisfying that

(OO) Mij fori,jzl,...,n

n

(4) > a¥ mj+2b )i, + ¢(0)7j = 0.

i,j=1

Then we can solve the equation Pus = 0 by Lemma 3.2.

Next we shall solve the equation Pu; = us under the conditions wu(0) = g
and (Qui/0x7)(0) = no; for j = 1,...,n. We can take w; with Pw; = uy by
Lemma 3.1. Putting 7 = ng—w1 (0) and 7 = nox — (Ow1/92%)(0) for k =1,...,n

we can take 7;; for 4,5 =1,...,n with (4). Then we can solve the equation Pv; =
0 under the conditions vy (0) = no—wy(0) and (9vy /0x*)(0) = nor,— (OW7/02*)(0)
for k=1,...,n by Lemma 3.2. Then u; = v; + w; is a desired solution.

Finally, we shall solve the equation Pug = u; under the conditions uy(0) =
n, (Oug/0z%)(0) = n and (0%up/0z'027)(0) = n;; for i,j,k = 1,...,n. We
take wy with Pwg = u; by Lemma 3.1 and solve the equation Pvy = 0 un-
der the conditions vg(0) = 1 — w(0), (Gve/dz*)(0) = nx — (Owo/02*)(0) and
(0200 /02"027)(0) = n;; — (0%wo/02'027)(0) for i,j,k = 1,...,n, because the
condition (4) holds for 7 = n — we(0), fx = Nk — (Owp/0x*)(0) and 7;; =
— (0%wq/02'027)(0). Putting ug = vy + wg, we have the lemma. o

4. Proof of Theorem 2.2

In this section we shall prove our main theorem. Before the proof, we prepare
a small lemma from linear algebra.

Lemma 4.1. Let a,b € R! and consider linear forms o(x) = (v,a) and
p(x) = (x,b), which are the usual inner product in R'. If o(x) = 0 implies
p(x) =0 for all z € R!, then there exists v € R such that b = va.
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Proof of Theorem 2.2. (1) = (2): For any point (¢, P) € D, we put (7,Q) =
f(t, P) and take a local coordinate y of N near ) such that @) corresponds to
the origin. Then since

n 52 n 9
Av= 3 hR(y) +Z( > B0 ) 5o
o, f=1 Dy 0y” v=1 ‘a,B3=1 Oy
we put a®’(y) = h*¥(y), b(y) = 20 5o, W% (Y)"T] 5(y) and c(y) = 0 for

a,B=1
a,B,v = 1,...,n. Hence for every ((nag)gﬁ:m(m)g:o,n) € RM+D*+(n+1)+1

such that

n

=D a®(0)nap+Y b (0)y +c(0)n,
a,f=1 y=1
it follows from Lemma 3.3 that there exists a caloric function u on a neighborhood
of (7,Q) such that

0%u ou
W(T;Q) = Nag; 8—3ﬂ(T’Q) = T, U(T»Q) =1

for a, 8,7 =0,1,...,n. Since (f, ) is assumed to be a caloric morphism, ¢-(uof)
must be caloric, that is,

0=Hy(p-(uo f))
= (Hgp) - (uo f)+¢-Hy(uo f) —29(Vgp, Vg(uo f))

— (Hyp)- (o )+ 3 (o Hof? — 20(Vyp. V1) (a—“) o f
~v=0

- 0%u
—¥ Z 9(Vf* Vef?)- (W) of.

a,=0
Substituting (¢, P), we have

0:(HQW)(t»P)'U‘FZ(S@'HQJM_ZQ( 9> Vg f? ))( P) - Ny

=Y (e oV Vo) P)
a,B=0
which implies that there exists v(¢, P) € R such that

g@(t P) =
(¢ Hgf* —29(Vgo,Vyf ))(t,P)—V(t pP),
(A) ( “Hyf" —29(Vgp,V 7))(t,P) —v(t,P)-b7(0) for y =1,...,n,
(- g(Vgf°, vgfﬁ))(t,P) Ofor/;’—(),l,..., n,
(B) (- g(Vgf* Vgf))(t, P)=v(t,P)-a®(0) for a,3=1,...,n
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because of Lemma 4.1. Putting (¢, P) = v(t, P)/¢(t, P) and substituting (B)
into (A), we obtain (2).

(2) = (3): By a direct calculation, we have

Hy(p- (wo £)) = (Hyp) - (wo 1) + 3 (¢ Hof? — 20(Vyp, Vo 1)) - (%‘) o f
v=0

- 0%u
_ E ! A e
@aﬁzog(vg‘f 7ng ) (ayaayﬂ> Of
ou - - ou
— . . _ Ot,@h 2 R —
(A-¢) (ayo +y—1(a§@_1h Faﬁ> ayv) of

d%u
R o
&) ( " ayo‘@yﬁ> d

a,[f=1
=(A-¢)- (Hpu)o f.

(3) = (1) is trivial, which completes the proof. o

5. Examples

In the following Examples 1-3, we consider the case that M = R"™\ {0} and
g has the form g;; = o(|z|)d;;, where p is a C*° function on (0, 00).

Example 1. Let n =2, o(r) = 1/r?. Then

et

f(t, IL‘) = (t + b, —R(t)x) , gO(t, r, 9) = 7'_1/2 exp(%@ + lt) 7

|z[2 2

is a caloric morphism, where

R(t) = (cost —sint)

sint cost

and (r, ) is the polar coordinate of R?.
Example 2. Let n = 3, o(r) = 1/r%. Then

Ft,x) = (tﬁ) ot 2) = || 12 exp(ﬁt)

is a caloric morphism.
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Example 3 (Appell transformation). Let o(r) = 7%, k € R, k # —2. Then

ct+d x
t.x) =
f(t2) (at+ b’ |at + b]2/(k+2))’

() = 1 e[ a|z|F+2
AT =g oz TP\ Tkt 2)2(at + 0)

is a caloric morphism, where a,b,c,d € R, bc —ad = 1. In particular, in the case
of k=0, this example includes the usual Appell transformation:

1 z 1

= (L2, st ()

Next we consider the non-riemannian case.

Example 4. Let M = R3 be a semi-Euclidean space whose metric is ¢ =
(dx')? + (dz?)? — (do®)? and N = R! be the Euclidean space. Then

ft,z) = (t+2°+2° 2, o(t,x) =1

satisfy (E-5)—(E-8). In this case A(t,z) = 1. Composing this to the Appell
transformation on R x R

Iy 1 y?
-, = — exXp| ——
7_77_ b |7“ p 47_ b

we have another example

f(t,) 1 o
)= |-
’ t+a2+a3 t+a2+23)

) = — e e - @) )
’ VIt 22 + 23 4(t + 22 + 23)

such that A(t,z) = 1/72 = 1/(t + 2% + 2®)? depends on both ¢ and z.

Example 5. Let M = R* be a semi-Euclidean space whose metric is ¢ =
(dx')? — (dz?)? + (dz?)? — (dxz*)? and N = R? be a semi-Euclidean space whose
metric is g = (dz')? — (dz?)?. Then

1 x! rt  2? x3
e = (o T T )
(- (@)~ @) (@) - <sc4)2>
4t At —1)

satisfy (E-5)—(E-8) on (0,1)xM . Then A(t) = (1/t*)—(1/(t — 1)?), which changes
the sign at t = % Note that (f, ) is a direct sum of two Appell transfomations.
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Example 6 (Reverse). Put f(t,z) = (—t,z) and ¢(¢t,z) = 1. Then (f, ) is
a caloric morphism from R x (M, g) onto R x (M, —g). Moreover, if M is a 2n-
dimensional semi-euclidean space such that the signature of g is equal to (n,n),
then there exists a (2n x 2n)-matrix R such that R?* = [ and 'RGR = —G,
where I is the identity matrix and G = (g;;). Hence putting f(t,z) = (—t, Rx)
and ¢(t,z) = 1, we have a caloric morphism on R x (M, g). We remark that
(f°) is negative in these examples.

Example 7 (Appell transformation). For integers p,q = 0 and k € R\{-2},

put
M={z e RPT": ()2 + .. + (aP)? — (aPT1)? — ... — (2PT9)? > 0]},
(z) = \/(931)2 + o+ (2P)2 — (xPt1)2 — .o — (zPTa)2
and
x>k7 Z:j_lv' 7p7
glj(z): —<,flj>k’ Z:]:p+17’p+q’
0, 1.
Then

1 x 1 ()
[t ) = (_27 12/ (k+2) )’ Pt z) = tora)/2 P <_ (k+2)2t

is a caloric morphism from (0,00) x M to (—o00,0) x M. This is a generalization
of Example 3.
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