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Abstract. In this paper we define parabolic chord arc domains and generalize, to a parabolic
setting, a theorem of Semmes concerning quantitative approximation by graphs with small Lips-
chitz constants.

1. Background and notation

In this paper, motivated by applications to the analysis of parabolic partial
differential equations (see [HLN]) and parabolic singular integrals on domains not
locally given by graphs, we define parabolic chord arc domains and generalize, to
a parabolic setting, a theorem of Semmes concerning quantitative approximation
by graphs with small Lipschitz constants.

If X = (zg,z), we note for n > 1 that [LM], [HL] considered graph domains

of the form Q = {(X,t) € R""™ : zg > ¢(z,t)}, where ¢ = ¢(z,t) : R > R
had compact support and satisfied

(1.1) [¢(z,t) = ¢(y, )| < bi(jz —y|+ s —t|"/?) <oo  for all (z,1),(y,s) € R",
and

(1.2) 1D 5. < bz < .
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Here D! /21p(a: t) denotes the 5 derivative in ¢ of v¥(x,-), = fixed. This half
derivative in time can be deﬁned by way of the Fourier transform or by

‘ _ Y(z z,)
Dl/Qw Z, t = / ’S _t’3/2 ds

for properly chosen ¢. Also || - ||« denotes the bounded mean oscillation norm on
R" taken with respect to rectangles of side length r in the space direction and 72
in the time direction (see the display following (2.37) for a definition). If n =1
the above authors considered graph domains Q for which (1.1), (1.2) held with
Y = 1(t). Through the work of [H|, [LM], [HL| it has become clear that this is
the right smoothness condition to impose on the domain, from the perspective of
mutual absolute continuity of caloric measure with respect to a certain projective
surface measure as well as from the point of view of parabolic singular integrals.
In this paper we consider sets not necessarily locally given by graphs but impose
conditions on the set in such a manner that the conditions allow us to extract (in a
scale invariant fashion) big and very big pieces of time-varying graphs from the set,
i.e., graphs given by a functions 1 satisfying the type of smoothness conditions
stated above. The results of this paper are applied in [HLN] where we obtain
parabolic analogues of results by Kenig—Toro in [KT], [KT1] concerning regularity
and free boundary regularity on Reifenberg flat chord arc domains.

To formulate our results we need some definitions and notation. Let (X,t),
X = (x0,...,Zn_1), t € R denote a point in R"™! and for given r > 0 set

Cr(X,t) ={(Y,s): Y = X| <r, |t—s|<r?}.

Given a Borel set F C R"t! let F, OF denote the closure, boundary of F,
respectively, and put o(F) = [, do; dt where doy is (n—1)-dimensional Hausdorff
measure on the time slice FN(R™x {t}). Let  be a connected open set in R™"**.
We say that 0 separates R"™! and is §p Reifenberg flat, 0 < 6y < 1/10, if given
any (X,t) € 092, R > 0, there exists an n-dimensional plane P = ﬁ(X,t,R)
containing (X, t) and a line parallel to the ¢ axis with unit normal n = n(X,t, R)
such that

{(Y,s) +rive Cr(X,t): (Y,s) € P, r >R} C Q,

1.3 ~
(1:3) {(Y,s) —rh € Cr(X,t): (Y,s) € P, r > §oR} C R"T"\ (L.

For short we shall just say 9§ separates R"™ when (1.3) holds for some dg.
Note that if 9 separates R"*!, then a line segment drawn parallel to 7 and
with endpoints in each of the sets in (1.3), also intersects 9 2. Below we will, for
(X,t) € 0Q and r > 0, by A(X,t,7) denote a surface cube defined as A(X,t,7) =
0QNC(X,1).
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We say that 0 satisfies an (M, R) Ahlfors condition, M > 4, if for all
(X,t) €0 and 0 <r < R,

(1.4) c(0QNCr(X,t)) < Mr™th,

Using the above note, (1.3), (1.4), the fact that Hausdorff measure does not in-
crease under a projection we deduce for 0 <r < R, (X,t) € 09,

(1.5) (3r)" < o(0QnCu(X, 1)) < Myt

whenever 9 separates R"! and satisfies an (M, R) Ahlfors condition.
Next let

(1.6) d(F1, Fo) = inf{|X = Y|+ |s —t|"?: (X,t) € 1, (Y,s) € I},

denote the parabolic distance between the sets Fy, Fy and for €2 as in (1.5) set

(1.7) v(Z,T,1r) = i%f {r”?’ /asmc o d({(Y,s)}, P)2 do(Y,s)

where the infimum is taken over all n-dimensional planes P containing a line
parallel to the ¢t axis. Let

(1.8) dv(Z,1,r) =~(Z,T,r)do(Z, T)T‘_l dr.

We say that v is a Carleson measure on [89 NCr(Y, s)} x (0, R) if there exists
M; < oo such that whenever (X,t) € 9Q and C,(X,t) C Cr(Y,s), we have

(1.9) v([Co(X,t)NOQ] x (0,0)) < Myo"t.

The least such M; in (1.9) is called the Carleson norm of [d QNCR(Y,s)] x (0, R).
We write ||v||; for the Carleson norm of v when (1.9) holds for all o > 0. As
in [DS], [DS1] we say that 0€ is uniformly rectifiable (in the parabolic sense) if
|v||l+ < oo and (1.5) holds all R > 0. We remark that the work in [DS], [DS1] was
in turn motivated by earlier work of [Jo], [Jol], where L*® versions of (1.7) were
introduced. If 9Q separates R™! and is uniformly rectifiable, we shall call Q a
parabolic regular domain. Finally in analogy with [KT] we say that € is a chord
arc domain with vanishing constant if {2 is a parabolic regular domain and

(1.10) sup [Q_(n+1)V<[CQ<X, 6)NoQ x(0,0)] -0 asr—0.
(X,1)edQ
0<po<r

In the following we are interested in showing the existence of big pieces of
graphs, in particular we prove for parabolic regular domains that if §y in (1.3)
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is sufficiently small, then 0€) contains big pieces of time varying graphs in the
following sense. Given (X,t) € 9Q and R > 0, there exists after a possible

rotation in the space variable, a function t as in (1.1), (1.2) and € as above such
that for some My = Ms(M, ||V, do)

(1.11) Moo (8QN A(X,t, R)) > R

We will also obtain a parabolic analogue of Semmes decomposition, [S], concerning
very big pieces of time varying graph domains when ||v||, is sufficiently small.

Given Q asin (1.3) let (X,t) € 0 and let ||v|| be the Carleson norm of v
on A(X,t,800R) x (0,800R) (see (1.9)). We first prove

Theorem 1. If Q satisfies (1.3), (1.5), and ||v|| < oo, then there exists
c(M) such that if 0 < 69 < ¢(M)~™! in (1.3), then O contains big pieces of
time-varying graphs in the sense of (1.11) with by + by < c¢(M)(1 4+ |lv|))*/? in
(1.1), (1.2). Moreover for (X,t), R asin (1.11), we can make the construction so
that either QN Cor(X,t) C Q or QN Cop(X,t) C Q.

Concerning very big pieces we obtain the following parabolic version of the
theorem of Semmes for chord arc domains with small constants (see [S], [S1], [KT)).

Theorem 2. Let Q,60,(X,t) be as in Theorem 1 and suppose for some
6,0 <8 <6, that ||v]| = 6% with 6§ < and k = 24(n + 3) max{n — 1,1}. If
§=06(M (M) is small enough, then A(X,t, R) contains very big pieces of time-varying
graphs with small constants in the following sense. There exists after a possible
rotation in the space variable, 1, Q, ¢y = co(M) satistying (1.1), (1.2) and
(a) b1 + b2 S 02(5.

(b) o(A(X,t,R)\ Q) +0(dQNCr(X,t)\ AQ) < e V(=) Rntl,
(¢) A(X,t,2R) =G U B, where G C 8Q and o(B) < e~ 1/(e20) gnt1,
(d) If p denotes the orthogona] projection of R"*! on {0} x R™, d(-,-) is as in

(1.6), and (Y, s) € B, then |yo — ¢(y, s)| < c26d({p(Y, s)}, p( ).

(e) We can make the construction SO that

cither QNCR(X,)CQ or QNCr(X,t) C Q.

The rest of the paper is devoted to the proof of Theorem 1 and 2. The two
sections of the paper are organized as follows. In Section 2 we start by jointly
treating Theorem 1 and 2. Our proof scheme is motivated by the work in [DS].
Because of the refined analysis needed in the proof of Theorem 2 just the proof
of Theorem 1 is completed in that section. In Section 3 we finish the proof of
Theorem 2.

Finally in a remark following the proof of Theorem 2, we point out the differ-
ences between chord arc domains with small constants in the sense of [KT] and our
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definition (using smallness of the Carleson norm in (1.9)). In the first case it turns
out that there are several equivalent definitions, including one which is an elliptic
analogue of our definition. However, in the parabolic situation our definition is
the only correct one, as we show by examples.

2. Proof of the theorems

In the sequel ¢ denotes a positive constant > 1, depending only on n.
In general c(ai,...,a,) denotes a positive constant > 1, depending only on
n,ai,...,an, not necessarily the same at each occurrence. Given Q) as in (1.3) let
(X,t) € 0 and let ||v|| be the Carleson norm of v on A(X,%,800R) x (0,800R)
(see (1.9)).

Proof. If n =1 then (d) of Theorem 2, v (y, s) should be replaced by ¥ (s).
To simplify matters we shall assume that n > 1 in the proof of Theorems 1 and 2.
At the end of the proofs, we briefly treat the case n = 1. We shall also just make
the construction so that QN Cr(X,t, R) C €.

We begin the proof of both theorems together since their proofs involve many
of the same steps. We introduce for (Z,7) € 9Q, r >0,

d(Y,s, P)

(2.1) Yoo (Z,T,7) = inf sup ——
P vseazrn T

where the infimum is taken over all n planes P containing a line parallel to the ¢
axis. Given (Z,7),r as above we claim that

(2.2) Yoo (Z, T, r)”+3 < 16”+3’y(Z, T,2r).

To prove (2.2) we note that the infimum in the definition of 7 (see (1.7)) is actually
obtained for some plane say P. Clearly there exists (Z1,71) € A(Z,7,7) with

0= T’yoo(Z, T, 7“) < d({(ZlaTl)}vﬁ)'

From (1.5) we have o(A(Z1,71,0/8)) > (0/16)"T!. Moreover every point in

A(Zy,71,0/8) is contained in A(Z,,2r) and lies at least 3o from P. Thus, (2.2)
is valid. Integrating (2.2) with respect to do(z,7)r~tdr over A(Y,s,40) x (0,4p)
and making simple estimates we conclude that

(2.3) Yoo (Y, 5,0)" < ||

whenever (Y,s) € A(X,t,100R) and 0 < ¢ < 100R. From (2.3) we see in the
situation of Theorem 2 that there exists c3 = c3(n) with

(2.4)  v5o(Y,s,0) < ¢30%/ 3 for all (Y,s) € A(X,t,100R), 0 < o < 100R.
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Let 61 = 6o in the proof of Theorem 1 and §; = 2¢36%/("*3) in the proof of
Theorem 2. From the definition of 7., we see when §; = 2046"/ (n+3) < 1/10 that
(1.3) still holds with (X,t), R, 00 replaced by (Y,s), 0,01 provided ﬁ(Y,s,g) is
replaced by a plane through (Y, s) which is parallel to the plane that minimizes
Yoo (Y, 8, 0). From now on we denote this minimizing plane (for ease of notation)
by ]3(Y, s,0) whenever (Y,s) € A(X,¢,100R) and 0 < ¢ < 100R. In the proof
of Theorems 1 and 2 we assume, as we may, thanks to (1.3) that ﬁ(X,t,R) =
{(Y,s) e R""' :yg = —106; R} and

{(=1061R + r,y,s) € Cr(X,t), r > 1R} C Q,
A(X,t,R) = eo = (1,0,...,0).

As in Theorem 2 let p(Y,s) = (0,%,s) be the orthogonal projection of R"™! onto
{0} x R™ and observe from (1.3) as in (1.5) that

n+1 n
(2.5) (3R)"" < H"(p[A(X. 1, R)]),
where H™ denotes Hausdorff n measure on {0} x R".
Let E be the set of all points (Y,s) € A(X,¢, R) for which there exists r,
0 <r <R, with
(2.6) H" (p [A(Y, s,T)D < @rmt,
where 0 = 1000~"*VU A~ Thus F C A(X,t, R) consists of those points (Y, s)

such that A(Y,s,r) has a small projection on {0} x R™ for some r > 0. Us-
ing a well-known covering argument we see there exists a covering of FE by sets
{A(Yi,si,ri)} with {A(Y;, Si, %m)} pairwise disjoint and (Y3, s;) € E. Moreover
(2.6) holds with Y, s,r replaced by Y;,s;,r; for each i and 0 < r; < R. Using
(1.5), (2.5) we get

H(0(E) < 3 P[]

< GZT?H < 10n+1QZU(A(Yi73i7 ri))

<10"™00 (A(X,t,2R)) < 27 (mF2) gl
< $H"(p[A(X,t, R)]).

Thus if F'= A(X,t,R) \ E, then

(2.7) H"(p(F)) = 3H" (p[A(X, 1, R)]) = 27 F R,
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Next suppose (Y,s) € F, 0 <r < %R, 7 is the normal in (1.3) defined relative to

~

P(Y,s,r) and n = |[(n,eq)|. We consider two cases. First if n < 1/10 observe that
P(Y,s,r) and p(R™*!) intersect in an (n — 1)-dimensional plane containing a line
parallel to the ¢ axis on which p is the identity mapping. Also e = eq — (71, e9)n

lies in a plane through 0 that is parallel to ﬁ(Y,s,r), '] > 4, and |p(e/)] < 7.

Hence p maps K = C,.(Y,s) N P(Y,s,r) onto a set with H"™ measure knr™t!,
where ¢! < k < ¢. Since each point of A(Y,s,r) lies at most §;r from P and
p(K) is convex we conclude from the above analysis that

M+ o)™ < HM (p[A(Y, 5,7)]) < e+ 61)r"

From this inequality we deduce for 1/10 > n, that there exists ¢, = c,(n) > 1,
such that if (2.6) is false, then

(2.8) (e, M)~ <

On the other hand, if n > 1/10, then (2.8) clearly holds so (2.8) is true in both
cases. We note that if (Y,s) € F', (the set with big projections), then (2.8) is true
for 0 <r < R. Next we use (2.8) to show that if (Y,s),(Z,7) € F, then

(2.9) 1Z - Y| < cM(|z —y| + |s — t|1/?).

In fact if r = 2(]Z — Y|+ |s — 7|*/?) and r > R, then (2.9) follows from (1.3) for

~

01, P(X,t,R). Otherwise we write Z = 2’ + 2", Y =Y’  +Y"” where (Y',s),
(Z',T) are the orthogonal projections of (Y,s), (Z,7) onto P(Y,s,r) and

(2.10) YY" —Z"| < .
Moreover using the same argument and notation as in the proof of (2.8) we have
(2.11) ¢ =y =n|Z" = Y'].
Using (2.8), (2.10), (2.11), the triangle inequality and d; < 1/1000, we get
1Z = Y| < oir+ (I/n)|z" —y'| < 7/100 + (1/n)|2 — y| < /100 + ¢, M|z — y|.

Clearly this inequality implies (2.9). From (2.9) we see that p is invertible on
FN (R x {s}) for each s € R. Thus there exists ¥*: p(F') — R with

(2.12) 9% (y, ) =" (2, 7)| < eM(ly — 2| +|s —7]/?)

and (¢*(y,s),y,s) € F for all (y,s) € p(F).
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We now use our Carleson measure assumption and argue as in [DS, Chap-
ter 13]. Let

100R
£(Z,7) = / (Zrryrtdr,  (Z,7) € AXLR),
0
and observe from (1.8), (1.9) that
/ F(Z,7)do(Z,7) < V]| (100R)™.
A(X,t,100R)

From this inequality and ‘Tchebychev’s inequality’ we find for A > 1000,
o({(Z 1) € A(X,t,100R) : f(Z,7) > A" |v|}) < (100R/A)" T < (R/10)™.

Using the above inequality, (2.7), the fact that Hausdorff measure does not increase

under a projection we deduce the existence of a closed set F; = Fj(A) with
FCF,

(2.13) F(Zm) < A, (Z,7) € By,

and

(2.14) H"(p(Fy)) > 27 (mF3) gt

We remark that we shall later obtain better estimates for the o measure of a set
F; as above, when A is small (depending on §). To extend ¢* off of p(Fy) we
identify R™ with {0} x R™ and put

Qr(z,T):{(y,s)ER”:|yz'—z7;|<r, i1=1,...,n—1, |s—7‘|<r2}

for (z,7) € R™, r > 0. Let {@Z = Q. (fci,fi)} be a Whitney decomposition of
R™\ p(F1) into rectangles. That is, Q; N Q; =0, i # j, and

(2.15) 1071"d(Qs, p(F1)) < 1y < 1075"d(Qy, p(FY)).
Let {v;} be a partition of unity adapted to {Q;}. Thus,
(a) Y vi=1lonR"\p(F),

(b) v;=1onQ; and v; =0 in R™\ Qq,, (24,1;) for all 4,

2.16
(2.16) (c) w; is infinitely differentiable on R™ with
o o
1 -2 _
Nl +r; 5 Vi <c(l,n) forl=1,2,....
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In (c), 8'/0x! denotes an arbitrary Ith partial in the space variable z. Set
Co7) = {(y) € R : [z —y| < o, |7 5| < %} whenever (y,s) € R", 0> 0.

Next for each i choose (x},t)) € p(Fy) with

Y1

_d({ z>z}Q>_d<( )Qz)

and set A = {z : Q; N Cap(x,t) # @}. We consider two cases. Under the assump-
tions of Theorem 1 we put

¢*(y? ) (ya )ep(Fl)
(2'17) ¢<y’8) - Z(iﬂ ( Ly z)+c MQz)Uz(yv ) (y7 S) ERn\p(Fl)'

i€EA

With ¢ now defined on R™ we can use (2.12), (2.15)—(2.17), and the usual Whit-
ney type argument to get that (1.1) holds with b; replaced by cM . One needs
to be slightly careful when (y,s) is in the closure of two cubes say @Q;, Q; with
i€ A, j¢ A. However this case follows easily from the fact that [¢)*| < ¢cM R and
|0vk /Oyi|(y,s) < c¢/R for 1 <l <m—1,k=14,j. Also v =0 in R"\ Cyr(X,1)
and QN Cyr(X,t) C Q for ¢* large enough since otherwise (2.8) would be false.
The proof of Theorem 1 is now complete except for (1.2). We continue under the
scenario of Theorem 2. Let

h(KluKQ) = sup d({(y7 8)}1K2) + sup d({(Y7 S>}7K1)
(Yas)eKl (Y,S)GKQ

be the parabolic Hausdorff distance between K7 and K. From (1.3) it is easily
deduced that for (Z,7),(Y,s) € A(X,t,100R) and 0 < +r < o < 4r < 100R, we
have

(o) |A(Y,s,7) —i(Z,7,0)| < 10°6; whenever |Y — Z| + |s — 7|1/ < 4r,
(2.18) (B) ( (Y, s,7) N Co(Y,8), P(Z,7,0) N C(Y, s)) < 10°6ir, (Z,7),
(Y,s), r, o asin ().
We now extend the definition of * from p(Fy) to R™. Let
(X7, t1) = (" (i, 17), @i, 1),
P(Xz’,tz, 0i)) = {(vi(y,5),y,5) : (y,s) eR"} fori € A
which defines ;: R™ — R and as in [DS] put

¢*(y73)7 for ( ) ep(Fl)

(2.19) by, s) = ngi(y,s)vi(y,s) when (y,s) € R™ \ p(Fy).
i€EA
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We note from (2.15) that
(2.20) ri/r; < oifr; <c¢  whenever Q; NQ, # 0.
We claim for (y,s),(z,7) € R™ that
(+) iy, s) = @iz, 1) < eM(ly — 2| + [s — 7[*/?) for all 4,

(2.21) (+4) iy, s) — @;(y, s)] < cM?6;min(g;, ¢;) when (y,s) € Q;
and Q; N Q; # 0.
(2.21)(+) is a direct consequence of (2.8). Also from (2.18), (2.8) and elementary
geometry, we have for (y,s) € Q; and Q; N Q; # 0,
|§02<y7 8) - Spj(y7 3)‘ < CMd({((pl(yv 8)7 Y, 3)}3 ﬁ(X]/7 t;7 Qj)) < CM251 min(gia Qj)
which is (2.21)(++).
From (2.18)—(2.21) and (2.16) it is easily deduced for §; small enough that

(5) 19y, 8) =z, 7) < eM(ly — 2| +[s —7]'/?),
0%

9 .
| (5) 4| 50

1<lLk<n-1.

(222)  (x) \ (4,5) < M50 for (4,5) € s

For example, if (y,s) € Q; and A = {j : Q;NQ; # 0} C A, then 0%p; /0y, 0y, =0

since ¢; is linear so

91 ::ziz{awjzhg L v 0v; ?

~ vi| =Ty + Ty + Ty
010y, oy Oy~ Oy Oy i€ 010y, J] P

JEA

From (2.21)(++) we deduce first that [V; — V| < cM?6; when Q; N Q; # 0
and second at (y,s) € @; that

Ggoi 8903' ‘82@ ‘8902 690j avj:| 2 -1
Ty| +|Ty| < - N oy |] =M
I ]GZA[ Oy Oy | | Oy Oyr. Oyk | | Oyt e
Also at (y,s),
0? 2¢ 1
|T5| §Z|90z‘—90j| mva‘ < cM7o10;

JEA

Combining these inequalities we get (2.22) (%) in this case.
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Let T' = {(ﬁ(y, s),y,8) : (y,8) € R"} and suppose that ~', v/ are the
measures in (1.7)—(1.9) corresponding to I'.

We shall prove that ||v/||, < ¢(M)(67 + ||v||). That is, we shall show that we
can control the relevant Carleson norm with respect to I' using d; and the local
Carleson norm, ||v||, defined relative to A(X,¢,800R). To begin we claim that if
(Y, S) el'n élgoR(X, t) , then

(2.23) d({(Y,s)},0Q) < eM?6:1d({(y, s)},p(F1)).

To prove this inequality note that if (Y,s) € Fy, then this inequality is trivally
true so assume (Y,s) = (Qﬁ(y,s),y,s) with (y,s) € Q;. If Q; NQ; # () for some
j ¢ A, then from (2.15) we have co; > R which implies (2.23) in view of (1.3).
Otherwise, from (2.21) (4++), (1.3) we have

d({(Y,s)},0Q) <d({(Y, s)}, P(X!,t o i) + cdio;
< [y, s) — ¢i(y, s)| + cdro; < cM?6y0;.

Thus (2.23) is true. We continue under the assumption that J; is so small that
éM?5, <1076,

Let I = {(Y,s) € T : (y,5) € Q;} and put é = 2¢M?. Then from (2.23)
we see there exists a covering of T'; C Cioor(X,t) by cylinders {Czs,,,(Z;,7;)}
with centers, (Z;,7;) € 0 and {065192./5(Zj,7—j)} pairwise disjoint. We note
that each point in UCs5,,,(Z;,7;) lies in at most ¢(n) cylinders in the cov-
ering as follows from disjointness of the smaller cylinders and the fact that if
Cc(slgl(Z Tj) 05651&.(2[,77) =+ () then 6@519i(Zj,Tj) C 046519i(Zl,7'l)~ Let P be
a plane containing a line parallel to the t axis. For (Z,7) € T;NCas,p,(Z;,7;) We
have

d({(Z,7)},P) < cM?5,0; + i d({(Y,s)}, P).
{2} P) < eM7oie (¥, 9)€B(Zy.m3,68100) (&)} P)

Let ()/(\v,f) € Fl,éT(X,f) C CgoR(X,t>,Fi,j = FZ‘ N C@glgi(Zj,Tj) and put

We note that if T; ;NC, (X,%) #0, then Ces,0,(Zj,15) C Cp (X t,2r) as follows
from (2.15) and the fact that g; < 2r. Also, o(T;) < CMQ?JA since from (2.22) ()

(2.24)  do(Y,s) = \/1 + |V(y, s)|2 dy ds < 2MdH"(y, s) for (Y,s) € T.

Here V@Z denotes the gradient of 12 in the space variable only. Using these notes,
the above inequality, (1.5), we get

fine sy MO0} P do(,s) <Z/ A({(Y,9)}, P)* do (Y, 5)

T ;NCH(X )
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< C(M25lgi)2 ( ch,r()?’i:))
2
(2.25) +CMZ/ d({(Y, )}, P)? do(Y, s)

07’/4(X t )mA(ZJ yTg aC(Sl Qz)

sconfgee [ a(s),p) o).
Csra(X,£)NOQ

Finally we observe for fixed [ that 9€; NOQ, # O for at most c¢(n) integers k
as we find from (2.15). We conclude from this observation upon summing (2.25)
that if

¢ =¢(X,6r) = {i:T;NC(X,T) # 0},
then

[t p) o
A (X 1)

(2.26) {5229“” /8 d({(Y, )}, P)* do(Y,s)].

it QNCs,. 4(XF)

Let 7/, v/ be the measures in (1.7)—(1.9) corresponding to I'. Using (2.22), (2.26)
we shall show that

(2.27) 11|+ < e(M)(8F + [|v[D),
where ||v/||; denotes the Carleson norm of v’ relative to I' x (0,00) as defined
after (1.9). To do this first suppose (X,#) € Fy and C.(X,t) C Cgor(X,t).

Then from (2.26) and the fact that 4 C 0QNT we get

(229 V(R ) < o) |8 /)" 4 2R 50)|.

1€€

For given g > 0, (2,%) e I' with C@(E,f') C Coor(X,t), we integrate (2.28)
over F1 N C’@(Z 7). If FinN Cé(z\, 7) = 0 the following inequality is trivially true.
Otherwise, summing and interchanging the order of integration we obtain with
ri(X,8) = d({(X,0)},T:) + o,

V' [FLNCy(Z,7) / /F a )7 ~(X, &, r)do(X,E)r tdr
10 T

< (M) / ( S [ ertar) de(R.0)
FlﬁCé(Z,T) ’LG&(X,{,@) ?"Z.(X,t)
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(229)  + c(M)v[Fy N Cspa(Z,7) % (0,20)]

n+3
2 Qi v 7 c v n+1
< (M) Z /W(ZT)( K ) do(R 1) + c(M)|lv]d

zEﬁ(Z )

< c(M) {6? Z o+ HvH@"*l]
i€&(Z,7,0)
< c(M)(67 + |lvl))o™ T,

where we have used (1.5) to estimate the last integral. Next for » > 0, (&,£) € R”
let

R, r) = 1) ing / Dy, 5) — L(y)P dy ds.
L Jeo,(z,)

where the infimum is over all linear functions of y (only). We note that

~ ~

(2.30) (e(M)) " k(@ ,7) <+ (X, E,7) < c(M)r(&,1,7)

as we see from (2.24), (2.22) (x), and an argument similar to the one used in (2.8).
Using (2.30), (2.22) (x*) and Taylor’s theorem we deduce for 0 < r < 2p; and

(#,t) € Q; that

A

V(X 1,r) < e(M)k(&,1,7) < eo(M)dtr?o;?

If % 0; < r < 8p;, then this inequality is also valid as we see from (1.3) with
(X,t), R replaced by (X!,t.),80;. Thus

1771

(2.31) v/ [Ti x (0,80:)] < e(M)670; ™.

If 80; < 7, then from (2.15), (2.30) we see for (#,%) € Q; that

A~

’Y%th??ﬂ) SC(M) (XZ/7 172 )

N —

Integrating this inequality, usmg (2.28) as well as (2.13) we find for (X,#) € T},
T; C Cyor(X,t) and CQ( , ) C Cyor(X,t) that

é F PN
/ fy’(X,t,r)r_l dr < c(M)f(X!,t)) + c(M (51 / QJ/T’)TH—BT_l dr
80i 2ei JEE(X’ t;,2r)

n—+3
%
< c(M)|lv]| +e(M)s? > ( ) |
JEE(X,t),20) 0i + 0 +d(Qi, Qj)
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Integrating the above inequality over I'; with respect to ¢ and summing for
i € £(Z,%,26) we obtain when C, (Z 7) C Coor(X,t) is as in (2.29)

/ 1drda()?,f)§C( M)|vllo"*
zeg(zfzg) 8ei
. —(n+3)
FeMFE S (o)™ / (05 + ({9} A )}) ™" dyds
J€E(Z,7#,20) R
< e(M >[Hu||m“+5% 2. @?“]
JEE(Z,7,20)

< c(M)(6F + v+
Combining this inequality with (2.31) we deduce first that
Y [(T\NF)NC(X ) x (0,0)] < e(M)(5F + Il
and thereupon in view of (2.29) that
(2.32) VTN Co(Z,7) % (0,0)] < e(M)(5F + [[v]|)o™ "

which is the desired inequality when C§(2 ,7) C Cyr(X,t). To handle the other
cases we make the following observations.

(2.33)(a) If (X,1) €T, and 0 < r < d({(X,1)}, Car(X,t)), then ~/(X,i,7) = 0.
(2.33)(b) If r > R, (X,) €T, then v/(X,#,r) < c(M)62(R/r)"3.

To prove (2.33)(a) recall that ¢ = 0 on R"\Cyg(x,t). Le., d({(Y,s)},{0}xR"™) =
0 for (Y,s) € C,.(X,t) which clearly implies (a). (b) follows from the same

recollection as in (a) and the fact that h(I', {0} x R™) < ¢6;R. From (2.33) we
see that if 9 > R, then

V' (C3(Z,7) % (0,0)) </ (C5(Z,7) x (0, R)) + c(M)53™+!
<V (Cror(Xt) x (0, R)) + c(M)d7""
< o(M)( + v+,
If 6 < R and Cy(Z,7)) N (R"1\Co0r(X,t)) # 0, then v(
thanks to (2.33). We conclude that (2.32) holds whenever (
Hence (2.27) is valid.

In order to study the implications of (2.27) we shall need some more notation.
Let ¢ be an infinitely differentiable real-valued function on R"™ with compact
support in C1(0,0) (i.e, ¢ € C§°(C1(0,0))) and set

ox(z,7) = A" o2/ 7/22),

Illoe = max{Jp(z,7)| : (,7) € R"}.

x(0,8)) =0

5(Z,7) %
r)eTl and 9> 0.

Cy
Z,
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Next for 8: R™ — R, define the convolution of ¢ with 8 by

o 0(z,7) = / o(z —y,7 — $)0(y, s) dy ds

whenever this convolution makes sense. For short we write )60 for py*60. Suppose
now that ¢, as above, annihilates constants and the coordinate functions y;,
0<i<n-—1. That is

/ o(y,s)dyds =0 and / yip(y,s)dyds = 0.
Rn n

Observe for each linear function L of y only that
A N N S 2 N N —(n S
(o2 2 0P8 7) = n (= D)) (2.7) < efellcd™ 5 [ oy T
Az, T

From this observation, the definition of x, (2.30), and (2.27) we see that

// “3(pr + )20, )dydsdA<c||so||oo// k(s 5, \) dy ds
Co(z, 7') Co ZT)
(2.34) < (M) plloo (82 + I1])) ™.

Let P € C§°(C1(0,0)) be an even nonnegative function on R™ with [, P(w) dw
= 1. We note that if ¢ = ¢(z,7) is any of the functions,

Py 120P, ,0°Py
(2.35) A A A

oN’ or’ 022

Z

, 1<i1<n—-1,

then ¢ annihilates linear functions of y and ||¢|lc < ¢ as is easily seen. From
(2.34), (2.35), we conclude

o L (B B R s

<c(62 + Iyt forl1<i<n—1.

We now return to the proof of Theorem 1. In this case we claim that (2.36) holds
with ¢ replaced by v (see (2.17)) and &7 replaced by 1. Indeed, in view of (1.1)
for ¢ we can use the plan of the previous proof to conclude first that (2.27) holds
with d; replaced by 1 and second that (2.36) is valid. In fact the argument is
much simpler as we do not have to make precise estimates on the constants.
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Proof of Theorem 1. We use (2.36) with 6; =1 to show that
(2.37) 1D1 ol < e(M)(1+ [lv|)'/?

thereby completing the proof of Theorem 1. Here || - ||. denotes the norm in
the space BMO(R™) defined in the following way. Given g: R" — R, locally
integrable with respect to Lebesgue n measure, let C' = C,.(z,7) and let |C| be
the Lebesgue n measure of C'. Set

go = |C’|_1/ gdyds.
C

Then g € BMO(R"™) with norm ||g||. if and only if

lgll. = sup{|0|1/ g —gc|dyd5} < o0
C C

To prove (2.37), let g € C§° (CQQ(Z,T)), 0< B <1, with B=1o0n Csp/0(2,7)

and l l
|0 0
: G_yl @5‘ <c(l,n)

at each point of R". If C'= C,(z,7), we put

0

6' +o0?

= [( —vo)B] + [Bo + (1= B)] = Y1 + 1.
We first consider ;. Given &, 0 < & < p/100, we note that
/n(Dg/stzpl)? dyds = / (D} )2 Pytpn)? dy ds
/ / 2D1/2< Pwl) D} 5 (Paipy) dy ds dX
(2.38) = / (D} 3 Pypy)? dy ds

ta / / [ Pwo}a(Pwl)dydsdA
=Vi+Va.

In (2.38), a is a constant and 7 is the Hilbert transform on R defined by

Hk(s) = PV/Rk(%)(s—%)_lds
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for k areal valued function. In the above display we have k = (0/0\)(Pav1)(y, - ).
From (1.1) we get |0(Pyth1)/0s| < e¢(M)o™! at each point in Cs,(z,7) and this
function vanishes elsewhere in R™. From this inequality we find for |y — z| < 4p
that

Pop1(y,s) — Potp1(y, 1)

R |S—1€|3/2

| DY jo Potin|(y, 5) = df

o3
< (M) mln{l, m}

If |y —z| > 4p, then D1/2P ¥1(y, s) = 0. Using these inequalities and integrating
over R™, we conclude that

(2.39) Vi| < (M)
To handle V5 we note that J# is a bounded operator with norm < ¢ from L?(R)

to L?(R)—the usual space of Lebesgue square integrable functions on R. Using
this note and Hélder’s inequality we get from (2.37),

Va)? < c(/ / { wal)rdyd8>
(2.40) | (/0 / )\[a(P,\M))rdyds)

= V21 ' V22-

To estimate Vay we observe for (y,s) € Cu,(2,7), 0 < A < p, and

L&) = 5l0.8) + Y 3= 0l0,9) 0 — )
that
'ﬁuawl) (.9
<| [ 5P s - D) - ve) (80.0) - L@) di
.

N A . . )
S 000 [ 0 20 2P = ) 05— )
+ ﬁ(y,S)%PW(y, 5)

< e(M)o+ ¢ 2 Pb|(5,9),
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where we have used (1.1), (2.35), and Taylor’s theorem to estimate the integrals.
If (y,s) € R"\ Cap(z,7), then (0/0s)(Pxip1)(y,s) = 0. Similarly, for (y,s) €
049(277—)7 0< A S o,

0

0
E(P)\wl) P\

(y,8) <c(M)XNo+c 3

(Y, s)

and this function vanishes elsewhere in R"™. Putting these inequalities into (2.40)
and using (2.36) we obtain first that

Val? < e(M)(1+ [[v]))* o™

and second in view of (2.38), (2.39) that
| DlaPan? dyds < 01+ e

Using this inequality, the inequalities directly above (2.39), and letting ¢ — 0, we
deduce that D} /2P€¢1 converges weakly in L2(R™) to a function ( satisfying the

same inequalities as D! /2P5¢1. Using weak convergence, we see that 1 (y,-) =
cly /o * C(y,-), where I /5(s) = |s|~1/2. This equality implies that { = D’i/zdjl
exists and satisfies

(2.41) | Dl dyds < cana + ol

Consider now integrals involving ;. Observe that 12 is constant on C3,/2(2, 7).
Thus for (y,s) € C,

Di/2w2(y, S) _ C/ ¢2(y7£) - ¢2(y7 S) de

(h:|i—r]>902 /4 |s — ¢[3/2

Using this equality, ¥y = (Y¢ — )8 + ¢, and (1.1) we deduce from estimates
similar to the above that if

o= C/ w(z7t) _Aw(sz) th,
(bfi—r|>902/4) [T —1[3/2

then |D§/2w2 —a| <c¢(M) on C. Thus,

(2.42) [ 1042 — aldyds < c(ang
C
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From (2.42) and (2.41) we see that D?
since

1 /2¢ exists and is integrable on C'. Moreover,

o= (Dlp)el <1017 [ la = Dl sty o)l dy ds

it follows from (2.41), (2.42) and Hoélder’s inequality that

/ DYyt — (DY i) dyds < 2 / D! s — ol dy ds +2 / D! | dy ds

1/2
(2.43) < (M) "t 4 comtD)/2 (/ |D’i/21/)1|2 dy ds)
Rn
< (M)A + |v|)H2em

Hence Dimw € BMO (R") with [|D] p9[ls < e(M)(1 + |v|)Y/2. The proof of
Theorem 1 is now complete. o

3. Proof of Theorem 2

We return to the proof of Theorem 2. We shall use (2.36) and the fact that
|v|]| < 81 to show as in the proof of Theorem 1 that

a D} )y1h)? dy ds < c(M)S;R™,
12 1

(b) Z/n(ay) dyds < ¢(M)§? R,

The proof of (3.1)(a) is essentially the same as (2.41) with 1, o replaced by 0,
R, only now we use the fact that |¢)| < ¢(M)d1 R to estimate V3 while the estimate
for V5 follows directly from (2.36). We omit the details. As for (b) we have for
0<i<n-—1,

d -\’ o -\’
Jo () avis= [ (5 p0) avas
. B .
2 [, (aanrd) (g o
// Qﬁzp a—2ﬁ¢ dy ds d\
Aon M)\ a2
2 1/2
< c(M)SIR™! + (// ( Pw) dydsd)\)
1/2
(/ /n (0 QPA?,[J) dydsdA)

(3.1)

< c(M)FZR™ !+
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Thus (3.1) is true. From (3.1) we shall deduce the existence of a closed set Fp C
Fy C A(X,t,R) with
(@) o(Fp) =27 "R

(3.2) 1] n(Y,s,r) —eo| <c(M 51/[8(n_1)] for all (Y, s) € Fy
> 1
and 0 < r < R.

We remark that the introduction of 1/; and most of our effort so far was made
to get us in a position to prove (3.2). To this end if g: R™ — R and g is locally
integrable on R™ we let .# ¢ be the n-dimensional Hardy-Littlewood maximal
function defined by

Mg(z,7) = sup |Cy (2, 7)) ! /C 19l(y, ) dy ds.

>0

Similarly let .#Mg(-,s) denote the (n — 1)-dimensional HardyLittlewood max-
imal function of g(-,s) taken with respect to balls and let

0 qﬁ)(z,f), (z,7) € R,

. 9 -
Vi(z,7) = (a—w

.7azn71

be the spatial gradient of lﬂ whenever these partial derivatives exist. Recall that 1&
has compact support in Cyr(X,t). From (3.1)(b), the Hardy—Littlewood maximal
theorem, and weak type estimates we first deduce the existence of a closed set
J C (t —16R? t + 16R?) with

(i)  H'[(t—16R*t+16R%)\ J] < 61 R?,
B3 5 / DV, ) dy < e(M)SV*RM for all 5 € J.
CSR(QJ,t)

If s € J we can again use weak type estimates and the Hardy-Littlewood maximal
theorem to get a closed set G1(s) C Cyg(z,t) N (R x {s}) with

(+)  H" ' [Curla,t) N (R x {s})\ Gi(s)] <61/ *R",

(3.4) ’ -
(+4)  AD(VI(y,s) < c(M)5T* for all (y,s) € Gy(s).

In (3.3), (3.4), H', H*" ! denote Hausdorff one and (n — 1)-dimensional mea-
sure on R™. For fixed s € J let x1(-,s) denote the characteristic function of
Cyr(x,t) N (R x {s})\ G1(s). Using (3.3), (3.4) and the above argument once
again we get for each s € J a closed set Ga(s) C G1(s) with

(¥)  H" ' [Caglz,t) N (R x {s})\ Ga(s)] < 6;/°R" 1,

(3.5) e
() AV (x1)(y,5) < e(M)8)'® for all (y, s) € Ga(s).
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We shall use (3.3)-(3.5) and (2.22) (%) to show that if s € J and (y,s) € Ga(s) N
Cor(x,t), then

(3.6)  |d(y,s) — (2 5)| < e(M)8 By — 2|, whenever |y — 2| < R.

In fact if (z,s) € G1(s) and r = |y — 2|, then from basic Sobolev inequalities and
(3.4) (++) we find

[P(y,s) — bz, 9)| < cly — 2| [V (VI (y, s) + 4D (V])(z,5)] < c(M)s}*r.

Otherwise (i.e. (z,5) ¢ G1(s)) from (3.5) (%) we see there exists (Z,s) € G1(s)
with |z — Z| < c(M)(Si/[S(n_l)]r. Using (2.22) (x) and the above inequalities we
conclude that

~ A~

W(@/,S) _1&(27 8)| W( ) Q5(578)‘ + |¢(27 8) _1&(278)'
(M) 5+ (M) BO Dl < (a)s/ B,

| /\

Thus (3.6) is true. Next we note from (3.1)(a) that

// (y’))Qddd—/ Dt )2 2 pn+1
n —7)2 yasar =c n( 1/2%)7 dyds < c(M)67R™™,

where the first equality can be proved by way of the Fourier transform. Using this
inequality and weak type estimates we see that if

81 AZT —AZT 2
fl(“):/_gR (V(z, 7+ h) —(z,7)) i,

2
then there exists G’ closed with G’ C Cyg(z,t) and

(ii) fi (z,T) c(M )51 for all (z,7) € G.
We claim that if (y,s) € G' N Car(z,t), then
(3.8) W (y, s) — p(y, 7)| < c67/*|s — 7|12 whenever |s — 7| < R2.

In fact if 7 — s =72 >0, then

22
7ﬂ/ (D, s+ 1) — By, )2 dh < cfi(y,s) < (M3,

2
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thanks to (3.7)(ii). Using weak type estimates we see that there exists a closed set
J' C (r?,2r?) with
(A)  HY(? 2r)\ J] < 0%,

3.9
&) B) |y, s) — d(y, §)| < (M6 r  forall 5 € ..

Using (3.9)(A) we conclude first the existence of § € J with 0 < §—7 < 25i/2r2
and second from (2.22) (%), (3.9)(B) that

~ ~

WJ(y? S) - QZJ(y7T)| < |¢(ya 8) - @Z(yv‘g” + |¢(y7 ‘§) - f(f)(y77-)|
< C(M)éi/élr + c(M)di/‘lr < c(M)di/Llr.

Thus (3.8) is valid. Let x be the characteristic function of Cygr(x,t)\ G’ and note
from (3.7) as well as our usual argument that there exists a closed set G"” C G’
with

(a)  [Car(z,t)\ G"| < 8;/*R™,

(3.10)
(b) A ()(z,7) < c(M)SY? forall (z,7) € G

We put G = (J,c; Go2(t) and G = G" N G2. Observe from (3.3)(i), (3.5) that
|Car(z,t) \ Ga| < c(M)(81 + 6;/%)R"*!

which in view of (3.10) implies

(3.11) ICur(z,t) \ G| < (M) (515 + 61/ R = (M) R,

Let (y,s) € GNCygr(x,t) and (2,7) € Cr(y,s). If r = |y — z| 4+ |s — 7|'/2, then
from (3.10)(b) we see there exists (Z,7) € G'NCy(y,s) with d({(z,7)},{(2,7)}) <

c(M)di/[Q(nH)]r. From this inequality, (2.22)(x), (3.6) and (3.8) we deduce

[y, 8) = (2, 7) < 1Py, 8) = (2, 7)] + [D(Z,7) — (=, 7)]

< | (y,
(3.12) < |y, 8) — D, 8)| + [$(Z,5) — D(Z,7)| + e(M)6; /P
< (M) (51BN gl GROADNY L < )t/ B,

We now can prove (3.2). We choose Fy C Fj closed with p(F») C G and |p(Fy)| >
2~ (n+4) Rntl This choice is possible for §; > 0 sufficiently small, as we see from
(2.14) and (3.11). From this choice, the fact that Hausdorff measure does not
increase under a projection we get (3.2) (). To prove (3.2) (5) let (Y, s) € Fy and
0 <r < R. Then (y,s) € G so from (3.12) we find that each point of I'NC,.(Y, s)
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lies within parabolic distance c(M )(ﬁ/ Bl of a point of the plane through
(Y, s) with normal ey. Also from (2.23) every point in I' N C,.(Y,s) lies within
parabolic distance ¢(M)d1r of a point of 9 Q. Finally from (1.3), (2.18) we see that
each point of A(Y,s,r) lies within parabolic distance ¢d1r of the plane through
(Y, s) with normal (Y, s,r). Since O separates R"™ and 7n(X,t,R) = eq, we
conclude from basic geometry that all of the above can only hold if (3.2)(5) is
valid.

Next we use (3.2), a John—Nirenberg type argument and the fact that (X,t) €
0, R > 0 are arbitrary to prove

Lemma 3.13. Let 02 = 5%/[24(71_1)] and for given (X,t) € 0Q, R >0, let

K ={(Y,s) € A(X,t,R) : [n(Y,s,7) —a(X,t,R)| < by for 0 <r < R}.
If 0 < 8y <6 and 6 = 6(M) is small enough, then there exists ¢ = ¢(M) > 1 with
o(A(X,t,R)\ K) < e” /(@2 gntl,
Proof. Again we assume that eg = n(X,t, R). Given E, R gﬁ < 2R, set
E(\) = E(\R)
= {(V,s5) € A(X,t,R) : |a(Y,5,7) — éo| > \6Z for some 7, 0 < r <R}.

We show there exists § = (M), 0 < 6 < 1, and ¢(M) > 1 such that for
some R € [R,2R],

(3.14) o(E(k+1)) < 00 (E(k)) + c(M)e™V/1e()d] gntl

for k=1,...,ko — 1. Here kg is the largest positive integer for which ko < 651.
Once (3.14) is proved we can iterate this inequality ko — 1 times starting from
k=1 to get Lemma 3.13 by iteration. In fact if (Y,s) € E(k+ 5) we let

o=o0(Y,s,k)=inf{r:0<r <R and |a(Y, s, 1) — eg| < (k+3)d5}.

Then from (2.18) we see for 0 < 0, < 4§, (Y, s) € E(k +1), and & > 0 sufficiently
small that

(3.15) ko3 < (k+3)85 — c(M)d1 < |A(Z,7,50) —eo| < (k+ )65 + (M)

for all (Z,7) € A(Y,s,50). As above, using a well-known covering lemma, we find
{A(Y:, 51, 00)} with
(a)  E(k+1) cUAY,si,50),

(3.16) o
(b) A, s5,05) N AV si,0) =0, i 7 j.
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Let & be the set of positive integers 7 for which A(Y;, s;, gi)ﬂ(R"“\A(X, t,ﬁ)) +
() and let & be the rest of the positive integers that are indices in the above union.
From (2.18) and the triangle inequality it is easily deduced that

17(Y5, 84, 0i) — eo| < cb11og(R/0;).

Also from (3.15) we have |7(Y;, s;, 0;) — €| > 635. Combining these inequalities we
see that
0; < 6—53/(051)3 < e~ /() R

Hence if ¢, = ¢, (M) is large enough and r’' = e~ 1/(c02) R then

U A(Yi,si,01) € AX, LR + 1)\ AX, 4R — 1),
i€’

We now choose R € [R,2R] so that
o[AX,t,R +7')\ A(X,t,R —1')] < Mr'(1000R)".

The existence of R follows from Ahlfors regularity of 9 (see (1.5)) and an easy
counting argument using the fact that there are at least 1/(8r’) disjoint ‘rings’ of
the above type contained in A(X,t,2R)\ A(X,t, R). From the above inequalities
it follows that

(3.17) 0’( U A(Yi,si,gi)) < M7’ (1000R)™.
i€’

If i € &, then from (3.2) with R, X, t replaced by o;, Y;, s;, there exists
L; € A(Y;, si,0;) such that for 0 <r < p; and (Z,7) € A(Y}, Si,0:),

(1) |ﬁ(Z, T, T‘) - ﬁ’()/“ Siy Ql)l < C(M)éga

(3.18) (i) o(Li) > 2_(n+4)0?+1‘
Let L =J;ce Li- Then from (3.18)(ii), (3.16)(a), and (1.5) we get
o(Blk+1) < o (UAYisi.50)) < (M) (U5, 01))
(3.19) < (Mo U A, s, Q¢)> + ¢(M)r'R"
1€€

<c(M)o(L) + c(M)r'R™.

From the definition of p; and (3.18)(i) we deduce for i € £ and (Z,7) € L;
that B
(Z,7,7) —eo| < (k+1)05 for0O<r <R
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provided 0 < 0o < 5 and 6 =0 (M) > 0 is small enough. Consequently,
LinE(k+1)=10
and from (3.15) we have L; C E(k). Thus L C E(k)\ E(k+ 1) and so by (3.19)
o(E(k)) > (L) +o(E(k+1)) > 1+ (M) Yo (E(k+1)) — c(M)r'R".

Clearly this inequality is equivalent to (3.14). The proof of Lemma 3.13 is now
complete. o

We shall also need

Lemma 3.20. Let f be as defined below (2.12) and 02 as in Lemma 3.13.
If 0 < 02 < ¢ and 0" = §'(M) > 0 is sufficiently small, then there exists c¢* =
c¢*(M) > 1 such that

o({(Z,7) € AX,t,R) : f(Z,7) > 8s}) < e V(ORI gnit,

Proof. Let

a(Y,s,0) =c(A(Y,s, Q)>_1 /A(Y )f(Z,T) do(Z,T).

We shall show that f € BMO [A(X ,t, R)} defined with respect to o. In fact we
prove

(3.21) sup (a(A(Y, s,r))_l/

|f —a(Y,s,r)] dcr) < c(M)62
A(Y,s,r)CA(X,t,R) A(Y,s,r)
It is well known that (3.21) implies the conclusion of Lemma 3.20 for Ahlfors
regular sets and in fact one can prove this by an argument similar to the one used
in proving Lemma 3.13. Thus we prove only (3.21). To do this we first claim that
if o1 =Y —Z|+|s—7["/2 < 1p< iR, then

(3.22) I=

100R
/ (V(Z,7,7) =4V, s,7)]r™ dr| < c(M)di(1/e)-

To prove (3.22) note for r > p that

V(YJ S, T — Ql) S /Y(Za T, T) S /7<Y7 s, T + Ql)
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Thus,

I<

100R
/ [7(Y537T_Q1) —’}/(Y,S,T')]T’_l dr
e

(3.23)

100R
+ / [W(Y, s,r+01) — (Y, s, r)]r_l dr
0

=11+ I>.
From the definition of v in (1.7), (2.18), and (1.3) we note that

(Y, s, 7)< ()3 /M /)d({()?,f)},ﬁ(Y,s,r’))2da(5{\',f) < co(M)é3.

Using this note and changing variables in the integral involving r — g1 of (3.23),
we get
100R

e
12 [ st s cansten [ ) ar
e

—01 o

100R
+/ (Y, s, 7)) dr!
100R—Q1

< c(M)53(01/0).
A similar estimate holds for |I3|. Putting these estimates in (3.23) we con-
clude (3.22). Next suppose A(Y,s,r) C A(X,t, R) and put f = h+k on A(Y,s,r)
where

1007
hZ,1)= / Z, ")) dr (Z,7) € A(Y, s, 7).
0
From the hypotheses in Theorem 2
/ hdo < ¢(M)||v||r"t < e(M)o3rmT.
A(Y,s,r)
Also if a = k(Y s), then from (3.22) with ¢ = 100r, we obtain
/ |k —a|do < c(M)§Zr™ 1,
A(Y,s,r)
Putting these two estimates together and using

|d—a(Y,S,T)|SU[A(KS,T)}_l/ |f —a(Y,s,r)|do
A(Y,s,r)

we get

/ \f—a(y,s,r)uaggf hda+2/ k- a| do
A(Y,s,r) A(Y,s,r) A(Y,s,r)

< ¢(M)&3rmHL.

Thus (3.21) is valid and the proof of Lemma 3.20 is complete. o
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Armed with Lemmas 3.13 and 3.20 we can now retrace our earlier work and
finally get Theorem 2. Indeed, from these lemmas we can choose F’ closed,

F' c{(Z,7) e A(X,t,2R) : f(Z,7) <62} NK,

where K is as in Lemma 3.13 with R replaced by 2R, so that for some ¢ > 1 and
0 < 3 < min{d,d’}, we have

(3.24) o(A(X,t,2R) \ F') < e71/(<2) gntl,

Again we assume that ey = (Xt R) and that P(X,t,R) = {(Y,s) € R"T! :
yo = —1001 R} . Arguing as in (2.9)—(2.11) we conclude the existence of Y: R" —
R with

(3.25) (y, s) — D(z,7)| < ea[ly — 2| + |s — 7]/2]

whenever (y, s), (z,7) € p(F'). Let Q;,{v;} be as (2.15), (2.17) with F replaced
by F’. We can extend ¢ to R™ as in either (2.17) or (2.19). Since the extension
in (2.17) is slightly simpler we use it and thus put

U(y,s), (y,s) € p(F'),
(326)  (y,s) = Z(@Z)(x’ th) 4+ ¢t 020;)vi(y, s) when (y,s) € R™ \ p(F").

AR
1EA

Observe for each (w(x( ), x! t’~) € F’ that there is a truncated parabolic cone

1?7/ 17 71
with vertex at this point whose interior is C (2 and which has height 4R, axis

parallel to eg, and angle opening %W — ¢do. Using this fact it is easily seen for c¢*
large enough that if

(3.27) Q= {(yo,y,s) e R"M 1 yg > w(y,s)} then QN Croor(X,t) C Q.
From the definition of F’ above (3.24) it follows as earlier that

(3.28) [W(y,s) — (2, 7)| < cba[|z =yl + |7 — s|'/?].

Also if T' = {(¢(2,7),2,7) : (2,7) € R"}, (y,5) € Q;, and

(Y,s) = (¥(y,s),y,s) € T N Croor(X, 1),
(Y',s) = (yo0,y,s) € A(X,t,100R)

then from (1.3), (3.28), and the definition of F’ we deduce

(3.29) Yo — (Y, 9)| < lyo — (1) + [y, s) — (a5, £)] < cd20i.
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Clearly (3.29) yields
(3.30) d({(Y.9)},09) +d{(Y",5)}.T) < cdso;.

Using (3.28), (3.30), we can now repeat the argument following (2.23) with
|||, 01 replaced by d2 and @ by 1 to conclude first as in (2.27) that

(3.31) I'[| < e(M)d3,

where 1/ is defined relative to ¢ and thereupon as in (2.36),

o [ (T 2 P

< c(M)o3o™ T,
From (3.32) we obtain by the same argument as in (2.37),
(3.33) D1 0|l < c(M)ds.

From (3.28) and (3.33) we see that (a) of Theorem 2 is valid with d3 = 6. (c), (d)
of Theorem 2 follow from (3.24), (3.30) with G = F’. (e) of this theorem is just
(3.27). To prove (b) of Theorem 2, observe that

p(0QN Cr(X,t)\9Q) C Cr(z,t) \ p(F")
and from (1.3), (3.24) that
(3.34) |Cr(z,t) \ p(F")| < o(A(X,t,2R) \ F') < e~/ (02) g+l

To get (3.34) we have also used the fact (once again) that Hausdorff measure does
not increase under a projection. From (2.24) we conclude that

o (AN CRr(X,1)\09Q) < / V1+|VY2dyds < e/ (€2 gntt,
Cr(x,t)\p(F")

The above inequality and (3.24) give (b) of Theorem 2. Thus Theorem 2 is true
when n > 1.

If n = 1 the only ‘planes’ allowed in (1.3) are lines parallel to the ¢ axis.
Using this fact it is easily shown for §y small enough that (1.3) implies 0Q =
{(¢(¢),t) : t € R} for some ¢ satisfying (1.1) with (z,t), (y,s) replaced by s, ¢
and by < ¢dp. From (2.30), (2.34) we see that (2.36) holds without the term in z;.
Using (2.36) and arguing as in the proof of (2.37) we get both Theorems 1 and 2

with € = Q. The proof of Theorems 1 and 2 are now complete. o
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Remark. In [KT] the ‘elliptic version’ of Theorem 2 is proved for Ahlfors
regular domains {2 which are Reifenberg flat and with locally small chord arc
constant, where now chord arc has a different meaning. To make comparisions
and simplify matters we give all definitions globally. More specifically suppose
Q C R™. Then 0Q is said to be Ahlfors regular if (1.5) holds with ¢ = surface
area or H"~! measure on 9. 9 separates R™ and is (§,00) Reifenberg flat if
(1.3) holds with § = d¢, only now all (n — 1)-planes are allowed in the definition.
Also if in addition to these assumptions,

(3.35) c[AX,r)]/(war™) <1468 for0<r<oo, X €94,

then 2 is said to be a (d,00) chord arc domain. Here w,, is the volume of the
unit ball in R"™!, X € 9Q, and A(X,r) ={Y € 0Q : |[Y —X| < r}. In
[KT] it is shown that a theorem analogous to Theorem 2 which we call “Semmes
theorem with small constants” holds for (J,00) chord arc domains provided § > 0
is sufficiently small. One can also define as in (1.7), v(Z,r), only now the infimum
is taken over all (n — 1)-planes and integration is with respect to surface area
on 0. v is defined relative to v as in (1.8) and ||v||, is as in (1.9) only with
balls replacing rectangles. Using the same argument as in Theorem 2 it follows
that this version of (1.9) with small constant implies “Semmes theorem with small
constants”. On the other hand it is obvious that “Semmes theorem with small
constants” (on all scales) implies that €2 is a (d,00) chord arc domain for some
small . Moreover it can be shown that “Semmes theorem with small constants”
implies (1.9) with ||v||, small. For a proof of this, see the argument at the end of
Section 7 in [HLN]. A proof in a more general situation is given in [DS1, Part IV,
Theorem 1.3]. Thus the ‘elliptic version’ of (1.9) with small constant, the chord arc
conditions in [KT], and “Semmes theorem with small constants” are all equivalent
in the sense that small constants in one implies small constants in the other. As
a consequence of this equivalence it is easily seen that the elliptic analogue of a
chord arc domain with vanishing constant as defined in Section 1 is equivalent to
the definition in [KT].

On the other hand the parabolic analogue of the global chord arc conditions
in [KT] is weaker than (1.9). In fact in [LS] it was shown for n = 1 that if w is
any non increasing function on (0, 00) with w(0) =0, w(27) < 2w(7), 7 > 0, and
w =1 for 7 > 1, then there exists ¥: R — R, satisfying

(3.36) [0(t) = ¢(s)| Sw(|t —s]), s,teR.

Moreover, if fol 77202 (1)dT = 00 and D = {(wo,t) : Top > (t)}, then it follows
first that || D! /o¥lx = oo and second that the Carleson norm in (1.9) calculated
relative to 0D is infinite. Let Q = {(x0,t) : o > 0¥ (t)} and suppose also that
w(t) < er'/?, for 7 > 0. Then (1.3) holds with §y replaced by ¢d as follows from
(3.36) and

o[A(zo, t,7)]/(2r*) =1
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which is (3.35) with 6 = 0 for our ¢ so that 2 is a parabolic analogue of a (4, c0)
chord arc domain in the sense of [KT]. Furthermore (1.9) is false for 9 since it
is false for 0D . Finally from the above equality and (2.4) it follows for n = 1 that
(1.9) with small constant implies the conditions in [KT] for a chord arc domain.
Thus (1.9) is stronger for n = 1 than the parabolic analogue of the chord arc
conditions in [KT]. To get n > 1 examples simply put Q = {(X,t) € R"™! : 2o >
Y(t)0(z)} where 6 € Cg°(R™!) with § =1 on {z :|z| < N}, N large and v is
as in any of the above examples. Finally

w(r) = T1/2 [log(l/T)]_l/2 for 0 <7 <e™?,
min{(e?/2)7,1} for 7 > e

is an example of an w which satisfies all of the above conditions.
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