Annales Academise Scientiarum Fennicee
Mathematica
Volumen 29, 2004, 139-150
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Abstract. Pointwise multipiers from weighted Bergman spaces and Hardy spaces to weighted
Bergman spaces are characterized by using Bloch type spaces, BMOA type spaces, weighted
Bergman spaces and tent spaces.

1. Introduction

Let D ={z:|z| < 1} be the unit disk in the complex plane, and let 0D =
{2z : |z] = 1} be the unit circle. Let H(D) be the space of all analytic functions on
the unit disk D. For 0 < p < 0o, let HP denote the Hardy space which contains
f € H(D) such that
1 2m )
Il = sup o= [ [f(re’”)[P df < oo.
0<r<l1 &7 Jo

For 0 <p<ooand —1 < a < oo, let LP** denote the weighted Lebesgue spaces
which contain measurable functions f on D such that

/]

o= [ 1SR d4a(z) < ox,
D

where dA,(z) = (1 — [2|%)*dA(z) = (1 — |2|*)*dxdy/m. We also denote by
Lp> = [P N H(D), the weighted Bergman space on D, with the same norm as
above. If o = 0, we simply write them as L? and LP, respectively.

Let g be an analytic function on D, let X and Y be two spaces of analytic
functions. We say that g is a pointwise multiplier from X into Y if gf € Y for
any f € X . The space of all pointwise multipliers from the space X into the space
Y will be denoted by M (X,Y"). In this paper we will give complete criteria of the
pointwise multipliers between two weighted Bergman spaces and between a Hardy
space and a weighted Bergman space. Let M, be the multiplication operator
defined by M,f = fg. A simple application of the closed graph theorem shows
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that g is a pointwise multiplier between two weighted Bergman spaces or between
a Hardy space and a weighted Bergman space if and only if M, is a bounded
operator between the same spaces.

Pointwise multipliers are closely related to Toeplitz operators and Hankel
operators. They have been studied by many authors. See [Ax1], [Ax2], [At], [F]
and [Vu] for a few examples. In [At], the pointwise multipliers between unweighted
Bergman spaces were characterized. In [F], the pointwise multipliers between the
Hardy space H? and the unweighted Bergman space L2 were characterized by
using the Carleson measure. Our results generalize their results.

In order to state our results, we need notation of various other function spaces.

First, for 0 < a < oo, we say an analytic function f on D is in the a-Bloch

space B¢, if

sup [ f/(2)[(1 — [2]*)* < oo.

zeD
As a« = 1, B' = B, the well-known Bloch space. As 0 < a < 1, the space
B® = Lip,_,,, the analytic Lipshitz space which contains analytic functions f on
D satisfying

f(2) = f(w)| < Clz —w]'™2,

for any z and w in D (see [D2]). If @ > 1, it is known that f € B® if and only if

sup | f(2)|(1 = [2[*)*7" < o0,
ze€D

or the antiderivative of f isin B*~!.

Next, we define a general family of function spaces. We will use a special
Mbobius transformation ¢,(z) = (a — 2)/(1 — az), which exchange 0 and a, and
has derivative ¢/ (2) = —(1 — |a|?)/(1 — @z)?. Let p, q and s be real numbers
such that 0 < p < 00, =2 < ¢ < oo and 0 < s < co. We say that an analytic
function f on D belongs to the space F(p,q,s), if

171 g, = 22 /D FEPA = 122)7(1 = pa(2)2])" dA(2) < ox.

The spaces F(p, q, s) were introduced in [Z2]. They contain, as special cases, many
classical function spaces. See [Z2] for the details. It was proved in [Z1] that, for
-1 <a< oo, F(p,pa — 2,8) = B* for any p > 0 and any s > 1 (see also [Z2,
Theorem 1.3]). When s = 1, we define BMOA type spaces as follows: BMOA} =
F(p,pa —2,1). Unlike the a-Bloch spaces, the spaces BMOAJ are different for
different values of p ([Z2, Theorem 6.5]). It is known that, BMOA} = BMOA,
the classical space of analytic functions of bounded mean oscillation.
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We also need a version of tent spaces. Let p be a Borel measure on D; we
say that an analytic function f is in the tent space T} (du) if

sz = | y (f ) \f(z)\q%)m de)l/p <0,

where I'(0) is the Stolz angle at 6, which is defined for real 6 as the convex hull
of the set {e®} U {z: |z| < \/1/2}. The tent spaces were introduced in [CMS].
The above version of tent spaces was introduced in [L4].

Our main results are the following two theorems.

Theorem 1. Let g be an analytic function on D, let —1 < o, 3 < oo and
let v = (6+2)/q—(a+2)/p.
(i) If0<p<g<oo and v >0 then M(LE* L9PF) = B1*7.
(i) f0<p<gqg<oo and v =0 then M(LP* LIP) = H>.
(iii) If 0 <p < g< oo, and v < 0 then M(LP*, L%P) = {0}.
(iv) If 0 < ¢ < p < 00, then M(LP~ L98) = L5° where 1/s = 1/q — 1/p and
0/s =P/q—afp.
Theorem 2. Let g be an analytic function on D, let —1 < 3 < oo and
=(6+2)/¢=1/p.
(1) If0<p<q<oo,and v>0, then M(HP, LP) = BH'V
(i) If0<p<q<oo,and v =0, then M(HP, L9°) =
(iii) If 0 < p < q< oo, and v <0, then M(HP, L% )—{O}
(iv) If 0 < g < p < oo, then M(HP,L%P) = TSq(dAg) where 1/s =1/q—1/p.
(v) If 0 < p =g < oo then M(HP,L%%) = BMOA, (A +1/7,
Remark. The results of Theorem 1 for the unweighted cases (i.e., a = 3 =0)
were obtained by Attele in [At]. Note that, when o = 5 = 0, the case (i) in
Theorem 1 will never happen since two restrictions about p and ¢ there contradict

to each other. However, if & and (3 are not zeros, then the case (i) in Theorem 1
may happen if o < (3.

2. Carleson type measures

Carleson type measures are the main tools of our investigation. Let X be
a space of analytic functions on D. Following the notations in [AFP], we say a
Borel measure du on D is an (X, q)-Carleson measure if

/ 17 duz) < ClLFIL
D

for any function f € X.
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Let I C 0D be an arc. Denote by |I| the normalized arc length of I so that
|0D| = 1. Let S(I) be the Carleson box defined by
SUI)={z:1—-|I| < |z| <1, z/|2| € I}.

There are many different versions of Carleson type theorems. Here we collect those
results we need later.

The first result is the classical result due to L. Carleson [C] for the case p = ¢
and P. Duren [D1] for the case p < ¢. A proof of the equivalence of (ii) and (iii)
can be found in [ASX].

Theorem A. For p a positive Borel measure on D and 0 < p < q < 00, the
following statements are equivalent:
(i) The measure p is an (HP,q)-Carleson measure.
(ii) There is a constant Cy > 0 such that, for any arc I C 0D,
n(S(1) < CylIje/?.
(iii) There is a constant Co > 0 such that, for every a € D,

/D 6L (2)[9/P du(z) < Co.

For the case 0 < ¢ < p < o0, the following result is due to 1. V. Videnskii
([Vi]) and D. Leucking ([L3]).

Theorem B. For u a positive Borel measure on D and 0 < ¢ < p < o0, the
following statements are equivalent:
(i) The measure p is an (HP?,q)-Carleson measure.
(ii) The function 6 — fr(e) du/(1 — |z|?) belongs to LP/(P=9)  where T'(f) is the
Stolz angle at 0.
For the weighted Bergman spaces L2 the following result was obtained by

several authors and can be found in [L1]. The equivalence of (ii) and (iii) is the
same as the equivalence of (ii) and (iii) in Theorem A.

Theorem C. For i a positive Borel measure on D, 0 < p < q < oo, and
—1 < a < o0, the following statements are equivalent:

(i) The measure p is an (LP®,q)-Carleson measure.
(ii) There is a constant C7 > 0 such that, for any arc I C 0D,

,u(S(I)) < Cl|]|(2+a)q/p_
iili) There is a constant C'y > 0 such that, for every a € D
(iii) : y ,

/ [P (2)|FHOVP dp(z) < Co.
D

We denote by D(z) = D(z, ) = {w: |¢.(w)| < 3}. For the case 0 < ¢ <
p < oo, the following result is due to D. Luecking ([L2] and [L4]), for the case
a=0. For —1 < a < 0o, the result can be similarly proved as in [L4].
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Theorem D. For i a positive Borel measure on D, 0 < ¢ < p < oo and
—1 < a < o0, the following statements are equivalent:

(i) The measure p is an (L2®, q)-Carleson measure.
(i) The function z — p(D(2))(1 — |z|*)"2~> € Lr/(P=D,

3. Proofs of the theorems

In order to give a unified proof of (i), (ii) and (iii) of Theorem 1, we first give
a simple integral criterion for H*® which seems not to be seen in literature.

Lemma 1. Let p > 0 and let f € H(D). Then the following conditions are
equivalent:
(i) feH>.
(ii) {f o pa} is a bounded subset of LP* for some a > —1.
(iii) {f o pa} is a bounded subset of LP* for all o > —1.
(iv) supuep [p 1F(2)P(1—12])72(1 = |pa(2)|?)” dA(z) < 0o for some s > 1.
(V) sWpuep [ |F(2)P(L = [2])72(1 = |pa(2)]?)" dA(z) < oo for all s > 1.

Proof. Let f € H*. Then

sup/ | o @a(2)[P(1 = [2))* dA(2) < || f [ /D(l — |21*)* dA(2) < o0

aeD JD

for any o > —1. Thus (i) implies (iii). It is trivial that (iii) implies (ii).
Let {f o ¢4} be a bounded subset of LP:* for a > —1. If a > 0, we fix an
€ (0,1). By subharmonicity of |f o p4|P, we get

@ =15oeF < 5 [ Iosuraa
" Jp(o,r)
(1) 1 2
< BT g, 0PI 2 44,

Thus
sup (@) < e(r Sup/\fosoa JP(1 — |2?)° dA(z) < oo,

aceD aeD

So f € H*. For the case —1 < a < 0, we notice that
/D o pa(2)lP dA(2) < /D o pa(2)P(1 - |22)* dA(2).

Thus this reduces the problem to the case o = 0. Thus (ii) implies (i).
If we change the variable ¢,(z) by w and let s = o+ 2, then it is easy to see
that (iv) is equivalent to (ii), and (v) is equivalent to (iii). The proof is complete. o
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Replacing f by f’, we immediately have an integral criterion for the space
B ={fe H(D), f' € H*®}.
Lemma 2. Let p > 0 and let f € H(D). Then the following conditions are
equivalent:
(i) f e B°.
(ii) {f' oa} is a bounded subset of LY for some a > —1.
(iii) {f' o pa} is a bounded subset of L% for all > —1.
(iv) f € F(p,—2,s) for some s > 1.
(v) feF(p,—2,s) forall s> 1.
We also need the following lemma.

Lemma 3. Let 0 <p < o0, g< —2 and s >0. Let f € H(D). If

(2) sup /D [F(2)P(L = [2)? (1~ [pa(2)]?) dA(2) < o0,

a€D
then f=0.
Proof. Let 0 <p <00, ¢ < —2and s > 0. Let f € H(D) and satisfy (2). Fix

r € (0,1). Similarly as in the proof of Lemma 1, by subharmonicity of |f o ¢4|?,
we get

r

F@P = 1f o palO)f < = / 1F 0 galw)|? dA(w)
D(0,r)

1 /
= o ()P (2)* dA(2)

16
< SR e, MO 4AC)

where D(a,7) = {z : |pa(2)] < r}. It is known that, for z € D(a,r), 1 — |2|* ~
1 —|al? (see [Zhu, p. 61]). Thus

16C

[f(@)[P(1 —[a]*)" < — /D( ) [f(2)P(1 = [2*) dA(2)

< 16C
—r2(l—r2?)s

Thus, if (2) holds then

sup | f(a)|(1 — |a)"* < M < oo,

a€D
where M is an absolute constant. Thus |f(a)| < M(1—|a|?)~7 2. When ¢ < -2,
—q —2 > 0. Letting |a| — 1 we see that lim,_;|f(a)] = 0. By the maximal
principle, we get that f(z) =0 for any z € D. o

r2

/D( ) ‘f(z)‘p(l — ‘z‘Q)q(l _ |90a(2)‘2)8 dA(z),

Now we are ready to prove Theorem 1.
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Proof of Theorem 1. By definition, an analytic function g € M (LP-*, L3P if
and only if, for any f € LP*,

(3) /D F(2)9(2)]7 dAs(2) < C ]9

Let dpg(z) = |g(2)|?dAp(z). Then (3) means that du, is an (LE*,q)-Carleson
measure.

Now we will prove (i), (ii) and (iii) at the same time. By Theorem C, if
0<p<gqg< oo, (3)is equivalent to the fact that

sup / 1 (2)| /P dp (2) < oo,
a€D JD

which is the same as

(4)  sup /D ()91 — 22)7~ P (1 |, (2)[2) FFDYP 44(2) < oo

aceD

Notice that, as ¢ > p, (2+ «)gq/p > 1. Let G be an antiderivative of g.

If (8+2)/q— (a+2)/p>0,then 38— (2+ a)g/p > —2. By Theorem 1
of [Z1] (see also Theorem 1.3 of [Z2]), (4) means G € B~(Ctela/p+2)/a —
BB+2)/a=(a+2)/p wwhich is equivalent to the fact that ¢ = G’ € B+ (B+2)/a—(a+2)/p,
Thus (i) is proved.

If (+2)/q—(ae+2)/p=0 then g — (a+2)q/p=—2. By Lemma 1, (4) is
equivalent to that g € H*, which proves (ii).

If (B+2)/q— (a+2)/p<0,then §— (a+2)q/p < —2. By Lemma 3, (4)
implies g = 0, which proves (iii).

For proving (iv), we use Theorem D. Let 0 < ¢ < p < co. By Theorem D,
(3) is equivalent to the fact that

[ s (D)1 = 127277 a4, (2) < o,

where du, is given above. Thus

® [ (G [ » |g<w>|QdA5<w>)p/(p_Q)dAa<z><oo.

By subharmonicity of |g|?, it is easy to see that (see the proof of Lemma 3 above),

9(2)|7(1 - |22 < C |g(w)|* dAg(w).
D(z,1/4)
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Thus (5) implies that

/D(|g(z)|q(1 _ |Z|2)[3—a)p/(p—q) dAu ()

(6)
_ / |g(2)|pq/(p—q)(1 _ |Z|2)(,6’p—ozq)/(p—q) dA(z) < 0.
D

Let 1/s = 1/qg—1/p and /s = B/q — a/p. Then s = pq/(p — q) and § =
(Bp — aq)/(p — q). Thus (6) means g € L3°

Conversely, if g € Lj’5, then an easy application of Holder’s inequality shows
that g € M(LP, L98). The proof is complete. o

We need some preliminary results for proving Theorem 2(v).

Proposition 1. Let f € H(D) and let 0 < p < co. Then f € LP® if and
only if f((2)(1 — |2|*)™ € LP*, and || f||p.o is comparable to

Z FEO)]+ 17 (=) (L — =)

p,ce

For the case 1 < p < oo, a proof is given in [HKZ, pp. 12-13]. When
0 < p < 1, the unweighted case (o = 0) was proved by J. Shi in [S, Theorem 3]
(in fact, Shi’s proof was given for the unit ball of C™). The proof of the weighted
case is similar to that in [S]. We sketch the proof here for completion.

Denote by T, f(z) = f™(2)(1 — |z|?)" and

27 )
MY ) =5 [ 1) .

We need the following lemma.

Lemma 4. Let f € H(D) and 0 < p < co. Then, for any integer n >0,
() if T,,f € LP* then fo ME(r, T f) dr < K| To fIIB o
1ff0 P(r, T, f)(1 —r?)*dr < oo then T, f € L"* and

1
2\«
ITuf 00 < K / M2(r, T f)(1 — ) dr.

The proof is the same as the proof of Lemma 9 in [S], and so is omitted here.



Pointwise multipliers 147

Proof of Proposition 1. Let T, f(z) = f(™(2)(1—|z|>)*. Let f € L?®. Then
by [S, Theorem 1] and Lemma 4,

1 1
2\« n 2\n o
1T fIIE. gK/O ME(r, T f)(1 —12) dr:K/O M;;(r,f< N(1 = r2yrete g

1
<K / ME(r, f)(1 = 12)* dr < K| ]2,
0

This proved that T, f € LP* and || T, f|lp,a < K||fllp,a- On the other hand, by
Proposition 1.1 in [HKZ, p. 2], we see that

F0)] < K| fllp,a-
Thus

Zlf(’“) N+ N fllp,a < KIIf

b,

Conversely, let T, f € LP®. Then by [S, Theorem 2] and Lemma 4, we get

||f||pa_K/ ME(r, T, f)(1 — 12)* dr
< K(Z |f<“>(o)|p+/0 MP(r, T, f)(1 —r2)°‘dr)
(ZW P+ 1T 1 ).

which implies that

/]

pa < K(Z F9 )] + 1 Tus]

)

Proposition 2. Let f € H(D). Let 0 <p < oo, —2< g<oo and n € N.
Then f € F(p,q,1) if and only if

sup / PO ()P — [22)IPH (1 — (o, (2)]?) dA(2) < 0o

aeD
Remark. Since BMOAJ = F(p,pa — 2,1), Proposition 2 says that, for
0<p<ooand 0 <a<oo, fe BMOA} if and only if

sup / PO ()P — |22) 1022 (1 — |, (2)[2) dA(2) < oo

aeD JD

The proof is complete. o

Using Proposition 1, the proof of Proposition 2 is exactly the same as the
proof of Theorem 4.2.1 in [R], and so is omitted here. Note that, however, the
proof cannot go through for the general space F(p,q,s) when 0 < s < 1 and
0 <p <1, even with Proposition 1.
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Proof of Theorem 2. We will prove (i), (ii), (iii) and (v) at the same time,
by using Theorem A. The proof is similar to the proof of Theorem 1. Let g €
M (HP, L%P). This means, for any f € HP,

(7) / F(2)9(2)]7 dAs(2) < O 1|%-

Let dug(z) = |g(2)|?dAg(2). Then (7) says that p, is an (H?, q)-Carleson mea-
sure. If 0 < p < ¢ < oo, by Theorem A, this is equivalent to the fact that

sup [ LI duy(2) < oc

a€eD JD

which is the same as

®) sup [ 1g(2)1701 = 1o (1= () )" 4A:) < oo,

aeD

If ¢ > p then ¢/p > 1. Let G be an antiderivative of g. By Theorem 1 of [Z1], if
(B+2)/q—1/p >0, then 8 —q/p > —2 and so (8) means G € BF~4/P+2)/a —
B(6+2)/a=1/p which is equivalent to the fact that ¢ = G’ € B'T(#+2)/a=1/p  Thus
(i) is proved.

If (6+2)/q—1/p=0 then 8—¢q/p=—2. By Lemma 1, (8) is equivalent to
that g € H>, which proves (ii).

If (B+2)/q—1/p<0,then §—q/p< —2, by Lemma 3, (8) implies g =0,
which proves (iii).

If ¢ = p, then (8) is the same as

(9) sup / 9P~ 12251 (1~ |pa(2)]?) dA(2) < o0

aeD

Applying Proposition 2 to the antiderivative G of ¢ with n=2 and ¢=0—-1 >
—2, we see that (9) is equivalent to

sup / 9 ()P = |22)7 21 (1 = |ga(2)[2) dA(2) < oo

a€D JD

Thus, g € F(p,p+ B —1,1) = F(p,p(1 + (8 + 1)/p) — 2,1) = BMOA, T(#+1/7,
This proves (v).

For proving (iv), we use Theorem B. By Theorem B, the fact that 4 is an
(HP, q)-Carleson measure is equivalent to that the function

dpg(2)

0 —
r) 1 — [2]2
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belongs to LP/(P=9) where T'() is the Stolz angle at 6, and dy,, is given above.

Thus
27 p/(p—q)
dpg(2)
/ (/ -2 FE df < oo,
0 NG

/2” ( / |g<z>|quﬁ<z>>”/“"q> e s
0 () 1 —|2? ’

which means g € T3(dAg), where 1/s =1/q—1/p. Thus (iv) holds and the proof
is completed. o

or
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