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Abstract. We study the behavior of a K -quasiregular mapping near points where its local
modulus of continuity has order 1/K. We prove that the mapping is spherically analytic at such
points and is asymptotically a rotation on circles. This result is used to prove sharp distortion
estimates, including a version of Schwarz’s lemma.

1. Introduction

We consider a K -quasiregular mapping f: 2 — C, where () is a domain
in C. Recall that f € W 2(Q;R?) is K-quasiregular if |[Df(2)|? < KJ;(2)

for a.e. z € Q. Here |Df(z)| is the operator norm of the 2 x 2 differential
matrix Df(z) and J¢(z) = det Df(2). It is well known that f is locally Holder
continuous with exponent 1/K [1]. Consequently, for zy € 2 and small § > 0 the

local modulus of continuity
wr(z0,0) = max{|£(2) — F(z0)| : 2 € Y, |2 — 20| < 3}

is majorized by ASY¥ for some A > 0. A number of sharper upper bounds have
been established for w¢(zo,6), see [2], [17] and references therein. The upper limit

) wr(zg,0
wy(z0) = lixn sup %

is always finite, but can be strictly positive. An example is provided by the radial
stretch map fx(z) = |2|"/K~12z, for which wy, (0) = 1.

The purpose of this paper is to study the behavior of f near points where
wy > 0, which are called points of mazimal stretch. Unless K = 1, the mapping
f is not differentiable at a point of maximal stretch; nevertheless, Theorem 2.1
shows that it behaves in a rather regular way near it. In particular, for every

zp € Q
o 1)~ f0)

z—z0 |z — zo|V/ K

= wy (o)
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(which is trivially true when w¢(29) = 0). Recall that the linear distortion function

of f

H¢(zp) = limsup sup

r—0 21,22

{|f(21) — f(20)]
|f(22) — f(20)]

:\zl—zo\zr:]@—zo\}

is bounded by a constant depending on K and the degree of f at zg [14, Theo-
rem 4.5]. Theorem 2.1 implies that Hy(z9) = 1 whenever ws(z9) > 0. In the
present paper a common course of reasoning “small distortion = small modulus
of continuity” is reversed in an unusual way: “large modulus of continuity —-
small distortion”.

In Section 3 we give sharp estimates of the distance between images of two
points of maximal stretch. For f a K-quasiregular mapping of the unit disk to
itself, Theorem 3.3 gives a sharp upper bound for |f(z)| in terms of |z|, wf(0),
and wys(z). In contrast to the classical Hersch-Pfluger distortion theorem [11,
p. 64], the bound in Theorem 3.3 has a simple closed form.

2. Local behavior at a point of maximal stretch

Our first result describes the behavior of a K -quasiregular mapping f near
a point zp with ws(z9) > 0. Recall that
wi(z0) = limsup|f(2) — f(20)l/|2 = zo| /.

z—20

Theorem 2.1. Let f: ) — C be a K -quasiregular mapping, zo € ().
If wg(z0) > 0, then f is injective in a neighborhood of z, and there exists a
continuous function 0: (0,1) — R such that

f(z) = f(#0)

|z — 20|V E-1(2 — 2

(2.1) lim { = wf(zo)eW'Z—zO')} = 0.

z—20

According to Theorem 2.1, f is spherically analytic [8], [9] and is asymptot-
ically a rotation on circles [3], [4] at any point of maximal stretch. The proof of
Theorem 2.1 is a combination of estimates of conformal capacity and recent results
of M. Brakalova and J. A. Jenkins [4]. First, we define the conformal capacity of
a compact set E with respect to domain €2 D F as follows.

cap(Q), F) = inf{/ IVu(2)[?dL?(2) :u € C° () and u > 1 on E},
Q

where .#? is the two-dimensional Lebesgue measure. When FE is connected,
cap(Q), F) is equal to the reciprocal of the module of ring domain Q \ E (see,

e.g. [16]).
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Proof of Theorem 2.1. Without loss of generality we may assume that zy =
f(z0) = 0. The mapping f admits the Stoilow factorization f = 1) o h, where
h is K-quasiconformal and 1 is a holomorphic function [11, p. 247]. Now if ¢’
vanishes at h(0), then as z — 0 we have W(h(z))} = O(|h(2)]?) = O(|z|*/¥),
hence wy(0) = 0, a contradiction. Thus ¢’(h(0)) # 0, which implies that f is
homeomorphic in a neighborhood of 0. We may assume that such a neighborhood
contains D. Here and in the sequel D(a,r) = {z: |z —a| <}, D(r) = D(0,r),
and D =D(0,1).

Let Q' denote the image of D under f. Then ' C D(R) for some R,
because f is continuous in D. Choose a sequence r; — 0 such that w¢(0,7;) >
p; = %wf(O)r]l-/K for every j. The set F; = f(D(r;)) is connected and meets
both 0 and 0D(0, p;). By results in [1, Chapter III] we have

2
= Tog(4R/p;)
_2rK  2nK?log(8R/wy(0)) +0< 1 )
log(1/7;) (log(l/'r*j))2 (log(l/'r*))2

cap(€Y', Fj) > cap(D(R), F)

Therefore,

- 2K B c
(2.2) cap(Q 7FJ) > 1Og(1/7“j> (log(l/?”j))?

where C' does not depend on j.

Now we fix j and obtain an upper bound for cap({Y, Fj) as follows. Let
g: ' — D be the inverse of f and define u(w) = (log|g(w)])/logr; for w € Q.
Note that u is Holder continuous in Q'\ F}, min{u, 1} € Wy"*(Q'), and up, > 1.
Therefore,

cap(@,Fy) < [ |Vu(w) d2(w)
(2.3) YA

= (log(1/r)) " /Q/\Fl’Vlog|g(w)|’2dc§,”2(w).

The integrand can be expressed in terms of differential operators 0 = 0/0z and
0 = 0/0z (at almost every point of Q' \ Fj).

_ s, g\ |?
|Viog|g||* = 4[0log |g||” = |0log g + Dlog > = ’;g + (f)' .

Now if w = f(z), an easy calculation yields dg(w) = df(z)Js(2)"" and dg(w) =
—df(2)J¢(2)~!. Changing the variable of integration and introducing the notation
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pw=0f/0f and ¢ = arg z, we obtain

L [eslsifazzw = [ 3: —Ché)

) 0£(2) = e 29OF L s o
_A¥mm)ﬁﬁ(ﬂ2 Grep o

1 —e*u(z)]*, -
:/ B a gt e).
D\D(r;) |1(2)]

Jt(2) dL3(2)

Combining this with (2.2) and (2.3) yields

1 —e2u(2)]? 2
z|7*d L4 (z2) > 2r K log(1/r;) — C,
foigey T (1/r3)

which is equivalent to

__—2ip 2
D\D(r,) 1 —[u(z)]

Since the integrand is non-negative, we conclude that

1— —2ip
(2.4) / ‘ L—e (/;(’2) “2dL%(2) < 0.
Furthermore, we have an estimate
1 —2ip 2 1
o< LEeuEl 1
1 —[u(z)| K
LAl P—eepz)? 1
1—[u(z)|? 1— (=) K
1 2 K2 1 1— —2ip 2
:(2+|@m_ +)+(K_| e u@|)
1 —[u(z)| K 1 —[u(z)|

_—2ip 2
< K- [1—e u(§)|
1—|u(z)|

where the last inequality follows from |u(z)| < (K —1)/(K +1). Therefore, (2.4)
implies

1+ e u(z))?

—2 102
BT |z|*dZL*(2) < o0

(2.5) /D‘K‘l -
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By (2.4) and (2.5) the mapping f satisfies the conditions of [4, Theorem 1],
which says that there exists A > 0 such that |f(z)|/|z|"/% — A as z — 0. Thus
f is spherically analytic at 0. It is easy to see that the constant A must be equal
to wy(0). Moreover, by [4, Lemma 3] the mapping f is asymptotically a rotation
on circles, that is,

li_r)% (arg f(re??) — arg f(re”) — (2 — 61)) =0

uniformly in 61,60, € R. For r € (0,1) define 6(r) = arg f(r), where the argument
is chosen so that 6 is continuous. It remains to observe that (2.1) holds with this
choice of 0. o

Corollary 2.1. Let f: Q — C be a K -quasiconformal mapping. Suppose
that liminf, .. |f(2) — f(20)|/|2z — 20| < oo for some zy € Q. Then there exist
a constant A and a continuous function 0: (0,1) — R such that

lim { f(Z) — f(Zo) _ A610(|z—z0|)} —0.

z—z0 | |2 — 20|51z — 20)

Proof. Apply Theorem 2.1 to f~!. o

Even though the statement of Corollary 2.1 almost mirrors that of Theo-
rem 2.1, the similarity is not complete. Corollary 2.1 does not apply to general
K -quasiregular mappings, as follows from considering the mapping f(z) = 22 at
20 — 0.

Since 1-quasiregular mappings are holomorphic, for K = 1 the conclusion of
Theorem 2.1 can be strengthened as follows:

L F() = £ (=)

z—zo zZ— 2

= f'(20)
exists. One might ask if the same is true for K > 1. The answer is given by the
following theorem.

Theorem 2.2. For any K > 1 there exists a K -quasiconformal mapping
f: C — C such that the assumptions of Theorem 2.1 are satisfied, but the limit

@) = ()

2—20 |z — 29|V E-1(z — z)

does not exist.
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Proof. Let v: (0,1] — (0, 1] be an increasing continuous function such that

(2.6) /01 ~(r) dr =00 and /01 v(r)? g < 0.

r

For instance, v(r) = (log(e + 1/7“))_1 would work. Fix K > 1 and let k =
(K—1)/(K+1). Let f: C — C be the normal solution [1, p. 91] of the Beltrami
equation 0f = pdf, where

—ke!@ety(m) <1
0, r> 1.

plre'?) = {

Then

2k(1 — cosy(r))
1—k?

dr

r

ol

d.L? !
ZQ(Z)ZQW/
|2] 0
stk (1., dr
—1_k2/051n(’y(r))7<oo,

so (2.4) holds. It follows that f satisfies the assumptions of Theorem 2.1 with
20 — 0.

Since e~ 2% p(re’?) does not depend on ¢, it follows from the uniqueness
of normal solutions that f is a rotation on circles. That is, there exist con-
tinuous functions g: [0,00) — [0,00) and §: (0,00) — R such that f(re'?) =
g(r)ei(w"s(r)). Actually, g and ¢ are absolutely continuous on every compact
subinterval of (0,00), which can be seen as follows. Fix rg > 0 and choose ¢ so
that 0 <& <rg and |6(r) —§(rg)| < 37 whenever |r —ro| < . Now consider the

mapping

D=

h(z + iy) =log f(e"t") =log g(e”) +i(y + 6(e"))

defined on the rectangle
R={(z,y) :log(ro — €) < x < log(ro + ), |y| < 7}

Since h is a quasiconformal mapping, it is absolutely continuous on almost every
horizontal segment lying in R [11, p. 162]. Thus log g(e”*) and d(e®) are absolutely
continuous in a neighborhood of logry, which implies the absolute continuity of
g and ¢ in a neighborhood of rq.

It remains to prove that 6(r) does not have a finite limit as | 0. For almost
every r € (0,1) we can compute df and Of to find that

p(re'?) = % g'(r) —g(r)/r+ig(r)d'(r)
g'(r) +g(r)/r+ig(r)d'(r)’
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Rearranging the terms, obtain
ey _ L= (g0 /gr) + i (1))
L+ (rg'(r)/g(r) +ird’(r))

Therefore,
rg'(r) ird(r) = 1-— k’e%’y(” _1- k2 — Zi.k’ siny(r)
g(r) 1+ ket (r) |1+ ke(1)|2
Comparing the imaginary parts, we conclude that
() = 2k sin~y(r) < 2k sin’y(r).

ol keM2 T (14 k)2
By (2.6) the right-hand side is not integrable, so lim, o d(r) = +o0. o

3. Distortion of distance between points of maximal stretch

The main tool used in the present section is the generalized reduced module of
a domain 2 C C which was introduced in a series of papers by V.N. Dubinin [5],
[6]. Besides 2 itself, the module depends on parameters Z = (z1,...,2,), A =
(61,...,0,), and ¥ = (¢1,...,1,). Here Z is an n-tuple of distinct points in €2,
d; € R\ {0}, and %;: [0,00) — [0,00) is a function of the form ;(r) = p;r"s
with p;,v; > 0 for each j.

The conformal capacity of €2 with respect to Z, A, ¥, and r > 0 is defined
as follows.

capC(r;Q, Z, A, V) = inf{/ |Vu(2)[?dL?(2) : u € C(Q),
Q

u =4 on ﬁ(2j7¢j<r))}‘

Let v = (E?Zl 632. Jv;) ! The generalized reduced module of (2, Z, A, ¥) is equal
to

—1 v
M(Q,Z, A, ¥) =1 Q2 AU —1
( 3 Ly 2y ) :ﬁ)l{(capC(T, NV /AW )) +27T Og’f’},

provided that the limit exists. It is evident from the definition that M (2, Z, A, ¥)
is monotone with respect to (2.

Before stating the basic result concerning the generalized reduced module we
need a few definitions. Given a domain 2 C C, its Green’s function gg: 2 x 2 —
(0, +0o0] is determined by the conditions that gq(-,() is harmonic in Q\ {(},
vanishes at the regular boundary points of 9€), and

g9a(z,¢) = —log|z = (| + (€, ¢) +o(1)  as z— (.
The number ~(£2,() is called the Robin constant of 2 at (. The domain 2 is
called Greenian if gq exists, or, equivalently, if its complement contains a compact
set of positive logarithmic capacity [15]. We will use the following theorem, which
is a combination of results found in [6], [7].
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Theorem 3.1 ([6], [7]). If Q is a Greenian domain, then

12 (o= 07 80,
1) @289 = 250002 ~togn) + Y Pgn(zy 20 ).
j=1 13 j#k Vit

If Q is not Greenian and Z@_ d;/v; =0, then

v 52
(32)  M(Q.Z.A0) = QW{Z 5 logi + 5 8% gl -z .
j= izl VY
Since M (2, Z, A, ¥) is defined in terms of conformal capacity, it is not sur-
prising that it exhibits a similar quasiinvariance property. The special case n =1

of the following proposition appeared in [13].

Proposition 3.1. Let f: Q2 — C be a K -quasiregular mapping and suppose
that z1,...,2, € §0 are points of maximal stretch. Let A, VU, and v be as above.
For 1 <j <n let w; = f(z;) and ¥;(r) = wy(z;)1;(r)/¥. Suppose that either
(i) f is quasiconformal, or (ii) wy,...,w, are distinct and d1,...,d, are of the
same sign. Then

(3.3) M(f(Q),W,A,¥) > K~*M(Q, Z,A, ).
Proof. It follows from Theorem 2.1 that for small » > 0

D (wj, (1+0(1))%;(r)) € F(D(25,95(r))) € D(wy, (1+0(1))d;(r)).
If f is quasiconformal, these inclusions together with [6, Lemma 1] and quasiin-
variance of capacity imply

(3.4) (Cap C’(r; f(Q), W, A, \Tl))_l > (K capC(r;Q, Z, A, \I/)) + o(1).

Adding (v/27K)logr to both sides and passing to the limit = | 0, we obtain (3.3).

Now suppose that the assumption (ii) holds. Without loss of generality
we may assume that di,...,0, are positive. If 6; = 1 for every j, then the
inequality (3.4) follows from [14, Theorem 7.1] and [6, Lemma 1]; the rest of
the proof is as above. In the general case let 67 = 1, ¥j(r) = ¥ (rt/%) and

v = (30, 6;/v;) " (recall that ;(r) = ;7). Then
2
M9, 2, A%, 0)

—1

M(Q,Z,A,0) =

K2
<
- (v)?
= KM(f(Q),W,A, ).

Here the first step is based on Theorem 3.1; the inequality for reduced modules is
true because 07 = 1 for every j; and in the last step we have used the fact that

M(f(Q), W, A%, %)

transformations ¢ — ¥* and ¥ — f& commute. o
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With an appropriate choice of Z, A and ¥, Theorem 3.1 and Proposition 3.1
yield sharp distortion estimates for quasiregular mappings. Our first result is that
the points of maximal stretch are mapped as far from each other as the Holder
continuity allows.

Theorem 3.2. Let f: Q2 — C be a K -quasiconformal mapping. For any
domain Q € Q) there exists a constant C' = C(2,€21) such that

(3.5) f(21) = f(22)] > CyJwy(z1)wy(22) |21 — 22|/

for any z1,2z9 € 1. When Q = C one can take C' = 1, and this value is best
possible for every K > 1.

Proof. Assume that wy(21),ws(22) > 0 and 21 # 22; otherwise the statement
is trivial. Set parameters Z = (z1,22), A = (1, —=1), ¢¥1(r) = r = ¢a(r), W =
(f(21), f(22)), ¥1(r) = wy(21)r/ 5, and o(r) = wy(z2)r'/* . By Proposition 3.1
and monotonicity of the generalized reduced modulus we have

(3.6) M(C, W, A, %) > M(f(Q),W,A,0) > K~'M(Q,Z,A, ).

If C\ is not Greenian, one can plug (3.2) into the inequality (3.6) to obtain (3.5)
with C'=1.

Now suppose that G is Greenian. Consider the regular part of Green’s func-
tion hQI QxQ— R, defined by hQ(Cl,Cg) = gQ(Cl,CZ) + lOg‘Cl — C2| if Cl 7é CQ,
and hq(C1,C¢1) = v(Q, () otherwise. Since hgq is continuous, the function |hg|
attains a finite maximum H on the compact set ; x Q;. By (3.1) we have for
any zi, 22 € {1

1
M(Q,Z,A,¥,) = 87{7(9»21) +7(Q, z2) — 2g90a(z1, 22) }
1
> 8—7T{210g|z1 — 23] —4H}.

This inequality together with (3.6) and (3.2) yields (3.5) with C' = e 2H |

It remains to show that the constant C' in (3.5) cannot be greater than 1.
Fix K > 1 and introduce functions hy(z) = z/(1 — 2), ho(z) = |2|"/K~12, and
hs(z) = z/(1 4+ z), which are understood as bijective self-maps of the Riemann
sphere C. The composition h = hgohgoh, is a K -quasiconformal automorphism
of C. Straightforward computations show that h(0) =0, k(1) =1, and wp(0) =
1 = wp(1). Thus the value C =1 is best possible in the case 2 =C. o

Theorem 3.2 is not valid for K -quasiregular mappings, even when K = 1.
Indeed, for a holomorphic function f every point z with f’(z) # 0 is a point of
maximal stretch. Obviously, two non-critical points of f may be mapped by f
into the same point.
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Next we consider a quasiregular mapping f: D — D that has at least two
points of maximal stretch. By composing f with appropriate Mébius transforma-
tions, we may assume that 0 is both a fixed point and a point of maximal stretch
for f. Note that under these assumptions ws(0) < 411K " as follows from the
Hersch—Pfluger distortion theorem and calculations in [11, p. 65].

Theorem 3.3. Let f: D — D be a K -quasiregular mapping such that
f(0) =0. Then for any z € D

(3.7) ] < (L+wp(0)ws(2)]2] 725 (1 = [o)/5)
For any K > 1 and any z € D there exists a K -quasiconformal mapping f for
which equality is attained in (3.7).

Proof. Assume that f(z) # 0, ws(0) > 0, and wy(2z) > 0; otherwise there is
nothing to prove. Let Z = (0,2), A = (1,1), ¥1(r) =r =1(r), W = (O,f(z)),
P1(r) = wp(0)r /5 and hy(r) = wy(2)r'/%. By Proposition 3.1 and the mono-
tonicity of M we have M (D, W, A, ¥) > K~'M(D, Z, A, ¥). Using (3.1) and the
identities v(D, z) = log(1 — |2|?) and gp(z,0) = —log|z|, obtain

1—f(z)P 1 1 2 1
et + 2R > T o8 ) + 2l
This inequality readily implies (3.7).

To prove that (3.7) is sharp, fix zp € (0,1). There is t € (0,1) such that
2o = 2t/(1 + t?). The holomorphic function hi(z) = (2% — t?)/(1 — t22?) maps
the half-disk D N {Rez > 0} conformally onto D \ (=1, —t?). Composing hy
with the radial stretch map fx(z) = |2/"/%~'z and an appropriate branch of
ho(2) = /(2 + t2/K) /(1 + 12/K %) | we find that hyo fxohy is a K -quasiconformal
automorphism of D N {Rez > 0} which maps D N {Rez = 0} onto itself. It can
be extended by reflection to a K -quasiconformal map F;: D — D. Note that
Fy(£t) = +t'/% Finally, let F = hgo F} ohq, where ho(z) = (z—1t)/(1 —tz) and
ha(z) = (z +tYE) /(1 + /K 2).

We have F(0) =0 and F(z) = 2t'/% /(1 4 t*/K). Furthermore,

2 )1/K1—|—t2/K

—1/2

or (0) = (0 (-0 om0/ = (125)

2(1 + t2) /K (1— tQ/K)Q
_ 1/K 1/K\| _
or(z0) = Wy Ga b O om0 = () Ik
Hence
1_|Z0|2 1/K_ 4 1/K(1—t2/K)2 (1—t2)2 1/K
1+wp(0)wp(zo)<7|20|2 =1+ 1) 7 g
B (1 —t2/K)2 ¢! + 2/K)2
4t2/K 42/K
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as required. o

4. Concluding remarks

One can generalize some of the above results by taking into account the local
degree of a mapping. For example, let f be a K -quasiregular mapping of degree
m at a point z. If limsup;_,, 5_m/wa(z, d) > 0, then f is spherically analytic
at z, as follows from Theorem 2.1 and the Stoilow factorization. The following
problems indicate other possible directions for further research.

Problem 4.1. Extend Theorem 2.1 to dimension n > 3.

It is clear that in higher-dimensional setting the definition of wf(z) and the
statement of Theorem 2.1 will have to be modified. In particular, the constant K
should be replaced with K }/ (n=1) , where K7 is the inner distortion of f. See [10]
for comparison of different distortion functions.

It is known [12] that the linear distortion H¢(z) of a K -quasiconformal map-
ping in the plane is bounded by K whenever D f(z) exists and |Df(z)| > 0. By
Theorem 2.1 we have Hf(z) = 1 at the points where limsup;_, 6~/ K w;(2,48) > 0.
It may be possible to interpolate between the two estimates as follows.

Problem 4.2. Prove that for any « € [1/K,1] and any planar K -quasiregu-
lar mapping f the condition limsups_,o 0~ “wy(z,d) > 0 implies H¢(z) < oK .

As an example, consider hq(z) = |2|*" 1z and ha(x +iy) = aKx +iy. The
mapping f = hy o hy satisfies the above conditions at the origin, where its linear
distortion is Hf(0) = aK . There could be a higher-dimensional analogue of Prob-
lem 4.2, but the situation is complicated by the fact that despite recent progress
(e.g. [9]), the local topological behavior of spatial quasiregular mappings is not yet
fully understood.
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