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We have discovered a small but significant error in our recent paper, The

maximal function on variable Lp spaces (Ann. Acad. Sci. Fenn. Math. 28 (2003),
223–238). The main result—sufficient conditions on the exponent function p( · ) for
the Hardy–Littlewood maximal operator to be bounded on Lp( · ) —remains true.
However, the proof was improperly condensed and important details are missing.
In two places (the proof of Case 2 of Lemma 2.3 and the proof of Lemma 2.5)
we omitted the proof, claiming that it was identical to the proof of Case 1 of
Lemma 2.3. The missing arguments are very similar, but are not identical, and
require a more general version of a key lemma. In this note we give the details of
the correct argument. We presume that the reader is familiar with the contents
and notation of our original paper.

At the heart of our correction is the following lemma which replaces Lemma 2.2.

Lemma 1. Given a set G and two non-negative functions r( · ) and s( · ) ,
suppose that for each y ∈ G ,

0 ≤ s(y) − r(y) ≤
C

log
(

e + |z(y)|
) ,

where z: G → Rn is measurable. Then for every function f ,
∫

G

|f(y)|r(y) dy ≤ C

∫

G

|f(y)|s(y) dy +

∫

G

α(z(y))r∗(G) dy,

where α(y) = (e + |y|)−n .
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When z(y) = y , this reduces to Lemma 2.2. The proof is identical to the
proof of Lemma 2.2, except that in the proof the set Gα is redefined as

Gα =
{

x ∈ G : |f(x)| ≥ α
(

z(x)
)}

.

In the proof of Lemma 2.3, Case 1, we are given a point x and a ball B
containing x whose radius r is such that r < |x|/4. In this case, inequality (1.4)
yields inequality (2.2),

0 ≤ p̄(y) − p̄∗(BΩ) ≤
C

log(e + |y|)
, y ∈ BΩ,

and this inequality provides the condition we use to apply the lemma above with
z(y) = y .

Our mistake was in assuming that inequality (2.2) held when it did not.
In Case 2 of the proof of Lemma 2.3, we are given x , |x| ≤ 1, and a ball B
containing x . Since we are not assuming that the radius of B is bounded by a
multiple of |x| , (2.2) need not hold. However, since |x| ≤ 1, for all y ∈ BΩ ,

0 ≤ p̄(y) − p̄∗(BΩ) ≤ p∗ − p∗ ≤
C

log(e + |x|)
.

Therefore, we can apply the lemma with z(y) = x . Then

(

1

|B|

∫

BΩ

f(y) dy

)p(x)

≤

(

1

|B|

∫

BΩ

f(y)p̄∗(BΩ) dy

)p(x)/p̄∗(BΩ)

≤

(

C

|B|

∫

BΩ

f(y)p̄(y) dy

+
1

|B|

∫

BΩ

α
(

z(y)
)p̄∗(BΩ)

dy

)p(x)/p̄∗(BΩ)

;

since z(y) = x we now get immediately that

≤

(

C

|B|

∫

BΩ

f(y)p̄(y) dy + Cα(x)p̄∗(BΩ)

)p(x)/p̄∗(BΩ)

.

Now the argument proceeds exactly as in Case 1.
Similarly, in the proof of 2.5, we are given x , |x| ≥ 1, and a ball B con-

taining x . Again we assumed that inequality (2.2) held when it did not. But, if
y ∈ BΩ \ B|x|(0), then it follows from inequality (1.4) that

0 ≤ p̄(y)− p̄∗
(

BΩ \B|x|(0)
)

≤ p̄∗
(

BΩ \B|x|(0)
)

− p̄∗
(

BΩ \B|x|(0)
)

≤
C

log(e + |x|)
.
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Therefore, to estimate

(

1

|B|

∫

BΩ\B|x|(0)

f(y) dy

)p(x)

we can argue exactly as we did above in the new proof of Case 2 in Lemma 2.3,
and then complete the proof as in Case 1.
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