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Abstract. For 0 < p < ∞ , Q#
p is the class of meromorphic functions f defined in the

unit disk ∆ satisfying that supa∈∆

∫∫

∆(f#(z))2gp(z, a) dA(z) < ∞ , where g(z, a) is the Green
function of ∆. A sufficient and necessary condition for the quotient f = f1/f2 of two bounded
analytic functions f1 and f2 to belong to Q#

p is given. Also, we prove that there exists a class

X of meromorphic functions on ∆ such that Q#
1 $ X $ N , where N is the class of normal

functions. This observation gives an affirmative answer to a question in the literature.

1. Throughout this paper, ∆, ∂∆ and dA(z) are the unit disk on the complex
plane, the boundary of the unit disk and the Euclidean area element on ∆, respec-
tively. For a meromorphic function f on ∆, the Ahlfors–Shimizu characteristic
function is defined as

T (r, f) =
1

π

∫ r

0

t−1

∫∫

|z|<t

(

f#(z)
)2
dA(z) dt, 0 < r < 1.

A function f meromorphic on ∆ is said to belong to the Nevanlinna class N if

T (1, f) = lim
r→1

T (r, f) <∞.

The well-known R. Nevanlinna quotient theorem (cf. [Ne, p. 188]) says that every
function in N is the quotient of two functions in

H∞ =
{

f : f analytic in ∆ and ‖f‖∞ = sup
z∈∆

|f(z)| <∞
}

.

If a meromorphic function f belongs to N , then f = IO/J , where I , J are inner
functions whose greatest common divisor is 1 and O is an outer function in N .
Conversely, such a function f = IO/J belongs to N . Up to some unimodular
constants, the functions I , J , O are uniquely determined in this case. An inner
function is a function I analytic on ∆, having the properties |I(z)| ≤ 1 for all
z ∈ ∆ and |I(eiθ)| = 1 a.e. on ∂∆. An outer function is a function of the form

Oψ(z) = exp

(
∫

∂∆

ζ + z

ζ − z
logψ(ζ)

|dζ|

2π

)

,
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where ψ ≥ 0 a.e. on ∂∆ and logψ ∈ L1(∂∆).
In his thesis, Carleson [Ca] considered the classes Tα , 0 ≤ α < 1, of mero-

morphic functions f on ∆ satisfying

(1.1) ‖f‖α =

∫ 1

0

(1 − r)−α
∫∫

|z|<r

(

f#(z)
)2
dA(z)dr <∞,

and the class T1 of meromorphic functions f on ∆ with

(1.2) ‖f‖1 = sup
0<r<1

∫∫

|z|<r

(

f#(z)
)2
dA(z) <∞.

Obviously, we have T1 ⊂ Tα ⊂ Tβ ⊂ T0 for all α, β ∈ (0, 1) with α > β . The
class T0 coincides with the Nevanlinna class N .

Carleson [Ca] found a partial quotient theorem for Tα and further Aleman
[Al] gave a complete result to the quotient decomposition for Tα , showing that
each function in Tα , 0 < α ≤ 1, is the quotient of two functions in H∞∩Tα . Using
a result of Cima and Colwell [CC] for the class of normal functions, Yamashita
[Ya1] gave criteria for a Blaschke quotient B1/B2 to be of UBC, the class of
all meromorphic functions of uniformly bounded characteristic on ∆ (cf. [Ya2]).
Xiao [Xi] considered the subclass BITα of Tα and proved that each function in
BITα, 0 < α < 1, is the quotient of two functions in H∞ ∩ BITα . Recently, we
studied [AW] the same problem for Q#

p classes which have attracted considerable

attention and proved that each function in Q#
p , 0 < p < ∞ , is the quotient of

two functions in H∞ ∩ Qp . We first show in Section 2 that the converse is not
true, that is, there exist functions f1, f2 ∈ H∞ ∩ Qp but f = f1/f2 /∈ Q#

p for
any p , 0 < p < ∞ . The aim of Section 2 is to give a sufficient and necessary
condition for f = f1/f2 ∈ T0 to belong to Q#

p (Q#
p,0 ) for all p ∈ (0,∞). In

Section 3 we prove that there exists a class X of meromorphic functions on ∆
such that Q#

1 $ X $ N , where N is the class of normal functions. Notice that
this observation gives an affirmative answer to the question in [Wu]. In Sections 4
and 5 we generalize a result in [DG] for Qp spaces and give its counterpart for the
subharmonic case.

2. The Green function on ∆ with pole at a ∈ ∆ is given by g(z, a) =
log

(

1/|ϕa(z)|
)

, where ϕa(z) = (a− z)/(1 − āz) is a Möbius transformation of ∆.
For 0 < r < 1, let ∆(a, r) = {z ∈ ∆ : |ϕa(z)| < r} be the pseudohyperbolic disk

with center a and radius r . For 0 < p < ∞ , we define the classes Q#
p and Q#

p,0

of meromorphic functions f on ∆, respectively, for which

(2.1) sup
a∈∆

∫∫

∆

(

f#(z)
)2(

g(z, a)
)p
dA(z) < ∞
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and

(2.2) lim
|a|→1

∫∫

∆

(

f#(z)
)2(

g(z, a)
)p
dA(z) = 0,

where f#(z) = |f ′(z)|/
(

1 + |f(z)|2
)

is the spherical derivative of f . We have

that Q#
1 = UBC and for each p ∈ (1,∞) the class Q#

p is the class of normal
meromorphic functions N (cf. [AL]) for which

‖f‖N = sup
z∈∆

(1 − |z|2)f#(z) <∞.

Replacing f#(z) by |f ′(z)| in the above expressions (2.1) and (2.2) for analytic
functions f on ∆, we obtain the spaces Qp and Qp,0 (cf. [AL] and [AXZ]).

Let us define for an outer function O two cut-off outer functions (cf. [Al]
and [Xi]):

O+(z) = exp

[
∫

∂∆

ζ + z

ζ − z
log

(

max{|O(ζ)|, 1}
) |dζ|

2π

]

and

O
−
(z) = exp

[
∫

∂∆

ζ + z

ζ − z
log

(

min{|O(ζ)|, 1}
) |dζ|

2π

]

.

Then it is easy to see that both O
−

and 1/O+ belong to H∞ and O = O
−
O+ .

Recently, we proved the following quotient decompositions of the Q#
p and

Q#
p,0 functions.

Theorem A ([AW]). Let f = IO/J ∈ T0 , where I , J are inner functions

whose greatest common divisor is 1 and O is outer having two cut-off outer

functions O+ and O
−

. Let f1 = IO
−

and f2 = J/O+ . For 0 < p < 1 , if

f = f1/f2 belongs to Q#
p , respectively Q#

p,0 , then both f1 and f2 lie in H∞∩Qp ,

respectively H∞ ∩Qp,0 .

We should mention that the converse of Theorem A is not true.

Theorem 1. There are two functions f1, f2 ∈ H∞∩Qp but f = f1/f2 /∈ Q#
p

for 0 < p <∞ .

Proof. Let 0 < β < 1
2 and take the sequences {z

(1)
n } = {1 − βn} and

{z
(2)
n } = {1 − βn − β2n} . Note that

(1 − |z
(i)
n+1|

2) ≤ 2β(1 − |z(i)
n |2), n ≥ 1, i = 1, 2.

Consequently, the sequences {z
(i)
n } (i = 1, 2) are uniformly separated. Consider

the Blaschke products Bi associated with the sequences {z
(i)
n } :

Bi(z) =

∞
∏

n=1

z
(i)
n − z

1 − z
(i)
n z

, i = 1, 2.
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Clearly, Bi ∈ H∞ ∩Qp (i = 1, 2) if 1 ≤ p <∞ .
Take now p ∈ (0, 1). By a simple computation, we see that

∞
∑

j=k+1

(1 − |z
(i)
j |2)p ≤

2pβp

1 − (2β)p
(1 − |z

(i)
k |2)p, k = 1, 2, . . . , i = 1, 2.

Then using the results of [RT], we deduce that dµi(z) =
∑∞
n=1(1− |z

(i)
n |2)pδ

z
(i)
n

is

a bounded p -Carleson measure and then, by [EX], Bi ∈ Qp ∩H
∞ , i = 1, 2.

Finally, B1/B2 /∈ Q#
p for any p > 0 because B1/B2 is not a normal function.

Indeed, we have
∣

∣

∣

∣

z
(2)
j − z

(1)
j

1 − z
(1)
j z

(2)
j

∣

∣

∣

∣

≤
βj

2 − β2j
→ 0, as j → ∞ ,

and then it follows that {z
(1)
n }∪{z

(2)
n } is not interpolating which, using Theorem 2

of [CC], implies B1/B2 is not a normal function as announced.

Now we turn to the main result in this paper.

Theorem 2. Let p ∈ (0,∞) . Let f = IO/J ∈ T0 , where I , J are inner

functions whose greatest common divisor is 1 and O is outer having the two

cut-off outer functions O+ and O
−

. Let f1 = IO
−

and f2 = J/O+ . Then

f = f1/f2 ∈ Q#
p if and only if both f1 and f2 lie in H∞ ∩Qp and

inf
z∈∆

(

|f1(z)|
2 + |f2(z)|

2
)

> 0.

Proof. Our first observation is the following identity:

(2.3)
T (1, f1/f2) =

1

4π

∫ 2π

0

log
(

|f1(e
iθ)|2 + |f2(e

iθ)|2
)

dθ

−
1

2
log

(

|f1(0)|2 + |f2(0)|2
)

.

In fact, let J = BJSJ , where BJ is a Blaschke product and SJ is a singular inner
function. By Lemma 4.2 in [Ya2] we have

T (1, f1/f2) = lim
r→1

1

4π

∫ 2π

0

log
(

1 + |(IO/J)(reiθ)|2
)

dθ

−
1

2
log

(

|BJ(0)|2 + |IO(0)/SJ(0)|2
)

= lim
r→1

1

4π

∫ 2π

0

log
(

|(J/O+)(reiθ)|2 + |(IO
−
)(reiθ)|2

)

dθ

− lim
r→1

1

4π

∫ 2π

0

log
∣

∣(BJSJ/O+)(reiθ)
∣

∣

2
dθ

−
1

2
log

(

|BJ(0)|2 + |IO(0)/SJ(0)|2
)

.
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Note that every function f ∈ T0 with f 6= 0 has a non-tangential limit at eiθ a.e.
on ∂∆, denoted by f(eiθ), and log |f(eiθ)| belongs to L1[0, 2π] . Bearing in mind
that log |SJ/O+| is harmonic and that

lim
r→1

∫ 2π

0

log |BJ(reiθ)| dθ = 0,

we have

T (1, f1/f2) = lim
r→1

1

4π

∫ 2π

0

log
(

|(J/O+)(reiθ)|2 + |(IO
−
)(reiθ)|2

)

dθ

−
1

2
log |SJ(0)/O+(0)|2 −

1

2
log

(

|BJ(0)|2 + |IO(0)/SJ(0)|2
)

=
1

4π

∫ 2π

0

log
(

|f1(e
iθ)|2 + |f2(e

iθ)|2
)

dθ −
1

2
log

(

|f1(0)|2 + |f2(0)|2
)

.

Thus (2.3) is proved. Next, putting f%(z) = f(%z) for 0 < % ≤ 1 in (2.3) we get

(2.4)
T (%, f1/f2) =

1

4π

∫ 2π

0

log
(

|f1(%e
iθ)|2 + |f2(%e

iθ)|2
)

dθ

−
1

2
log

(

|f1(0)|2 + |f2(0)|2
)

.

For a ∈ ∆, by replacing f in (2.4) by f ◦ ϕa , we obtain

(2.5)
T (%, f1 ◦ ϕa/f2 ◦ ϕa) =

1

4π

∫ 2π

0

log
(

|f1 ◦ ϕa(%e
iθ)|2 + |f2 ◦ ϕa(%e

iθ)|2
)

dθ

−
1

2
log

(

|f1(a)|
2 + |f2(a)|

2
)

.

Proof of necessity. Suppose f1/f2 ∈ Q#
p .

Case 1. If 0 < p ≤ 1, by Theorem A and the fact that H∞ ⊂ Q1 we know
that both f1 and f2 belong to H∞ ∩ Qp . Since Q#

p ⊂ UBC for 0 < p ≤ 1,
f1/f2 ∈ UBC, which is equivalent to

sup
a∈∆

T (1, f1 ◦ ϕa/f2 ◦ ϕa) < ∞.

Because the first term in the right side of (2.5) is increasing on % , we have

0 < sup
a∈∆

lim
%→1

1

4π

∫ 2π

0

log
(

|f1 ◦ ϕa(%e
iθ)|2 + |f2 ◦ ϕa(%e

iθ)|2
)

dθ

≤
1

2
log

(

‖f1‖
2
∞ + ‖f2‖

2
∞

)

<∞.
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Hence

sup
a∈∆

T (1, f1 ◦ ϕa/f2 ◦ ϕa) <∞ ⇐⇒ inf
a∈∆

(

|f1(a)|
2 + |f2(a)|

2
)

> 0.

Case 2. If 1 < p < ∞ , we have that f1/f2 ∈ N since Q#
p = N for all

p ∈ (1,∞). It is clear that both f1 and f2 belong to H∞ ∩Qp since f1, f2 ∈ H∞

which is contained in Qp for all p ∈ (1,∞). To complete the proof of necessity
we claim that the following statement is true.

Statement. Let f be a meromorphic function on ∆ . Then f ∈ N if and

only if there exists a % ∈ (0, 1) such that supa∈∆ T (%, f ◦ ϕa) <∞ .

Once the statement is proved just as in the case 1 above we have that f1/f2 ∈
N implies that

inf
a∈∆

(

|f1(a)|
2 + |f2(a)|

2
)

> 0.

Now we give the proof of the statement. Assume first that f ∈ N . Then for a
fixed % ∈ (0, 1) we have

T (%, f ◦ ϕa) =
1

π

∫ %

0

dt

t

∫∫

|z|<t

(f ◦ ϕa)
#(z)2 dA(z)

=
1

π

∫ %

0

dt

t

∫∫

∆(a,t)

(

f#(z)
)2
dA(z)

≤
1

π
‖f‖2

N

∫ %

0

dt

t

∫∫

∆(a,t)

dA(z)

(1 − |z|2)2

=
1

2
‖f‖2

N log
1

1 − %2
,

which shows that
sup
a∈∆

T (%, f ◦ ϕa) <∞.

Conversely, suppose that % ∈ (0, 1) and supa∈∆ T (%, f ◦ϕa) <∞ . Choose %0

with 0 < %0 < % such that

sup
a∈∆

T (%, f ◦ ϕa)

(

log
%

%0

)−1

< 1.

Now,

T (%, f ◦ ϕa) ≥
1

π

∫ %

%0

dt

t

∫∫

∆(a,t)

(

f#(z)
)2
dA(z)

≥
1

π

(

log
%

%0

)
∫∫

∆(a,%0)

(

f#(z)
)2
dA(z).
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It follows that

sup
a∈∆

∫∫

∆(a,%0)

(

f#(z)
)2
dA(z) ≤ sup

a∈∆
T (%, f ◦ ϕa)π

(

log
%

%0

)−1

< π,

which shows that f ∈ N by Lemma 3.2 in [Ya2].

Proof of sufficiency. Let

δ := inf
z∈∆

(

|f1(z)|
2 + |f2(z)|

2
)

> 0,

and let f1, f2 ∈ H∞ ∩Qp with 0 < p <∞ . We obtain

sup
a∈∆

∫∫

∆

(

(f1/f2)
#(z)

)2(
g(z, a)

)p
dA(z)

= sup
a∈∆

∫∫

∆

|f ′
1(z)f2(z) − f1(z)f

′
2(z)|

2

(

|f1(z)|2 + |f2(z)|2
)2

(

g(z, a)
)p
dA(z)

≤
2

δ2
(‖f1‖

2
∞ + ‖f2‖

2
∞) sup

a∈∆

∫∫

∆

(

|f ′
1(z)|

2 + |f ′
2(z)|

2
)(

g(z, a)
)p
dA(z)

<∞,

which shows that f1/f2 ∈ Q#
p . The proof of Theorem 2 is complete.

We have the following result, similar to Theorem 2.

Theorem 3. Let f = IO/J ∈ T0 , where I , J are inner functions whose

greatest common divisor is 1 and O is outer having the two cut-off outer functions

O+ and O
−

. Let f1 = IO
−

and f2 = J/O+ . Then, for 0 < p < 1 , the following

are equivalent.

(a) f = f1/f2 ∈ Q#
p,0 .

(b) infz∈∆

(

|f1(z)|
2 + |f2(z)|

2
)

> 0 and both f1 and f2 lie in H∞ ∩Qp,0 .

Bearing in mind that Qp,0 ⊂ VMOA if 0 < p ≤ 1 and that the only Blaschke
products in VMOA are the finite Blaschke products [Se] and using Theorem 3, we
obtain the following result.

Corollary 1. If 0 < p ≤ 1 , B1 and B2 are two Blaschke products without

common zeros, then B1/B2 ∈ Q#
p,0 if and only if Bi ∈ Qp,0 , i = 1, 2 .

3. Note that Q#
p = N for all p ∈ (1,∞) and Q#

1 = UBC $ N . It is natural
to ask whether there exists a class X of meromorphic functions on ∆ such that
UBC $ X $ N . We describe such a class X which in fact also gives an affirmative
answer to the question in [Wu] (see Remark 3.1).

For 0 < p <∞ , let Xp be the family of meromorphic functions f on ∆ such
that

(3.1) sup
a∈∆

∫∫

∆

(

f#(z)
)p

(1 − |z|2)p−2g(z, a) dA(z) < ∞.

Obviously, Xp = Q#(p, 1) (cf. [Wu]).
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Theorem 4. We have UBC $ Xp $ N for 2 < p <∞ .

Proof. By Theorem 3.2.1(ii) in [Wu] we need only show that there exists a
normal function f such that f /∈ Xp . By [LX] there are two functions f1 and f2
in N such that

M0 := inf
z∈∆

(1 − |z|2)
(

f#
1 (z) + f#

2 (z)
)

> 0.

Therefore,

sup
a∈∆

∫∫

∆

{

(f#
1 (z))p + (f#

2 (z))p
}

(1 − |z|2)p−2g(z, a) dA(z)

≥ sup
a∈∆

2−p
∫∫

∆

(

f#
1 (z) + f#

2 (z)
)p

(1 − |z|2)p−2g(z, a) dA(z)

≥ sup
a∈∆

Mp
0

2p

∫∫

∆

(1 − |z|2)−2g(z, a) dA(z)

= sup
a∈∆

Mp
0

2p

∫∫

∆

(1 − |w|2)−2 log
1

|w|
dA(w) = ∞.

Hence, f1 /∈ Xp or f2 /∈ Xp . Thus, f1 ∈ N \Xp or f2 ∈ N \Xp .

4. Dyakonov and Girela [DG] gave a new characterization of Qp functions as
follows.

Theorem B ([DG]). Let 0 < p < 1 . An analytic function f belongs to Qp
if and only if

(4.1) sup
a∈∆

∫∫

∆

|f ′(z)|2
(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2p
dA(z) <∞.

In fact, Theorem B can be generalized.

Theorem 5. Let 0 < p <∞ and 0 ≤ s < 1 . An analytic function f belongs

to Qp if and only if

(4.2) sup
a∈∆

∫∫

∆

|f ′(z)|2
(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z) <∞.

Note that if s = 0 it has been proved in [ASX] and if 0 < p = s < 1 it is just
Theorem B. The following is the counterpart of Theorem 5 for the meromorphic
case and we omit the proof of Theorem 5 here since it is similar to that of Theorem 6
below.
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Theorem 6. Let 0 < p < ∞ and 0 < s < 1 . Then a meromorphic function

f belongs to Q#
p if and only if

(4.3) sup
a∈∆

∫∫

∆

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z) <∞.

Proof. We suppose that f ∈ Q#
p . By Theorem 2.2.2 in [Wu] we know that

f ∈ N ∩M#
p , where

M#
p =

{

f : f meromorphic on ∆ , sup
a∈∆

∫∫

∆

(

f#(z)
)2(

1− |ϕa(z)|
2
)p
dA(z) <∞

}

.

Thus for a fixed r , 0 < r < 1 and 0 < s < 1, we have

∫∫

∆

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z) =

∫∫

∆(a,r)

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z)

+

∫∫

∆\∆(a,r)

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z)

≤

∫∫

∆(a,r)

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z)(4.4)

+
1

r2s

∫∫

∆\∆(a,r)

(

f#(z)
)2(

1 − |ϕa(z)|
2
)p
dA(z).

Since f ∈ M#
p , the supremum over all a ∈ ∆ of the second term in the

right-hand side of (4.4) is finite. The change of variables w = ϕa(z) in the first
term of (4.4) yields

sup
a∈∆

∫∫

∆(a,r)

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z)

≤ ‖f‖2
N

∫∫

∆(a,r)

(1 − |z|2)−2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z)

= ‖f‖2
N

∫∫

|w|<r

(1 − |w|2)p−2|w|−2s dA(w)

= 2π‖f‖2
N

∫ r

0

(1 − t2)p−2 t1−2s dt <∞.

Hence, (4.3) follows.
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Conversely, suppose that the supremum in (4.3) is K with 0 < K < ∞ . It
is easy to see that this implies that f ∈ M#

p since |ϕa(z)| < 1. Fix an r ∈ (0, 1)

such that r2sK/(1 − r2)p < 1
2π . Thus we obtain

∫∫

∆(a,r)

(

f#(z)
)2
dA(z) ≤

r2s

(1 − r2)p

∫∫

∆(a,r)

(

f#(z)
)2

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z)

≤
r2sK

(1 − r2)p
<
π

2
.

By Lemma 3.2 in [Ya2] we obtain that f ∈ N , and thus f ∈ N ∩ M#
p . By

Theorem 2.2.2 in [Wu] again we conclude that f ∈ Q#
p . The proof is now complete.

5. An example in [AWZ] shows that for s = 0 Theorem 6 is not true. That
is, unlike the analytic case, for a meromorphic function f , (f#(z))2 may not be
subharmonic in general and the Green function g(z, a) in the definition of Q#

p ,
sometimes, can not be replaced by the expression 1−|ϕa(z)|

2 . Moreover, we have

Theorem 7. Let u ≥ 0 be subharmonic on ∆ , 0 < p < ∞ and 0 ≤ s < 1 .

Then the following are equivalent.

(i) sup
a∈∆

∫∫

∆

u(z)
(

g(z, a)
)p
dA(z) < ∞.

(ii) sup
a∈∆

∫∫

∆

u(z)

(

1 − |ϕa(z)|
2
)p

|ϕa(z)|2s
dA(z) <∞.

Corollary 2. Let u ≥ 0 be subharmonic in ∆ and p > 1 . Then

sup
z∈∆

u(z)(1 − |z|2)2 < ∞

if and only if

sup
a∈∆

∫∫

∆

u(z)
(

g(z, a)
)p
dA(z) < ∞.

Remark. Theorem 7 and Corollary 2 generalize some results in [AL] and [ASX]
since |f ′(z)|2 is subharmonic in ∆ for an analytic function f .
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