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Abstract. The uniformization problem is to find equations for the algebraic curve associated
to a given hyperbolic surface. If one can describe corresponding group actions both on the spaces
of algebraic curves and hyperbolic surfaces, the whole orbits can be uniformized at the same time.
We study here the action of a group generated by half-twists on the space of hyperbolic surfaces
of genus 2 with a non-trivial involution and describe the corresponding action on the equations for
the corresponding algebraic curves.

1. Introduction

The uniformization theorem of Poincaré and Koebe allows to assert that any
compact connected Riemann surface of genus g > 1 is conformally equivalent to a
quotient of the upper half-plane H by a Fuchsian group, i.e. a discrete subgroup of
PSL2(R). On the other hand, a Riemann surface is also an algebraic curve defined
by an equation. The classical uniformization problem is to relate explicitly the two
descriptions.

In this context, a new approach to tackle this question was initiated in [6],
and developed in [2], [8] and [1].

It consists first in working inside families of surfaces with the idea that surfaces
tiled with the same pattern by the same type of polygon must have equations of
the same form. Then, in defining groups actions on those families. The two groups,
one acting on the hyperbolic surfaces and the other on the algebraic curves, are
not necessarily the same but there exists a correspondence between their actions.
With this approach, whole orbits can be uniformized at the same time.

In this article, we generalize the Ds-action on the space of real genus 2 M -
curves with a real involution //P({Q ’3’0)(2 /2 x Z/2) described by Buser and Silhol
in [6] to the complex family F5 of those Riemann surfaces having a non-trivial
involution.

There are, nevertheless, two major differences in the way we tackle the prob-
lem in this paper. The first difference is in the method: we use a quotient, namely
the Riemann sphere ramified over 5 points, while the authors considered coverings
to define the Ds-action in [6]. Secondly, the complex situation is less rigid than the
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real one, in particular in [6] the hyperbolic description was guided by the natural
choice of a pants decomposition and Fenchel-Nielsen coordinates given by the real
structures. Here, we have to work with marked Riemann surfaces in the Teich-
miiller space for the hyperbolic description of our group action while the algebraic
one is made with unmarked Riemann surfaces in the moduli space. In particular,
the two groups are different. The first one, Gq, is a group of transformations of a
special type of hyperbolic quadrilateral and can be identified with the Teichmiiller
modular group of the sphere with 5 points removed. The second is the symmetric
group S5, giving the 5 points on the quotient a symmetric role, and naturally
appears as a quotient of Gq. These two actions correspond and we give here this
correspondence in terms of equations and of generators for the Fuchsian groups
(see Theorem 4.6 and Table 3).

The fact that the two groups are different means that Gq intersects the
Teichmiiller modular group of genus two surfaces and thus allows to interpret this
difference in terms of Dehn twists.

But more interestingly and surprisingly, the action of the whole group Gq
can be interpreted in terms of half-twists (see Theorem 5.1). Thus, by merging
Theorems 4.6 and 5.1, we obtain the main result of this paper which can be
expressed as the following.

Theorem. Let S be a genus 2 Riemann surface having a non-trivial involu-
tion ¢.
Then, on the one hand, the Fuchsian group has a set of generators of the form

2
(6163) , €3€2€1, €1€3€2,€3€4€1,€1€3€4,

where e;, € PSLy(R), i = 1,...,4, with tr(e;) =0, and tr(H?zl ei) =0, and on
the other hand the underlying algebraic curve has a normalized equation of the

form
y? = (2% — 1)(2® — a)(z® = b).

For such a surface S, the half-twists along certain geodesics lead to surfaces
having a non-trivial involution. Sets of generators for the Fuchsian groups and
normalized equations for these surfaces can be explicitly deduced from those of S.

We have, in particular, the correspondence between half-twists and changes
of equation given in Table 1.

The action of Gg = (m,...,na) for n;, i =1,...,4 as in Table 1, induces an
action of S5 on the underlying algebraic curves.
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word representing
the (oriented) geodesic ordered e;’s parameters
under which the for the Fuchsian for equations
half-twist is made group
none (e1,e2,e3,€4) (a,b)
m (esez)? (e1,e3,e3eze3,€4) (I—a,b(1—a)/(b—a))
M2 (eqe3)? (e1,€2,eq,e4€3€4) (a(1=0)/(a—0),(1—10))
n3 (ere4)? (erese1,e,e3,e1) | ((b—a)/(b—1),b/(b—1))
M4 (eaeseq)? (eaeseqer, ea, e3,e4) (1—-a,1-0)
Table 1.

2. Notation and preliminaries
We recall briefly some classical definitions and notation.

Definition 2.1. Let S be a Riemann surface of genus 2, and 7 be the
hyperelliptic involution on S'.

An automorphism ¢ € Aut(S), with ¢ # 7 is said to be non-trivial.

For any hyperelliptic Riemann surface S, the hyperelliptic involution 7 is in

the center of Aut(S). The reduced automorphism group of S is then

Aut”(S) = Aut(S) /.

The classification of Riemann surfaces of genus two in terms of their reduced
automorphism group is due to Bolza ([4]). It is summarized Table 2 as well as the
inclusions between families.

Except for F5, every Riemann surface of genus two having a non-trivial au-
tomorphism has at least one non-trivial involution, and then belongs to Fj.

Let S be a Riemann surface, 7 the hyperelliptic involution and ¢ a non-
trivial involution on S. The involutions ¢ and @7 have two fixed points, say p;
and py for ¢ and ¢; and ¢y for o7, that satisfy

©(q1) = go, 7(p1) = pa-

Lemma 2.2. Let S, 7, ¢ as before. The covering p,: S — S/(p,T) ~
P!(C) is ramified over 5 points among which 3 are the images of the Weierstrass
points and the last two are p = p,(p1) = py(p2) and q = p,(q1) = py(q2). Those
five points and the triple of them that lift to the set of Weierstrass points determine
S completely.

Proof. This follows directly from the fact that the surfaces of genus 2, are, as
all the hyperelliptic algebraic curves, determined by their Weierstrass points. o
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Family | Aut” | Classical form for the equation
F Z/2Z | y? = (2® —1)(2® —a)(z? - )
Fy Dy | y? = (22 = 1)(2® —a)(2? — 1/a)
Fs Ds y2 =25 -2a23+1
Fio Ds y?=a%+1
Fay Sy y? =a(zt - 1)
Fs Z /57 y?=a" -1

/ ﬁ \

Fay
f /
F5
Table 2.

Corollary 2.3. Let rq,...,75 be five distinct points on P1(C). There exist
at most 10 different surfaces S, 7;, ¢;, j = 1,...,10, in the family F5 such
that the coverings p,, are ramified over the r;’s

Proof. Each §; correspond to the choice of a triple {rj,r;,7p} of points
among the 7;’s that lift to the Weierstrass points of S;. o

3. Marked quadrilaterals

Let S, 7, ¢ as before. The hyperbolic structure on S induces, via p,, a
structure of hyperbolic sphere with five cone points of angle m on the quotient
S/(T, ).

Such a surface can always be obtained by pasting the sides of a hyperbolic
quadrilateral with interior angles adding up to 7, as on Figure 1.

Figure 1.

This observation induces a particular presentation for the Fuchsian group of
such a surface and motivates the following definitions.
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Definition 3.1. An ordered system @ = (e1,e2,€3,€e4), ¢; € PSLy(R), is a
marked quadrilateral if it satisfies the following conditions:
(i) tr(e;) =0,i=1,...,4.
(i) tr([T;_, &) = 0.
(iii) The e;’s are positioned clockwise around the quadrilateral of vertices are the
fixed points of ejesesey, eseseger, eseseres and egereses (see Figure 2).

Remark 3.2. Using trace relations, one can easily show that the quadri-
lateral of (iii) above is a convex domain, delimited by the axes of the hyperbolic
transformations ejeses, esesey, eseser, eseies. As it is uniquely determined we
will also denote it by Q.

Definition 3.3. We will denote by Q be the set of all marked quadrilaterals
modulo the relation

e1,6e9,e3,e4) ~ (€],€h,eh,¢)) <= T ~vePSLy(R), el =~e;y L, i=1,...4.
1,€2,€3,€4 i

Definition 3.4. Given a surface Sy of signature (0;2,2,2,2,2), a quadrilat-
eral fundamental domain for Sy is a marked quadrilateral Q@ = (eq, ez, €3, €4) such
that T'g(Q) = (e1, e2, €3, e4) is a Fuchsian group for Sy .

We will denote by Qg, the set of all quadrilateral fundamental domains for
So under the relation ~.

Conversely, given @@ € Q, will denote by Sy(Q) the surface H/T'((Q) =
H/<61, €9, €3, 6’4) .

Remarks 3.5. 1. As the ¢;’s are elliptic transformations of order 2, they
completely determine their fixed points. So we may also denote by e; the fixed
point of e; (notably on figures).

2. As a marked quadrilateral is defined up to direct isometry and separates
into two triangles, it is also characterized by the following set of five lengths:

— the lengths [; of the i-th sides given by:

COSh(%li) = %| tr(6¢+161’+261’+3>|,

— the length [ of the first diagonal given by

Cosh(%l) = %| tr(ejeseseseseseren)| = %|(tr(6162>)2 + (tr(6364))2 —2|.
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3.1. Transformations of a marked quadrilateral

Definition 3.6. (1) We define the following transformations on Q:
(i) the circular permutation:

oo: (€1, €2,€3,e4) — (€2, €3, €4, €1),
(ii) o1 (see Figure 2):
o1(e1, ez, e3,e4) — (€3, €9, €3€4€169, €3€4€3).
(2) We denote by Gq, the group

Gq = (00,01)

€2€3€4€1 eszeqe1€9
€2
€1 €3 H
\
P
-
7/
/
€4 v
€1€2€3€4 €q€e1€2€3

Figure 2. The transformation o .

Remarks 3.7. Let Sy be a hyperbolic surface of genus 0 with five cone
points of angle w. Then oy and o; preserve Qg, .

The transformations oy and o are of different nature. While oy only oper-
ates on the marking of () but leaves the unmarked quadrilateral unchanged, o
is mainly devoted to changing the choice of the point among the five cone points
on the sphere Sy which correspond to the vertices of Q).

For further use, we introduce the following transformations in Gq:
Note that oo and o3 are of infinite order and that they do not have fixed
points in Gq.

Proposition 3.8. Let Sy be a hyperbolic surface of signature (0;2,2,2,2,2).
Gq acts transitively on Qg, .
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€2€e1€2
o2 = o (0105) 0%
€2 02(61762363764) == (627626162763a64)

‘ €3€4€3 o3 = (0,00,1)3
03(617 €2, €3, 64) = (617 €2,€3€4€3, 63)

Proof. Let () and Q" be two quadrilaterals of Qg,. We build a sequence of
quadrilaterals of Qg, using elements of Gq.

Let aq,...,a4 be the four geodesic arcs in Sy corresponding to the sides of Q.
The a;’s are oriented such that they all have the same source.

Start, if necessary, with a transformation of the form ;0% leading to a quadri-
lateral @)1, such that the vertices of ) and @)1 correspond to the same point of Sy .

For each a;, consider the number k; g, of connected components of a; N Q; .
Let ay,1,...,a1,k1,Q, be the corresponding connected component.

We cut Sy along the sides of Q.

We treat the a;’s in the order given by the marking.

For aq:
If k1,0, =0, then a; corresponds to one of the sides of @)1, and we go to as.
If k1 g, # 0, we give the arcs ay1,..., a1,k g, the a1’s orientation.

Using a transformation of the form of, we get a quadrilateral Qs such that
the source of a7 in @2 is at the intersection of the first and the fourth sides.
Its end point is then necessarily on the second or the third side of (5. Using
09 in the first case and o3 in the second one, we build a quadrilateral )3 such

o
that the number kq g, of connected components of a;MNQ)5 is strictly smaller than
k1,0, = k1,0, - Assume that one of the ay s, say ai j, penetrates into the triangle
of sides a, b, ¢, where a is a part of a;,1, b is a part of the side of ()3 which is
not a side of (Y3, and c is a part of the side of ()2 which is not a side of (3. Then,
the arc aj, must leave this triangle through b or ¢, the aj’s being disjoint.
Thus, the arc is at the same time cut and pasted once. Therefore the number of
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connected components does not increase. As this situation is possible only in the
case ko > 1, we have ki g, < k1,0, -

We treat similarly the path as,as,as, each construction respecting the pre-
ceding ones. o

Lemma 3.9. Given a generic surface Sy of signature (0;2,2,2,2,2), Gq
operates without fixed points on Qg,

Proof. Let @ € Qg, and 0 € Gq such that o-@Q = @. Then o induces an
isometry on Sy. o

3.2. Identification of G with the modular group I'y 5. The group Gq
acts on sets of four generators of Fuchsian groups of a sphere with five punctures.
It is then naturally linked with the modular group of a sphere with five points
removed, I'g 5. More precisely, given a transformation o € Ggq, one can asso-
ciate the isotopy class of h, to o, where h, is a homeomorphism of the sphere
preserving the set of five points and corresponding to the deformation from any
quadrilateral @ to o(Q) (the quadrilateral being simply connected) mapping the
interior onto the interior and the i-th side onto the i-th side.

Define the following transformations of Gq:

n1: (61,62,63,64 — 61,63,636263764)7
n2: (€1,e2,e3,€
: ( 1 €q4) — 618461,62783,61),

€1,€2,€3,€4 62636461762763764)'

n3. (€1, €2, €3,

N4

) —(
4) - (61,62,84,648364),
1) — (

) —(

Then, with the topological interpretation below, if rq,...,7r4 are the points of
So(Q) corresponding to the middle of the sides and r5 is the point corresponding
to the vertices, each 7); corresponds to an homeomorphism ¢; where ¢; is the
identity outside a disk D; enclosing 7;y; and 7;yo (subscript modulo 5) and
p; exchanges 7,11 and ;1. According to J.S. Birman (see [3, Theorem 4.5,
p. 164 and Remark, p. 165]), this means that the set of geometric transformations
{m,m2,m3,ma} is a set of generators for I'g 5 with the following full list of relations:

mn; =, |t—jl =2,
MiThi+11 = Mi4-11i7i+1,
Mmn2nsninsnem = 1,
(mnansma)® = 1.

We remark without expanding the computations that the following correspon-
dence between the o¢;’s and the n;’s allows one to find a full list of relations for



Half-twists and equations in genus 2 315

[p5 with the minimal set of generators {og, 01} :

_ 2 3\3 3
m = oo(oy0p) g,

(.2 3\3 _ 92
2 = (0100) ) 00 = 4737271

_ 372 3\3 S B R S|
n3 = 05(0104) 00, 01 =" T3 Ty T N4,

2 3
N4 = 0003020307.

4. The genus two coverings

4.1. The surface Sg. Given @ € Q, we construct a genus 2 cover
Sg of the sphere Sp(Q) as shown in Figure 3. In other words, we construct
a set of generators for a Fuchsian group I'g of signature (2,0), namely I'g =
{(e1e3)?, ezeseq, e1e3ea, e3e4e1, €1€3€4) , from the generators (ey, es,e3,e4) of the
Fuchsian group I'g(Q) of So(Q). Note that the Weierstrass points of the sur-
face Sg correspond to the conjugacy classes in I'g of the centers of the elliptic
transformations

€2, €1€4€1, €4, €1€2€1, €1€2€3€4, €2€3€4€]

(and to the middles of the sides labelled 2, 3, 4, 5, 7, 8, 9, 10 and the vertices of
the polygon on Figure 3).

16,24, 35,79, 810

Figure 3.

Note also that Sg has two non-trivial involutions, the fixed points of the
first being the conjugacy classes of e;, and egejes, those of the second being eg
and ejeseq.

By analogy with Lemma 2.2, we have:
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Proposition 4.1. Let S be a surface of Fo with a non-trivial involution ¢
and Sy = S/{p, 7). Choose Q € Qg, such that the images p and q of the fixed
points of ¢ and T via p, are on the first and the third side of Q).

Then S is isometric to Sq .

Proposition 4.2. The map Q > QQ — S is an injection of Q into the
Teichmiiller space of Riemann surfaces of genus 2, ;.

Proof. We choose Qo = (€9,¢9,¢3,¢el) € Q as a quadrilateral of reference. As

a quadrilateral is simply connected, for any @) € Q, there exists, up to isotopy, a
unique homeomorphism 79: Qo — @ such that ng o e? = e;.
This condition ensures that ng is extendable to a homeomorphism 7jg such

that
nQ

Qo —— Qo

nQ
S, —— 59

is commutative.
The couple (Sg,7¢q) is then a marked Riemann surface.
The injectivity follows from the construction of 7jg. o

We will denote
F(Q) ={5,Q € Q} C %.

Corollary 4.3. The induced action of Gg on F5(Q) is generically fixed point
free.

Remark 4.4. While F; is a subspace of the space of isometry classes of
Riemann surfaces of genus 2, .#5, F»(Q) is a subspace of the Teichmiiller space
of genus 2, 5. It is well known that the moduli space .#5 is a quotient of 75 by
the modular group, generated by Dehn twists. We will be concerned by this point
of view in Section 5.

4.2. Equations for surfaces in F5(Q)—induced action on F,. The
classical normalization of the equations for the surfaces of F5 under the form
y? = P(x) is the one given in Table 2. More precisely, given a surface S € Fy, we
choose the involutions ¢ and ¢7 so that they lift x —— —2. We also impose that
one of the Weierstrass points has coordinates (1,0).

This choice is equivalent to the choice of a (global) coordinate x on the
quotient S/(p, T) such that

(1) the images of the fixed points of ¢ and ¢ via p, are mapped onto 0 and oo,

(2) the image of a pair of the Weierstrass points exchanged by ¢ and o7 is mapped
via p, onto 1.



Half-twists and equations in genus 2 317

Given such an z, the remaining two points of S/(p,7) are mapped upon a
and b and

(4.4) y? = (2° — a)(a® — 1)(a® — )

is an equation of S'.

Note that conditions (1) and (2) do not determine precisely the choice of the
coordinate z, since x/a, x/b, 1/x, a/x, and b/x would also fufill them.

As we want to describe the action of Gq on F5(Q) in terms of equations, we
will, given a surface S, make the choice of = precise by taking into account the
geometry of () as follows.

Let @ € Q and let Sy = Sp(Q) the genus 0 surface obtained by gluing the
sides of ). We then choose a coordinate g depending on the position of the cone
points of Sy on Q). We denote by ri g,...,7r5¢o these points in the order given
by the marking of @ (in other words, if Q) = (e, ez, e3,€e4), then 7,9, 1 <i <4
is the conjugacy class of e; in I'o(Q) = (e1, e2, €3, e4), and rs5 ¢ is the conjugacy
class of ejesesey).

5

\’_/
€2
71 r3
€1 €3 e
€4
/+\
~_ T2
€1€2€3€4 T4
Figure 4.
More precisely, we choose z¢g such that:
(4.5) 1Q(riQ) =0,  xq(rsg) =00,  wq(rsq) =1,

We then call the couple

(a,b) = (2q(r2,0), (xq(raq))

normalized equation parameters for Sq .
Let now Q € Q, and 0 € Gq. As So(Q) and So(0(Q)) are isometric, we
have
{TLQ, ey 7‘5’Q} = {7”170(@), . 7T5,U(Q)}'
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This means that o acts as a permutation on the set of the cone points of Sg.
More precisely, we associate to o the permutation ¢ € S5 defined for all Q) € Q
and i € {1,...,5} by

Ti,0(Q) = Ta-1(1).Q-
The map o —— & is a group homeomorphism as we have for all @ € Q and

ie{l,...,5}

Tio'o(@) = TorHi).0(@) = "o 1o T 0.0(Q) T Tore) (0),0(Q)
The image is the subgroup of S5 generated by the images of the generators o
and o7, for which we have

00-(11,0, 72,0, 73,0, 74,0, 75,0) = (r2.0,73.Q,T4,Q,71,Q,5,Q); thus oo = (4,3,2,1),
01-(11,0:72,0:73,0:T4,0:5,0) = (73,0, 72,0, 75,0, 74,0, T1,Q); thus a1 = (1,5,3).
The map is surjective, since (4,3,2,1) and (1,5,3) together generate S;. Its
kernel is the subgroup Hq of those transformations such that for all @) € Q and

ie{l,...,5}
Ti,Q = Ti,0(Q)-

The normalized equation parameters for Sg depend only on the position
of the cone points on . Then, for ¢ € Gq, it is ¢ € S5 rather than o
that acts on them. This action is as follows: the coordinates zq and z,(q)
on Sp(Q) = Sp(c(Q)) are exchanged by the unique transformation Az ¢ of P?
mapping rq(71,0(g)) onto 0, zqg (rgyg(Q)) onto oo and zq (’I“LU(Q)) onto 1, i.e
Az ¢ is defined by:

As olz) = <Z —xq(ry, U(Q))) <$Q(T5,U(Q)) - 33@(7”3,0(@)))
" 2= 1Q(13,0Q) ) \2Q(75,0(@) — 2Q(11,0(Q))
<Z — xQ(T*—l(l) Q) CL’Q(Ta—l(g,)’Q) — IEQ(T5—1(3)’Q)
(

z—2Q(r5-13),0) ) \2Q(re-1(5),0) — 2Q(T5-1(1),Q)

and we have
. (CEQ(T% Q)? xQ(T47 Q)) = (CEO'(Q) (T27 O‘(Q)), CEO'(Q) (7"47 U(Q)))
= (45,0 (2q(r20(@))), 45,0 (7 (14,0(@))))

= (A&,Q(WQ(%—W),Q))’Aﬁ,Q(xQ(Tc‘r—l(Ax),Q)))-
For the generators oy and o1 of Gq, and a couple (a,b) of normalized equa-
tion parameters, we have

= (473;271)7 01 = (175;3)>
z—al—0 1
Aa'o('z):z_bl_av Aa'l('z)_l_za

60'(%6):(‘:1[:2’2((11:23)’ o1-(a,b) = <1i 1ib)

We have thus proved:
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Theorem 4.6. The action of Gg on F5(Q) (C 9%) induces an action of
the symmetric group S5 on Fy given in terms of parameters of equations by the

generators

o

0- (CL, b) —

1-b a(l—

b)

(

1—a’

b(1—a)

), o1 (a,b) —

1

=

1—a

1
"1-10

=

According to Corollary 2.3, given a generic surface of Fb, its quotient under
its automorphism group has ten different genus two covers in Fs. A representative
of each of these isomorphy classes is given in Table 3.

o a g.(a,b)
Id 1d (a,b)
00 (4,3,2,1) (1-=0)/(1—a),a(l —=b)/b(1 —a))
o1 (1,5,3) (1/(1=a),1/(1-1b))
o2 (1,3,5) (=1 ++a)/a, (~1 + b)/b)
o0 (1,4)2,5,3) | (~1+a)/(~b+a), (b(~1 + a)/(~b+ a)
(0100) (2.3.5) (1/(1 - a),—b/(~b +a)
(0100)° (1,4) ((b—a)/(b—1),b/(b—1))
ot (2,3)(1,4,5) ((b—a)/(b—1),(a—0b)/(a(b—1))
o2 = 0(0t03)’of (1,2) (a/(a—1),(a—0b)/(a—1))
o3 = (0g01)? (3,4) (a(1=0b)/(a—1b),1-10)
Table 3.

Remarks 4.7. (1) While the action of Gg on F5(Q) is generically fixed
point free, the induced action of S5 on Fj is such that there exists a subgroup of
S5, namely Sq1 33 X Sf2.4,5), that preserves isometry classes.

(2) Call Kq the group of transformations o such that & € S{; 33 X S2.4,5) -
It is neither normal in Gq nor contains a normal subgroup of Ggq. Then S5 is the
smallest group whose action on the set of genus two Riemann surfaces ramified
over 5 points of P! is transitive.

Table 4 gives a representative in Kq for each element of S7 3 X S245.

o g 7.(a,b) o g g.(a,b)

Id Id (a,b) 000100 (1,3)(2,5) (a,a/b)

0200020; * 02 (2,4) (b,a) 00?09 (1,3)(4,5) (b/a,b)
o8 (1,3)(2,4) | (1/b,1/a) | g200020; o205 o100 (2,5) (a/b,1/b)
0202000205 oo (1,3) (1/a,1/b) | o2000204 Losoy Lotog (4,5) (1/a,b/a)

oy toroo (2,5,4) (1/b,a/b) | 0200020y ‘osogoroy | (1,3)(2,4,5) | (a/b,a)

oy totag (2,4,5) (b/a,1/a) | 02000205  o200000 | (1,3)(2,5,4) | (b,b/a)

Table 4.
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Remark 4.8. In [6] the authors identify the space &5 of pairs of pants hav-

ing the lengths of two boundary geodesics equal, with the space ,///f({2 '3,0) (Z/27Z x
Z/2Z) of the real genus 2 curves with 3 real components and whose real automor-
phisms group contains Z/27Z x Z/2Z. More precisely, given a pair of pants P of
P, they consider on the one hand the surface Sp obtained by gluing 2 copies
of P with twist 0 on each component, and on the other hand the real algebraic
curve whose real components correspond to the boundary components of P. The
surface Sp clearly belong to F, as the isometry exchanging the two boundary
components of same lengths on P can be extended to an isometry ¢ of Sp. The
involution ¢ can be normalized in (z,y) — (—z,y) and the algebraic curve has
equation y? = (2% —a)(z? - 1)(z? —=b),0<a<1<b< 1.

The authors then define (see [6, 5.17]) a Dj-action on &5 both in terms of
the lengths (l1,l3) (where a pair of pants has one boundary component of length
21y, and two of lengths 2ls) and of the parameters (a,b) of real equation above.
We will show that our Theorem 4.6 is in fact a generalization of this result.

Let P be the pair of pants given by length (l1,l3). We denote, as in [6], by
[, the length of the common perpendicular to the two boundary components of
length 215, and by l> that of the common perpendicular arcs to the boundary of
length 21; and each of those of length 215. Those arcs cut P into two copies of a
right-angled hyperbolic hexagon given by the lengths (Iy, Io, 12,11, 1o, Zg) in cyclic
order. Each copy of this hexagon can be cut into two isometric mirror pentagons
along the common perpendicular to the sides of length I; and I; (see Figure 5).

The hyperbolic surface Sp is isometric to the surface Sg, where Qp is the
quadrilateral obtained from P as on Figure 5.

€4

20 ‘)‘\\\\‘,
, \ A
@\\\%h ’ |

Figure 5.

It is easily shown, using, for example, trigonometric formulas in triangles and
trace relations (given in [5]), that @Qp is given by the following trace relations:
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(e1e2)| = 4 cosh(hy) co
eres)||tr(eres)| = 4 cosh(hy) co

(eres)] | tr

(

(ere2)| | tr(ezeser)] = 4 cosh(
(

tr(

2| tr(eqes

2| tr(eqes

) tr
) tr

2| tr(ezesey) tr
)

(4.8)

co
I )COSh(lQ),
(I3) cosh(ly),
2| tr(eqeres) eses)| | tr(eseres)| = 4 cosh(ly) cosh(31),
2| tr(eres)| = |tr(eseq)| | tr(eres)] = 4 cosh(311) cosh(hy).

Conversely if a marked quadrilateral @@ = (eq,e2,eq,e4) verifies relations
(4.8), one can build from ) the right-angled hexagon as in Figure 5 and thus
the pair of pants P. This pair of pants P is then given by the lengths

(I1,15) = (arccosh (3| tr(eses)|® — 1), arccosh(| tr(ezeser)])).
From the algebraic point of view, the fact that the boundary components of
P correspond to the real components of the algebraic curve
y? = (2% — 1)(2® — a)(2? — D), 0<a<1<b
2

ensures that the coordinate induced on the quotient Sp/{(p, ) via (x,y) — x° is
in fact the coordinate z¢, defined by (4.5). In particular (a,b) are the normalized
equation parameters for Sq, .

Let us now consider the transformations of Gq:

2| tr(eqere0eq tr(eseseq)|| tr(eseres)| = 4 cosh

01 (el7 €2, €3, 64) — (626364617 €2,¢€1, 616361)7
02 _UO (81782763764) (63764781762>-

Straightforward computations show that ¢; and g2 preserve relations (4.8),
that o1 is of order 5, and that the subgroup (g1, 02) of Gq is isomorphic to the
dihedral group Dj.

Using the above correspondence between this description and that given in [6],
and the expression of p; and gy in terms of normalized equation parameters, we
get

. _ b(l—a) b
Ql.(ll,lg):(th,lg), Ql'(avb):< b—a ’b—a)’

JR 11
02.(l1,12) = (11, 12), 01-(a,b) = (g, a)

These are exactly the generators for D5 as given in [6].

Finally, we note that in [6], each orbit under Dj consisted of five a priori
different isometry classes (i.e., complex isomorphy classes) while the actions of
Gq and Ss involve 10 different surfaces. The remaining five surfaces were in
fact obtained by transporting the Ds-action from £, onto a space of Riemann
surfaces with a half-twist. The next section is devoted to showing that the action
of Gq can in fact be completely interpreted in term of half-twists.
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Examples 4.9. We give here some exact examples. The first two surfaces are
isometric, and thus complex isomorphic as algebraic curves, to surfaces that can
be found in [6]. However, for both examples the reduced automorphism groups
contain at least two different involutions. For each of them, the involutions consid-
ered here and in [6] are such that the genus 0 quotient are not isometric. This in
particular implies that the genus two curves described here are not real isomorphic
to those in [6] and that the transformed surfaces are not isometric to those under
the Ds-action in [6].

I have never found Example 3 in the literature.

1. Let Qo be the totally regular quadrilateral, i.e., such that o¢(Qo) = Qo,
defined in terms of length of its sides and first diagonal by:

cosh(l;) = 34+ 2V2, cosh(l) = 4v?2 + 5.
Then the pair (a,b) of normalized equation parameters for Sg, must satisfy
o9.(a,b) = (a,b), ie., a=—iand b=1iora=1and b= —i,

and thus y? = (22 — 1)(z* + 1) is an equation for Sg,. As an algebraic curve,
S, is complex (but not real) isomorphic to that of equation

y' = (@ - 1)@ - (3+2v2)) (" - (3-2v2)).

2. Let @1 be the quadrilateral such that @1 = 01(Q1), then the surface Sg,
must satisfy

o1.(a,b) = (a,b) e, {a,b}={i1+iVv3),3(1-iVv3)}.

3. Let Q2 be the quadrilateral given by (in terms of hyperbolic cosine of
length of the sides and of the first diagonal)

(3+2V3,3+2V3,3+2V3,3+2V3,3+2V3).

Note that )2 is obtained by gluing two copies of a triangle with interior angles
(%ﬂ', %7?, %7?) we obtain (2. This implies that Dy C Aut(Sg,) (and thus belongs
to the family Fy of Table 2) and that the surface Sg,/D4 has an automorphism

of order 3. We then have

1
1 at -

b=, a — +iy/3.
a 2
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From easy but technical considerations (see [1] for more details) on real structures
and on the position of the unit circle on the quotient, one can also deduce that in
fact %(a + 1/a) = iv/3, and that the normalized equation parameters are:

(a,b) = ( é) = (i(v3 —2),i(V3 +2)).

As the surface belongs to Fjy, one can find only six a priori non-isometric
transformed surfaces under the actions of Gq and S5. We give them in terms of
length of the quadrilaterals and in normalized equation parameters in Table 5.

Note that the two last surfaces have the real structure induced by = — 1/%.
Note also the two first ones have the real structures induced by © — i (z—1i)/(Z+1)
(I wish to thank R. Silhol for this last remark). They are thus isomorphic as they
are conjugated.

One can easily verify that the third and the fourth have no real structures.
Exact examples without real structure are very rare in the literature.

o cosh(ly) cosh(ls) cosh(ls) | cosh(ly) cosh(l)
Id 3+2V3 3+2V3 3423 | 3+2V3| 3+2V3
a0 3+2V3 3+2V3 3+2v3 | 3+2V3 | 114+6V3
o1 7+4v3 1+43 3+2V3 | 54+3V3 | 9+5V3
o2 3+2v3 1+V3 T+4V3 | 54+3V3 | 5+3V3
o9 11+ 63 3+2V3 34+2V3 | 3+2V3 | 34+2V3
(o0100)® | 51 +30V3 3+2V3 3+2V3 | 3+2V3 | 21+12V3
o a b

Id i(v3—2) i(v342)

o0 —i(vV3+2) —i(vV3-2)

o 1—i(v342) 1—-i(v3-2)

oo | 1+i(v3-2) | 1+i(vV3+2)

oo 1—i(V3+2) | A+i(v3+2)!
(0100)° | 1+i(v/3—2) | (1 —i(v/3—2))""

Table 5.

5. Twist and half-twists

Recall that Kq is the subgroup of transformations o in Gq such that & as
in Section 4.2 belongs to S1 3 X S2.4,5. As for any quadrilateral ) the surfaces Sq
and S, (@) are isometric but correspond to a priori different points in Teichmiiller
space Z, they are linked by an element of the modular group.

On the other hand, Kq C Gq, and the main result of this section is that Gq is
in fact generated by half-twists in the following sense . Let Q@ = (e1, e2,€3,€4) € Q.
An oriented geodesic of the surface S is represented by a word m(eq, e2, e3,€4) in



324 Aline Aigon-Dupuy

the letters ej, ez, e3, and es up to conjugacy in I'g. The word m then represents
a free homotopy class for surfaces in {Sg, Q € Q}.

Let 0 € Gg. We will say that o corresponds to a half-twist (or a Dehn
twist) along a geodesic m if given any Q = (e, ez, e3,€4), one can go from Sg
to S,(@) by a half-twist (or a Dehn twist) along the geodesic m(e1, ez, e3,e4) of
Sg. Of course, as on the one hand the elements of G preserve F»(Q) and on
the other hand only the twists along the geodesics stable under aut(S) preserve
F5(Q), m(e;) has to be conjugated in the Fuchsian group I'g to e;m(e;)e; or
eym(e;) te;. We will also consider simultaneous Dehn twists along m(e;) and

exm(e;)er, in the case where the two corresponding geodesics are disjoint.

5.1. Half-twists. We show that the generators for G given in Section 3.2
act on F(Q) as half-twists.

Theorem 5.1. The transformation n;: (e1, ez, €3, e4) — (€1, €3, ezez€3, €4) IS
a half-twist along the geodesic represented by the word (ezes)? = wl(eq, 2,3, ¢e4).

The transformation nq: (e1,e2,e3,e4) — (€1, €2, €4,€4€3e4) is a half-twist
along the geodesic represented by the word (ese3)? = w?(ey, e, e3,e4).

The transformation ns: (e1, ez, e3,e4) — (e1e4€1,€2,€3,€1) Is a half-twist
along the geodesic represented by the word (e1e4)? = w3(ey, 2, €3, €4).

The transformation n4: (€1, ez, e3,e4) — (eaeze4€1, €2, €3, €4) is a half-twist
along the geodesic represented by the word (esezeq)? = w(ey, es,e3,¢e4).

The group Gq = (1, 12,73, n4) Is thus generated by half-twists.

Proof. We treat the four cases with the same argument. Namely, for any @,
we exhibit pants decompositions ; and Z; on Sg and S, (@), respectively, such
that:

(1) The four pairs of pants obtained by cutting Sg along %; and S,, ) along
9! are isometric.

(2) The three geodesics of Z; on Sq and that of 2] on S, o) correspond to
the same decomposition according to the marking: if @) = (e, ez, e3,€4) and
n:(Q) = (€4, eh, el el), there exist three words in four letters w' = wi, w}
and w$ such that

P = (wi(ej), whle;),wile;)), P = (wileh), wi(e}), wh(eh)).

Conditions (1) imply in particular that the length parts of the Fenchel-Nielsen
coordinates of Sg and S,,(q) associated to the pants decompositions %; and %,
respectively, are the same. With condition (2), this means that the transformation
n; corresponds to a change of these Fenchel-Nielsen parameters that affects only
their twist part. In other words, n; corresponds to a product of twist deformations
(not necessarily Dehn twists) along the geodesics of the decomposition Z; of the
marked Riemann surface Sq .
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It remains to show that the values of the twist parameters are 0 for w} and
wi and § for wi.

The ﬁrst part is achieved by considering geodesics crossing w} and w} and
observing that their word expression is unchanged by 7; .

To show that the twist is % on w!, we use the underlying algebraic curves
observing that n? belongs to Kq while 7; does not.

We take:

for m1: wi(e;) = (ezea)?, wi(e;) = ereaes, wi(e;) = ezeseq,

for ma: wi(e;) = (ese3)?, wi(e;) = ezeqer, wi(e;) = erezey,

for n3: wi(e;) = (e1eq)?, wi(e;) = ezereq, wi(e;) = ereqes,

for ny: wi(e;) = (626384)2, wi(e;) = ezezeqes, wile;) = ezezezey.

Now consider the geodesic represented by the word (eseszeq)?. It crosses the
geodesics represented by wi(e;) and wi(e;) (or w3(e;) and w3(e;)) but not the
one represented by wi(e;) (or wi(e;)) and its word expression is invariant by
occurrences of 77 (or n2). In particular, its length is unchanged. According to
A. Douady in [7, Exposé 7], this means that the twist parameter along the geodesic
represented by wi(e;) and wi(e;) when applying 11 (or w3(e;) and w3(e;) when
applying 7 ) is zero.

The same arguments for the geodesics represented by (esejeq)? for n3 and
(eae2)? for ny shows the nullity of the twist parameter on w3 (e;) and w3 (e;) when

applying 13 and on wj(e;) and wj(e;) when applying n,. o

Remark 5.2. Theorems 4.6 and 5.1 together allow to see some half-twists
and Dehn twists on the equation of the associated algebraic curve.

Remark 5.3. As working on groups with representation by generators and
relations is not an easy thing, we do not have a precise idea of what is possible in
terms of twists with elements of Gq.

Note for example that simultaneous half-twists along disjoint geodesics ex-
changed by the non-trivial involutions of surfaces Sg do not correspond to el-
ements of Gq in general. We give an example that illustrates this fact. Let
P e &5, and Sp the genus two surface constructed from P as in (4.8). Accord-
ing to [6], for a generic P, the transforms of Sp under Gq either have a real
structure with 2 components or a real structure with 3 components. Now consider
the surface Sp obtained from Sp by making simultaneous half-twists along the
two real components exchanged by the involution of Sp. Then, one can show that
for a generic P, Sp has no real structure with more than one component, and
thus does not belong to the transforms of Sp. See [1] for more details.

5.2. Dehn twists along the sides of the quadrilateral. There are
several motivations to not consider only Dehn twists as double half-twists in our
situation. First, as mentionned in Remark 5.3, simultaneous half-twists are not
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allowed in general while we will see below an example of a correspondence between
an element of G and simultaneous Dehn twists.

Another motivation to deal with Dehn twists separately is their difference in
nature with half-twists: the Dehn twists are defined on the topological surface T5
of genus two, while half-twists only make sense on the (marked) Riemann surfaces.
In particular, the composition of different transformations corresponding to half-
twists can only be considered as successive operations on successively different
Riemann surfaces. On the other hand, it makes sense to compose Dehn twists
even along geodesics which are not disjoint on the topological surface T5.

We will show that in a way the group law in the mapping class group and in
the subgroup Kq and Gq are reversed.

Let @Q = (e1,e2,e3,e4) € Q, we choose Sg as a model for Th. As S is a
hyperbolic surface, each homotopy class of a closed path ¢ on T is represented by a
unique geodesic of Sg, i.e., the conjugacy class of a word w in the letters ey, ez, 3
and e4. We will denote by 7,,(,) the change of the marking corresponding to the
twist along ¢ on T5.

We have then

Proposition 5.4. Let 7 = Ty, (¢;)0" - 0Ty, (e5) and 7' = T/ () O "OTm_(e:)

be two products of Dehn twists along geodesics of Sq, for any () = (ey, ez, e3,e4)

€Q.

Assume that there exist transformations o and o’ in Kq such that for any
Q = (61762763764) € Q7
So(@) = 7(9) and  Ss(q) =T7'(Sq)-
Then
(i) 7o7'(5¢) = Sore0 ()
(ii) For ¢ € Kq, and 79 = Tws (5(es)) © " © Tuy, (5(es)) » We have
7:(5Q) = Ss-105(Q)-

Proof. 1t is well known that if « is an homeomorphism of a surface 15, and
c is a homotopy class of a simple closed path on T3, then 7, = at.a”! (see for
example [3]).

Point (i) is a direct consequence of this fact. We have

707 (SQ) =T 0 (Twy(es) ©* © Tuny, (1)) (SQ)
7o (17 Trmyean T) 00 (T Trant ey 7)) (S@)

= (Trimie)) © 0 Tr(m, () © T (SQ)
(Tﬂml(ez)) 00 Tr(mt (e))) (So(@))
= (r ) (S

Tmf(o(es)) © " 0 Tmy, (o (eq))

o(@) = T'0(55(Q) = So00(q)-
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(i) As ¢ belongs to Kq, there exists 7 € I'y such that 7(Sg) = Ss(g) and
T(wk(e;)) = T(wi((e;))), and the result follows from (i). o

c1(e;) = (eaezeq)?  cale;) = (ezeqer)  chle;) = erezeq

cs(e;) = (esere2)?  cale;) = (ereaes) cj(e;) = (ezezer)
Figure 6.

We end by showing in an example how, given a Dehn twist or a prod-
uct of Dehn twists along geodesics exchanged by the involutions of Sg, @ =
(e1, €2, e3,eq), one can recover “by hand” the corresponding transformation of Gq .

Consider the topological model on the right-hand side of Figure 6 for Sq.

Let T2 = T(egeqer) © T(ereses) = T(ereses) © T(ezeqer) - WE Obtain the correspon-
dence between 75 and the transformation o = ogo030;0100 using the techniques
developed in Section 3 as follows. We first determine the homotopy classes of the
images under 7, of the geodesics of Sg corresponding to the sides of the dif-
ferent copies of (). The corresponding geodesics are mapped, in the quotient
S0(Q) = So(c(Q)) , onto the sides of the quadrilateral fundamental domain ¢(Q).

Then, if one cuts the quotient along the sides of @, the sides of o(Q) appear
as geodesic arcs on @) (see Figure 7).

Figure 7.
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The transformation ¢ is then built using the technique indicated in the proof
of Proposition 3.8.

Using Theorem 5.1, the twist 7; along (esesesq)? corresponds to n7 and
Lemma 5.4(ii) we get the following correspondences for the Dehn twists along
geodesics corresponding to the sides of the different copies of @) in Sg:

T1 = T(esezes)? COITESPONds to
2. 2
ni: (e1,e2,e3,eq) — ((e2ezeq)?, €2, €3, €4),
T2 = 7_(636461) o 7_(616364) = 7_(616364) o 7—(636461)
corresponds to o: (e1,es, e3,€4) — (€1, e3e4e1€2,€3,€4),

2
0o (€4
T3 = T(esere0)?T1 oles) corresponds to

2,2 2, 2
ognioh: (€1, €2, €3, eq) > (€1, €2, (ese1€2)”e3, €4),
2
_ _ _ oq(eq) ds t
T4 = 7‘(616263) o) 7-(@351e2) = 7-(@351e2) e} T(e1e253) =Ty correspondas to
2 2.
0pg00: (61762763764) — (61762763761626364)~
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