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Abstract. We prove several lower estimates for the Nevanlinna characteristic functions and
the orders of growth of the Painlevé transcendents I, II and IV. In particular it is shown that
(a) limsup,_ . T(r,w1)/r®/? > 0 for any first transcendent, (b) o(wz) > 2 for most classes of
second transcendents, (¢) o(wg) > 2 for several classes of fourth transcendents, and that (d) the
poles with residues 41 are asymptotically equi-distributed.

1. Introduction

The solutions of Painlevé’s differential equations

I w” =z 4 6w?,
(1) (I1) w” = a+ 2w + 2w3,
(IV) 2uw” = w'” + 3wt + 8zw? + 4(22 — a)w? + 24

are meromorphic functions in the plane. For recent proofs see Hinkkanen and
Laine [5] in cases (I) and (II), and the author [16] in all cases. In papers of
Shimomura [13], [14] and the author [17] precise order estimates are proved with
different methods: o(w) < 2, p(w) < 3 and p(w) < 4 in the respective cases.
These results are also presented, at least in parts, in the recent monograph [3] by
Gromak, Laine and Shimomura. The lower estimate o > g in case (I) is due to
Mues and Redheffer [6].

Shimomura [15] extended his research on the Painlevé transcendents to prove
lower estimates for the Nevanlinna characteristics of the first Painlevé transcen-
dents, and, for particular parameters, also for the second transcendents. The aim
of this paper is to make a comprehensive study of global properties of the Painlevé
transcendents I, IT and IV. In the first case we are able to show that every solution
is of regular growth, while for equation (II) the well-known conjecture o > % is
confirmed—except in one case. We also give independent proofs of known results,
which might be of interest by themselves.
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The estimates of Nevanlinna functions are based on the re-scaling method
developed in [17], which certainly gives not as precise results as are obtained in the
theory of asymptotic integration, but avoids the well-known connection problem
occurring there, and is therefore more suitable to study global aspects. Some of the
problems, however, seem to be out of the range of these methods. Nevertheless,
we also state and prove several results, which may be looked at being incomplete
and preliminary, but point into the right direction.

2. Notation and auxiliary results

(a) Painlevé’s equations I, IT and IV. Each equation (1) has a first
integral

w'? = 4wd + 22w — 2U, U =w,
(2) w? = wt + zw? + 20w — U, U’ = w2,
w'? = wh + 4zwd + 4(22 — Q)w? — 26 — dwlU, U’ = w? + 2zw.

Any transcendental solution has infinitely many poles p with Laurent series ex-
pansions

(z=p)7" = qgp(z = p)* = Gz =p)* + h(z = p)* + -,
(3) Qw(z)=celz—p)~' —geplz —p) — fla+e)(z—p)° +h(z—p)* + -,
e(z—p) ' —p+ 3e(p? + 20— 4e)(z —p) + h(z —p)2 + -

and

U(z) = =(z=p)7" = 14h — 5p(z = p)° — g3(z =) + -+,
(4) §U(2) =—(z—p) ' +10eh — 5£p* — ip(z —p) — (1 +ea)(z —p)* +- -,
U(z)=—(z=p) ' +2h+2(a—e)p+ 5(4a —p* = 2¢)(z —p) + - --

with € = £1; the coefficient h remains undetermined, and free: the pole p, the
sign € and h may be prescribed to define a unique solution in the same way as do
initial values w(zp) and w’'(zp).

(b) Nevanlinna theory. Let f be meromorphic and non-constant in the
complex plane. Then m(r, f), N(r, f) and T'(r, f) denote the Nevanlinna prox-
1mity function, counting function of poles and characteristic function of f, respec-
tively, while n(r, f) denotes the number of poles of f in |z| < r, see Hayman [4]
or Nevanlinna [7]. In addition we will work with the L'-norm of f on |z| <r,

10:0)= 52 [ 15GId@)
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where d(x,y) denotes area element; the L!-norm is defined for meromorphic func-
tions f with simple poles. We also make use of the Ahlfors—Shimizu characteristic

n )= [ A NG i A= [ (r#e) i),

T
f#(z) = |f'(2)|/(1 + | f(2)|?) being the spherical derivative of f; Ty(r, f) differs
from T'(r, f) by a bounded term.

The following facts are well known, and are only referred to for the convenience
of the reader. Let f be any canonical product with simple zeros ¢, , and denote
by n(t) the number of zeros contained in |z| < t. The genus of f is defined to be
the least integer h, such that

> ey =/ t™" dn(t) = (h+1)/ n(t)t~ "2 dt < 4o0.
v=1 0 0

The Nevanlinna characteristic of f then satisfies n(r) < T'(er, f) and

n(t)

Y g
I+ )

(5) T(r, f) < Kprtt /0 b

and hence the order of growth

. logT(r,
7—00 ogr

coincides with the exponent of convergence inf{a >0:) 7 a7 < oo}, and
satisfies h < p < h+1.

The concept of genus may be extended to arbitrary meromorphic functions
f =¢e%f1/fo of finite order, where f; and f, are canonical products of genus h;
and hs, respectively, and @ is any polynomial. The genus of f then is defined by
max{hi, ha,degQ}.

(c) Counting poles of logarithmic derivatives. The logarithmic deriva-
tive L = f'/f, f entire of finite order with simple zeros, has Nevanlinna functions
m(r,L) = O(logr) and N(r,L) = N(r,1/f), and hence satisfies

T(r,L) <T(r, f)+ O(logr).

Conversely, if ® is meromorphic in the plane of finite order, with simple non-zero
poles with residues 1 and satisfying m(r, ®) = O(logr), then there exists some
polynomial @ such that ® = @Q + L, where L = f’/f and f is the canonical
product with simple zeros exactly at the poles of ®. If the order ¢ of ® is not
an integer, then n(r, ®) = O(r?) and n(r,®) = o(r?) imply T'(r, f) = O(r?) and
T(r, f) = o(r?), respectively. This is no longer true for o € N. If, however,
Jo- n(t, @)t~ dt converges, then T'(r, f) = o(r?) holds.
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Proposition 2.1. Suppose ® is meromorphic in the plane, having simple
poles with residues 1 only. Then

(6) /OR n(r,®)dr < I(R, D).

Proof. By the Residue Theorem we have, for all but countably many radii
r>0,

(7) n(r, ®) =

™

<o [ |@(re”)|rdo,
2 0

1
— ®(2)d
9omi /|Z|:T (2) dz

and integrating with respect to r gives the assertion. o

For functions ¥ having only simple poles with both residues +1 we obtain
in the same way

R
®) / i, (r,¥) — n_(r,0)|dr < I(R, T),

where ny (r, ¥) counts those poles of ¥ with residue +1.
An estimate in the other direction is given by

Proposition 2.2. Let f be any canonical product (or a quotient of canonical
products) with simple zeros (and poles) and counting function of zeros (and poles)

n(r). Then for L = f'/f we have
(9) I(R,L) <8R[T(2R, f) + n(2R)].

Proof. Let (¢,) be the sequence of zeros (and poles) of f. We recall the
inequality
L(2)] S 8Tz, )zl + Y 20e—el™,

lev[<2]z]

which is a simple consequence of the Poisson—Jensen formula, see Hayman [4]; f
may be any meromorphic function with f(0) = 1 and simple zeros and poles ¢, .
Since

[ e tdwy s [ el dey) = 20(R o+ e]) < 0nR
|z|<R |z| <R+ |cl

for |c| < 2R, integration over the disk |z| < R yields, by monotonicity of T'(r, f),
1

21 Jiz1<r

|L(2)| d(z,y) < 8R [T(2R, f) + n(2R)],

and hence the assertion. o
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We have also to deal with functions L' = (f'/f)’, f a canonical product with
zeros p, . Differentiating the Poisson—Jensen formula twice gives the inequality

(10) () < 16T )2 +2 3 e—pl 2

[P <2]2]

Since |z — p, |72 and |L/(z)| are not integrable, we proceed as follows: for § > 0
sufficiently small and some x > 0 we consider the disks A, : |z —p,| < d|p,|~"
about the non-zero poles of L, multiply the above inequality by r = |z| and
integrate over

(11) HR)={z:1<|z|<R}\ U A,
|py|<2R
Since
|| ooar 5
T d(z,y) <6mR — = 67w Rlog(R|p,|"/d) = O(Rlog R),
H(R) |Z_pl/| Slpu|—= T

we obtain, keeping § > 0 and x > 0 fixed and denoting

1

(12) R )= o [ e de):

Proposition 2.3. Let f be a canonical product (or a quotient of canonical
products) with zeros (and poles) p, and counting function n(r). Then for L =
f'/f and H(R) given by (11),

In(R,L') = O(R[T(2R, f) + n(2R) log R])
holds.

3. Re-scaling Painlevé’s equations

Some of the mystery of the Painlevé transcendents is hidden in the unknown
coefficient h in the series expansion (3). The re-scaling method was developed
in [17] only for one purpose, to estimate h in terms of p, and hence to obtain
the growth estimates mentioned in the introduction. The method reminds of
Painlevé’s a-method [9], [10], and also the Zalcman method [21] and its refinement
by Pang [11], [12], and is based on Poincaré’s Theorem on analytic dependence on
parameters and initial values, see, e.g., Bieberbach [1, p. 14]. We will describe the
method and its results in case (II) in some detail, for full details in case (I) the
reader is referred to [17].
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(a) Re-scaling equation (II). Let w be any transcendental solution of (II)
and set

r(20) = min{|20] /2, Jw(z0)| ", [’ (z0)| T2}

to re-scale w(z) + /2 ; v/z denotes any branch of the complex square-root. Let
(z,) be any sequence ( z, not a pole of w) tending to infinity, set r,, = r(z,) and

Yn(2) = 1n [w(zn +7rn2) —Vzn + rnz}.

Then the differential equation for y,, has a formal limit as n — oo, and assuming
that the limits a® = lim,, o0 7225, Yo = limy 0o Y5 (0) = lim, oo Tpw(z,) —a and

Yo = limy, o y,(0) = lim,, .o r2w’(2,) exist, we obtain the initial value problem

(13) Y =(y+a)a®+2y+a)®), y0) =y, ¥ (0)=uy.

The solution is either a constant, a rational function, a simply periodic function or
else an elliptic function. Constant solutions which may come from the re-scaling
process are y = —a and y = —a +ia/+/2 , this being only possible for a # 0. As
a consequence of Poincaré’s Theorem, the main conclusion is

(14) y(z) = lim yn(2) = lm r,[w(z, +702) — Van + 1m0z ],

n—oo n—oo

locally uniformly in C, so that we can easily deduce properties of w(z, + r,z)
from properties of y(z).

We denote by (p,) and (g,) the sequences of non-zero poles and zeros of
w?(z) — z, respectively, and set, for § > 0 fixed,

As(e) ={z:|z—¢| < dr(c)}.

Lemma 3.1. Let (z,) be any sequence such that |z, — q,| = o(r(z,)) and
lzn — ¢,| = o(r(q},)) as n — oo, respectively, where (q),) is some infinite sub-
sequence of the sequence (g,) of zeros of w?* — z. Then r(q,) = O(r(zn)) and
r(zn) = O(T(q;)) , respectively.

Proof. We will give the proof in the first case leaving the details in the second
case to the reader. We set r, = r(z,) and y,(z) =r, [w(zn +rpz) —\zn + rnz} ,

and assume that r2z, — a? and y,(2) — y(z), locally uniformly in C. On

the other hand we consider w,(z) = 7y, [w(q), + 7m2) — \/¢}, + 7z ]. Noting that
en = (ql, — zn)/rn — 0 we obtain by uniform convergence u,(z) = yn(z + &,) —
y(2), u,(z) — y/(2) and also r2¢/, — a®. From this, r(q},)/r, — 1 and hence

r(q),) = O(ry,) follows. o
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Proposition 3.2. As z — oo outside Q(0) = J, As(q) the following hold,
for any choice of \/z :

(a) |22 =O(Jw(z) — vz |)

(b) o' (2)| = O(|w(z) - vz|” )= |w2(2 ) —2l),
(c) F#(z):O(\z|_1/2) for F(z) = w?(z) — 2.

Proof. Suppose that (z,) is any sequence tending to infinity such that
lw(zn) = /Zn | = ol|2n |1/2) or else lw(zn) \/Z} = o(|w'(z )|1/2) holds. As-
Sumlng, as above, that the limits a? = lim, .o 7225, Yo = lim, oo Tpw(2,) — a
and y} = lim, . r2w’(z,) exist, we obtain (13) by re-scaling w(z) — /z (any
branch of the square-root), with yo = 0. Hence, y is non-constant, and from
(14) and Hurwitz’ Theorem it follows that w?(2, + 7,2) — (2, + r,2) has a zero
2! with (z],) tending to zero. Hence z, + 7,2, = ¢, is a zero of w? — z, and
|zn — | = |2|rn = o(rn) = o(r(q),)) by Lemma 3.1. This proves (a) and (b).
Assertion (c) then follows from

and (a) and (b). o

Remark. Assertion (c) says that the value distribution of w? — z takes place
in very small neighbourhoods of the zeros of this function.

Proposition 3.3. For ¢ sufficiently small, the set Q(0) = |J, As(q,) may
be covered by the union of disjoint disks {z : |z — ¢,| < 0,0r(q,)}, 1 <60, <3,
where (q!,) is a subsequence of (q,).

The proof is the same as the proof of the corresponding Lemma 2 in [17], see
also [3]. Tt relies on the following fact, which says that, for ¢ sufficiently small,
any disk As(g,) meets at most one disk As(g,):

If (¢)), (q7) and (q) are disjoint sub-sequences of (q,), then

@y, — an| + @y, — a1 > er(q,)

for some ¢ > 0, depending only on w.
Assuming |q), — ¢/'| + |¢), — ¢'| = o(r(q},)), the re-scaling process

Un( )—T [ (Qn"‘rn ) (Q;L‘i'rnz)]’ TnZT(CIZ),
for w? — z leads to the differential equation

(v+a®)" = %UIZ +4(w+a?)?, o= lim r2q),

with v(0) = v'(0) = v"”(0) = 0, this following from Hurwitz’ Theorem, and this
implies v(z) = 0 and a = 0. On the other hand we have v(z) = y,(2) - y_(2),

where yy is the result of re-scaling w(z) £ 1/z , and neither y, nor y_ vanishes
identically. This contradiction proves the assertion. o
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Remark. In particular Proposition 3.3 says that Q(J) is porous in the
following sense: there exists some constant Ky > 1, such that any two points
a,b € C\ Q(6) may be joined by a path of integration in C\ Q(é) of length
S K 0|6L — b| .

Still now all results have been of local nature. To solve the connection problem
we consider the function

which has the remarkable property that
V(p) = 10eh — 7p*/36

at every pole p of w with residue €. Furthermore, V' satisfies the linear differential
equation

V' w(w? +32)(zw+a) 2w’ ,  z2tw? v
Rk (=2 w2

To proceed further we need the following
Lemma 3.4. Given o > 0, there exists K > 0 such that

‘ z+w?(2)

V(2)]
WV(Z)‘ <o——=—+ K|z|,

2|
and hence |V'(z)| < o(|V(2)|/|2]) + K1|z| holds outside Q().
Proof. Let (z,) be any sequence tending to infinity outside Q(d). If |z,| =
2n + w?(2n)

o(|w(z,)|?), then obviously
_ (V)
(w?(zn) — 2n) a < |2n| )

If, however, |w?(z,) — z,| = O(|2,]), then from (2) and Proposition 3.2(b) follows
U(2n)| = O(Jw?(2) — 2n|?) = O(|z5]?). From the same proposition and our
assumption follows

5 V(zn)

)] os, 1)

w?(zpn) — 2n

and hence

Zn + w?(2,)

(wQ(zn) — zn)

w(zn)w'(2n)
w2(zpn) — zn

5V (2n) Ulzn) — = O([zn)-

_ ' Zn + w2 (2p)

(w?(zn) — zn)2
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This proves the lemma. o
Using Propositions 3.2, 3.3 and Lemma 3.4, it is not hard to show, using a
Gronwall-like argument, see also [17] and [3] in case (I), that

V(z) = O(]z]*) as z — oo outside Q(d);

in particular, from eh = V(p) + 7p*/36 at every pole of w it follows that |h| =
O(Ip[*) as p — o0.

We now need some good a prior: lower bound for the radius of convergence
r(p,h) of the Laurent series (3). It is not hard to show that, in our case (II),
r(p,h) > K min{1, |p|~*/2, |h|~*/*} holds with K an absolute constant. Hence,
for a fixed solution w and any pole p,, , this radius is at least K;|p,|~*/2, K only
depending on w. The proof is left to the reader, the corresponding estimate for
the solutions of (IV) is proved in the appendix. This estimate also enables to re-
scale w about poles p with re-scaling factor or local unit of length r(p) = |p|~/2.
From these considerations follows

Proposition 3.5. For any transcendental solution of (1), with sequence of
poles (p,) and associated sequence (h, ), the following is true:

(a) h, =O(p,]?) as v — 0.

(b) EO<|py\<r py|~! = O(r?) as r — oo.

(c) w'(z) =O(|z]) and U(z) = O(|z|?) as z — oo outside P(8) =J, As(p,).
(d) ’w( ) \/_} = |z|1 /2 (any branch) outs1de P(6) U Q(9), which means that
lw(z) = vz| = O(]2|'/?) and |2['/? = O(|w(z) — Vz ).

(e) 7(2) = |2|71/2 for z outside P(J).

The main application of (b), of course, is the estimate
T(r,w) = O(r%).

(b) Re-scaling equation (IV). We will briefly describe the procedure in
case (IV), which is quite similar to its counterpart in case (II). We set

7"(2’0) = min{|ZO|_17 |’U}(2’0)|_1, |w/(2’0>|_1/2}

to re-scale w(z) + z rather than w itself. Let (z,) tend to infinity, set
rn = 7(2zn) and y,(2) = rp[w(zn + ™mz) + 2n + rmz]. Again, assuming the
limits a = lim,—oo Tnzn, Yo = lim, oo yn(0) = lim, o rw(z,) + a and
Yy = limy, o0 v/, (0) = lim,, o r2w’(2,) to exist, we obtain the limit differential
equation

2y — a)y” = y'° +3(y — a)! + 8a(y — a)® + da?(y — a)?.
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Again we have y # 0, this following from |a| + |yo| + |yi| > 0. Constant solutions
are y = +a and y = %a.

We denote by (p,) and (g,) the sequence of non-zero poles and zeros of
w(z) + 2z, respectively, and set Q(6) = |J, As(qv), where again As(c) = {z :
|z —c| < dr(c)}, § > 0 arbitrarily small, but fixed. Then we obtain, similarly to
case (II), but now using the key auxiliary function

V(z) =U(2) —w(z)w'(2)/ (w(z) + z)2 with  V(p) = —3ep+ 2ap + 2h:

Proposition 3.6. ¢t For any solution of (IV) the following holds:
(a) z=0(Jw(z) + 2|) and w'(z) = O(Jw(2) + 2|*) as z — oo outside Q(¥).
(b) V(2) = O(|z]?) as z — oo outside Q(6); in particular, h, = O(|p,|?).

Again the proof is based on asymptotic integration of the linear differential
equation

;L 2zw(z+bw) ,  2w(3z—w)
V= Q(va) + (,w + 2)5 w (w + 2)3 4
with

S8az 4222 28+ 16az2? — 2% 48z + 8az® — 22°

2
Qz;w) = =27+ w+ z (w+ 2)2 (w+ 2)3

Similarly to Lemma 3.4 one can show that given o > 0 there exists K > 0 such
that
2w(2) (32 — w(z))

(w(z) + z)S

outside Q(6); since the set Q(J) is porous, the same technique as was used in
case (I1) yields V(z) = O(|z|*), and, in particular, |h| = O(|p|?). From this result
and the appropriate lower estimate for the radius of convergence r(p,h), see the
appendix, it follows that we may re-scale about any pole p # 0 with local unit of
scale r(p) = |p|~!. Again by setting P(d) = |J, As(p,) we obtain

V(z)| < UL/‘Z” + K|z|?

Proposition 3.7. For any solution of (IV) the following holds:

(a) |w(z)+ 2| < |z| as z — oo outside P(d) UQ(0).
(b) w'(z) = O(|2|?) and U(z) = O(|2|®) as z — oo outside P(d); in particular it
is allowed to replace r,, = 7(z,) by |2,|~! for (z,) outside P(§).

In this case, too, the main application is the estimate

T(r,w) = O(r*).
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Final remark. To each equation (I), (II) and (IV) there corresponds in a
canonical way a Riemannian metric ds = |z|**|dz|, A = 1,2,4; distances are
denoted by d(a,b) = dx(a,b). The euclidian disk As(c) = {z: |z — ¢| < §|¢|~*}
obviously may be replaced by {z : dx(z,¢) < 0}, for |c| large compared with 4.
Hence, for any fixed solution the corresponding Laurent series (3) converges in
di(z,p) < Kx(w), A =1,2,4, where K)(w) > 0 is a constant not depending on
the pole p.

4. Value distribution of the second transcendents

Let w be any transcendental solution of equation (II), with non-zero poles p,,
and Res,, w =¢,, and let g. be the canonical product with simple zeros exactly
at the non-zero poles of w with residue ¢ = +£1. We set g(z) = z/°0lg;(2)g_1(2)
and f(z) = 25°¢1(2)/g9-1(z), with g = Resgw. Then g and f have genus h > 0,
and from m(r,w) = O(logr) and m(r,U) = O(logr) it follows that there exist
unique polynomials @), and @y such that

Fiz) an
o) M

In the sequel we will discuss how the polynomials @, and Qy associated
with w are related to h and to each other. Clearly, for ¢ = 0, @, and Qu
are the Taylor polynomials of w and U, respectively, of degree h — 1, plus higher
terms!

Before proceeding further we prove a surprising result, which at first glance
seems to show that each second Painlevé transcendent has order of growth o < 2.

(15) w(z) = Qu(z) + U(z) = Qu(z) -

Theorem 4.1. Any transcendental solution of equation (II) with w(0) # oo
may be represented in the form

(16) w(z) —w(0) = lim " (572 _ Z*(L

s P Gl ) e S Gl 20

If w has a pole at z = 0 with residue ¢y, then w(0) has to be replaced by €y/z.

Remark. We note that convergence is locally uniform, but Z?py), being

defined by (16), has to be understood as (Cauchy) principal value, obtained by
exhausting the plane, and hence the sequence (p, ), by disks |z| < r.

Proof. Let r > 0 be sufficiently large; we construct a closed path of integration
', of length O(r) with the following properties: the interior of I, contains exactly
those poles of w which are contained in [z] < r, and T, N A, = ) for each v,
where A, = {z : |z — p,| < dp,|7Y/?}; § > 0 is chosen in such a way that
A, NA, =0 for pu#v. We start with the positively oriented circle C, : |z| = r.
If ¢, =C,.NA, # 0, we replace this sub-arc of C, by the corresponding sub-arc
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d, of 0A, inside |z| = r if |p,| > r, and outside |z| = r if |p,| < r, to obtain
', after finitely many steps. Since length(d,) < mxlength(c, ), the length of T,
is at most 277 .

We assume w(0) # oo for simplicity. Then for z inside I',, the Residue
Theorem gives

S(zr) = 5 /F Cw(o =@ =w0 oy e

27” (C ) < 0<|pp|§r pv(pu - Z)

and from |w(¢)| = O(|¢|Y/?) = O(r*/?) on I, follows S(z,7) = O(r~'/?) as
r — 0o, uniformly with respect to |z| < ir, say. o

Remark. This result is surprising insofar as it is supposed that, in general,
S0 L |py| ™3 diverges. We note that w’(0) = — Z?py) e,p, 2 in the first case, and

Z?pp) e,p,; 2 =0 if w has a pole at z = 0.

We may also consider

2 1 U)Q(C)
SU(“):%/F C-2%

to obtain

Theorem 4.2. For any transcendental solution of (II) with w(0) # oo

w2(z) = w2(0> + bz + klirgo Z [(Z _ py)—Q N p;Q}

|pu‘<rk
(17) 2
O +bz 4+ [(z=p) 21,7
(pv)
holds for some sequence 1 — 0o, with
b= lim S®(z,r) = 2w(0 —22 D,

k—o0
(pv)

if w has a pole at z = 0 with residue &g, then the terms w?(0) and 2w(0)w’(0)
have to be replaced by z=2 and —%(1 + gopav), respectively.

Remark. We call EZ;V) principal value of the second kind, obtained by the

exhaustion |p,| < ri — oco; again convergence is locally uniform with respect to z.
Considering the integral

1 w?(¢)

2rmi T, C2(¢ = 2) @
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instead of S (z,r) yields

22(3p —2z
2 v
= w?(0) + 2
e =10+ 20+ 3 T
= w?(0) + 2uw(0 z+Z (z—p) 2 = p, % — 22p, 7],

which converges absolutely and locally uniformly.
Proof of Proposition 4.2. Again from the Residue Theorem follows

S (z,r) = w'(z) - —I— Z

z
0<|pu|<7’

)

Since w?(¢) = O(r) on T, we may, however, only conclude that S®)(z,r) is
uniformly bounded, for |z|] < %r, say, independent of r. For some appropriate
sequence 1, — oo we thus have limy_, o, S®(z,74) = b, locally uniformly in the
plane. o

Theorem 4.3. In any case deg@Q,, < max{0,h —1} < 2 and degQu < 2
hold.

Remark. If w(0) # oo and h > 1, then Q,(2) = Th-1(z;w) is the Taylor
polynomial of w about z = 0, of degree h — 1. In case w(0) = oo we have
Qu(z) =0 for 1 <h <2, and Qu(z) = —f(a+¢e0)z? for h=3.

Things are different for Qp . Writing by, = >, p;*~1 (the series converges

absolutely for k > h) we obtain Qu(z) = 10eohg — 3(1 + soa)z — Zk , b2 if

z =0 is a pole with residue ¢g, and Qu(z) = Ta(z;U) — Zk:h brz® if w(0) # oo.
Proof. We assume w(0) # oo for simplicity. Then, on one hand, (15) gives

(18) w(z) +Z o

while (16) continues to hold. From this we may conclude that deg ., < max{h, 1},
and hence Q. (z) = Th-1(z;w) for h > 1. If z = 0 is a pole of w with residue
€0, then we also have deg @Q,, < max{h,1}, and from (3) follows Q,(z) = 0 for
1<h <2, and Qu(z) = —(a+ep)2? in case h = 3.

The representation of U easily follows from (17) and U’ = w?. Comparison
with the ordinary series expansion

/ P o0 Zh
U(z) = Quix) - L8 —Quiz -3

f(Z) =1 (Z - pl/)piul

yields degQu < 2, and Qu(z) = Tg(z U) — Ei L, bezt, if w(0) # oo, and
Qu(z) = 10g0hg — (1 + gga)2? —Zk L biz® else. o
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In [15] Shimomura has shown:

For 2a € Z every transcendental solution of (I11) has order of growth

0>

[\Glo}

More precisely, it was shown that T'(r,w) > C.r3/27¢ for every € > 0 and any
transcendental solution of equation (II) with parameter o« = 0. This result then
may be extended to any a with 2a € Z by applying the Backlund transformation.

To prove Shimomura’s result, we have only to deal with the case where @,
is constant, since o(w) > h > deg @, + 1 > 2 in all other cases, and thus may
write w = ®'/® with o(®) = 0 < max{l,o(w)} (note that, in case h = 0,
®(z) = e“* f(z) might contain an extra factor e®* to represent w). For a =0, a
simple computation gives

— — o=
® w v o’

P ®

w// 9 q)// q)/// (P/ (P// \I//
— 3— | =
(3 %%) =%

with ¥ = &”/®3. Since the order of ¥ is at most o, we obtain from the lemma
on the logarithmic derivative, in the form due to Ngoan and Ostrovskii [8], that

logr =m(r,z) < m(r,®"/®") +m(r,¥'/¥) <2(c —1+ 0(1))+logr,

and hence o > %, which implies p =0 >

N[V

. O

Remark. For arbitrary a the same proof shows that

2(o — 1)* > limsupm(r, z + a/w)/ logr.

T—00

In most cases the order of growth of any solution w has turned out to satisfy
0 > 2, the only exemption occurring when @), is constant. We will now prove
several lower estimates depending on deg Q¢ .

Theorem 4.4. Let w be any transcendental solution of (II), with associated
polynomials (), and Q. Then if p < 3 and deg Qy = 2, the following is true:
(a) 0> 3 and Qu(z) = —322 +- -,

(b) w(z) ~ +/—2/2, U(z) ~ —2%/4 and w'(2) = o(|z]) as z — oo on some set

D satisfying area(DN{z: |z| <r}) ~7r? as r — .

Example. The solutions of w’ = z/2 + w? have order of growth ¢ = 2 and

solve equation (II) with parameter a = % In this case U’ = w? = w' — %,22 and
Quw(z) = w(0), hence U(z) = w(z) — 22/4+ U(0) — w(0) and Qu(z) = —22/4 +
U(0). We note that w?(0) = >_°7, p;? and w?(0) = w(0)w'(0) = > 02 p, 3 — 1.
In case w(0) = co we have Qu(z) = —z2/4 + 10eohg and > 7 p,? = 0.
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Proof of Theorem 4.4. We assume p(w) < 3 and set Q.(z) = az + ag
(note that deg@,, = 2 implies o = 3) and Qu(z) = %sz + ---. Then from
Propositions 2.2 and 2.3 and U’ = w? follows

I(R,U — Qu) + Ig(R,w?* — Qy) + Ig(R,w' — Q) = O(R*?*)

for some A > 0. Let the set £ C C consist of all points z, such that at least one
of the inequalities

U(2) = 3b2°| > [P, Jw?(2) = bz| > o', ' (2)] > |22

holds, and set Fr = EN {z :
O(R?) in mind,

TR <|z| < R}. Then, having I(R,z) + Ig(R,1) =

CR*™2 > / (}U(z) - %sz} + |2 [w?(2) — bz| + |2| [w'(2)]) d(z, y)
Er
1 oy 2—A
> (3R)” “area(ER),
and hence area(Eg) = O(R?>7**) follows, this implying

area(Dg) = area(D N {z: |z| < R}) = nR* — o(R?)

for D=C\E.

Re-scaling equation (2) on any sequence (z,) C D, with local unit of length
=z % e, taking the limit n — oo for y,(z) = zgl/Qw(zn + 251/22) then
yields

72

=yt +4y? - 1b, y(0)=vb, y'(0)=0,

for some choice of v/, from which b = —% and y(z) = /-3 , and hence w(z,) ~

\/—32n and U(z,) ~ —1z2 follows. This proves w(z) ~ /—%z and U(z) ~

—%22 as z — oo on D.
Since o > 2 for deg @, > 1, we have only to deal with the case a = 0. Then

o(w) > 3 follows from
2rl(R,w) > / lw(z)|d(x,y) > const - R>/?
Dpg

and Proposition 2.2. o

Theorem 4.5. Let w be any transcendental solution of (II), with associated
polynomials (), and Qy . Then degQy =1 implies 0 > 2.
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Proof. We assume Qp(z) = bz+by and ¢ < 2, hence @, is a constant. Then
from Propositions 2.2 and 2.3 follows

IH<R7 w2 - b) + IH(R7 w/) = O(RB_ZA)
for some A > 0, and as in the proof of Theorem 4.4 the set
E={z:|w’(z) = b] > 2| or |w'(2)] > ||}

satisfies area(EN{z: |z| < R}) = o(R?). Again weset D = C\ E and D = DN
{2 : |2| £ R}, and again area(Dg) ~ wR? holds. From equation (1) then follows
lw”(2)| > |b|'/?|2|/2 for z € D and |z| > rg, say. Together with |w’(z)| = o(1)
this implies (w’)#(z) > |b|'/2|z|/4, and hence A(r,w’) > c;r* for some ¢; > 0,
this contradicting our assumption ¢ < 2 (and even p < 3). o

Concluding remarks. Theorems 4.2, 4.3 and 4.4 together show that o(w) >
% is true except when @y and @, are constants. Thus the only case left is
w=a+f'/f and w* = —(¢'/g)" with f =g1/g_1 and g = g1g_1, where g+, are
canonical products of genus < 1. In the sequel we will discuss several ideas which
could or could not help to prove o > % .

(a) It seems promising trying to prove

m(r, z + a/w) -

lim sup
P—00 logr

This, however, is far beyond the scope of our method, since it requires analyzing
solutions on circles |z| = r. We note also that for a € Z there exist rational solu-
tions with z+a/w(z) = O(|z|7!), and hence any proof had to distinguish between
different parameters, and also between rational and transcendental solutions. Also
this method would not work in case of equation (IV).

(b) It also seems hopeless trying to prove that deg @Q,, = 0 implies deg Qu =
2, though several hints indicate that this might be true. It might, however, be
fruitful to consider the following problem: let gi; denote the canonical products
with zeros at the non-zero poles of w with residues +1, and assume Q. (z) = a
and Qu(z) = b. Replacing g+1 by fi1 = e***/2g.; and writing g = f1f_1 and
f=fi/f-1 weobtain w = f'/f and w? = U’ = —(g'/g)’. Thus

(/A = o/ f-0) = (i f = fa) f-1)?,

or, equivalently,

forft =2f i+ 7 fi=0

has to be disproved for (essentially) canonical products fi; without common
ZEros.
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(c) Our third proposal seems to be more promising, namely, to prove some
estimate |w(z)| > ¢|z|*/? outside small disks |z — ¢, | < d]c,|~*/? about the zeros
¢, of w, and then apply Proposition 2.2. In contrast to equation (I), however, it
is not possible (although I believed in [17] it would be) to prove an asymptotic re-
lation like |w(2)| < |2|/? outside the set P(5)UC(6), by using re-scaling methods
only. The reason for this is that (II) also has rational solutions (for parameters
a € Z) satisfying w(z) ~ —a/z as z — oco. It is a weakness of the re-scaling
method that it cannot distinguish between different parameters nor between ra-
tional and transcendental solutions. All results which may be obtained by this
method, must be true for all parameters and all solutions. A similar remark holds
for equation (IV). Thus, some additional argument has to be introduced, which
excludes rational solutions from consideration.

Nevertheless I believe that the following is true: Any transcendental solution
of (IT) has order of growth either o = 3 or else p = %, this occurring exactly for
particular solutions, called Airy Solutions. These solutions are characterized by the
fact that they also solve first order algebraic differential equations P(z,w,w’) =0,
and are obtained by successive application of the so-called Backlund transforma-
tion, starting from the solutions of the Riccati Equation u' = +(z/2 + u?). For
details the reader is referred to [3].

5. Value distribution of fourth transcendents

Equations (II) and (IV) are in many respects similar to each other. For certain
parameters they admit rational solutions, or solutions which solve also some first
order algebraic differential equations, and the residues ¢, alternate.

We use the same notation as was used in the previous section to represent
transcendental solutions w of (IV). Let g denote the canonical product, of genus
h, with simple zeros exactly at the non-zero poles of w. Then g = g19_1, where
g+1 has zeros exactly at poles with residue 4+1. If w has a pole at z = 0 with
residue g9, we replace g and f = ¢g1/g—1 by zg(z) and 2z°°f(z), respectively.
Then as in case (II) we have the representations (15).

From Section 3(b) we obtain the estimates w(z) = O(|z|) and U(z) = O(|z|)
as z — oo outside P(8) = J, As(py), with As(p,) ={z: |z —pu| < |p,|~'}. We
also construct the closed curve I';. as in the proof of Theorem 4.1; it contains in its
interior exactly those poles with |p,| < r, while w satisfies |w({)| = O(|¢|) = O(r)
on I',.. Then the Residue Theorem applies to

1 w(¢)

Sm(z,r / ——d({, m=1,2,
&) = 5 e, o)

with S,,(z,7) = O(r~™1) as r — oo, locally uniformly with respect to z. Hence,

for w(0) # 0o, we obtain

(19) w(z) = w(O) + w0+ 3

( V) pV py
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(principal value with exhaustion |p,| <7 — o00) in case m = 2, and, for m =1,

(20) w(z) = +bz+z** s

(pv) v)Pv

for some sequence ry — oo, where b = limy_,o, S1(2,7%) is constant; note that
b=w'(0)+ E(p ) €vp,, %+ Equations (19) and (20) have to be modified if 2z = 0 is
a pole with residue gg as follows: w(0) and w’(0)z have to be replaced by &¢/z
and 1 (2epa + 4)z, respectively. Similarly, by considering

: L[ w0 + 2wl
J “

$n(e7) = 507 ), “omeic
and noting that w?(¢) + 2¢w(¢) = O(|¢]?) = O(r?) on T, we obtain

(21) w(2) +2zw(z) = To(2) + 3 [(z—pu) 2 =, 2 — 22, %]
(pv)

(principal value) and

(22) w?(2) + 2z2w(z) = Ti(2) 4 bz? + Z** [(z=pu) % =0,
(pv)

(principal value of the second kind, obtained by the exhaustion |p,| < rj for some
sequence 1 — 00), with b= limg .o S; (z,7%), locally uniformly, and T,, being
the Taylor polynomial of w? 4+ zw of degree m about z = 0.

Then (19), (20) have to be compared with the Mittag-Leffler series expansions

(23) w(z) +Z R 0<h<4,

and, similarly, (21), (22) have to be compared with
(24) w?(2) + 22w(z) +Z 2= p,) 2 = Kn(2,00)],

with Kp(z,p) = Z;(Q)(k‘—I—l)zkp_’“_2 for 0 < h < 4. The case w(0) = oo requires
obvious modifications, it does not make any sense to write this down. We thus
obtain, similarly to case (II):

Theorem 5.1. In any case deg@,, < max{h — 1,1} < 3 and degQu < 3
hold.
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As in case (II) we next prove several lower estimates depending on deg Qy,
noting that o > deg@,, + 1 for deg@,, > 2 is already known.

Theorem 5.2. Let w be any transcendental solution of (IV), with associated
polynomials @, and Qu . If p < 4 and deg Qy = 3, then the following is true:
(2) Qu(z) =—52°+ -,
(b) w(z) ~ =2z, U(z) ~ —2x2% and w'(z) = o(|z|?) as z — oo on some set D
satisfying area(D N{z: |z| <r}) ~mr? as r — oo,
(¢) 0> 2, provided Qu,(z) # —%z + a.

Remark. We note that certain equations (IV) have rational solutions with
principal part —%z at infinity.

Proof. There is almost no difference to the proof of Theorem 4.4. We set
Qu = %bzg + .- and Qu(2) = %azQ + -+ (note that deg@,, = 3 implies o = 4),
and assume p(w) < 4, hence

I(R,U — Qu) + Ig(R,w? + 22w — Q) + Ig(R,w' — Q) = O(R>™?*),

for some A > 0 (note that I(R,2%)+ Iy (R, z) = O(R')). Consider the set E C C,
such that for z € E at least one of the inequalities

U(z) — 1b2°%| > 1227, w?(2) 4 2zw(2) — b22| > 227, |w'(2) —az| > |22

holds, and set Egr = EN {z : %R <z < R}. Then as in Section 4 we conclude
that area(Egr) = O(R?™?*), and hence area(Dg) ~ nR? for Dgp = DN{z : |z| < R}
and D=C\ E.

Re-scaling the corresponding equation (2) on any sequence (z,) C D, z, —
oo, with local unit of length r,, = 2! then yields

2
Y =yt +4y® + 4y — dby, y(0)2+2y(0) =b, y'(0)=0,

from which b = —g and y = —% follows (any other constant solution is ruled out
by the assumption b # 0.) This proves w(z) ~ —2z, U(z) ~ —2-2? and w'(z) =
o(|z|*) as z — oo in D. For Qu(z) # —2z + ap we have |w(z) — Qu(2)| > ¢|7]

for z € D, |z| > ro and some ¢ > 0, and thus ¢ > 2 follows from

o I(rw— Qu) > 27 / 2l d(a,y) = err®
D,

and Proposition 2.2. o

Theorem 5.3. Let w be any transcendental solution of (IV), with associated
polynomials Q.,, and Q , and assume deg )y = 2. Then either p > % holds, or
else there exists some set D and some sequence r, — oo, such that area(D N{z:
|z] <rp}) ~7r? and w(z) ~ —2z as z — 0o on D. Moreover, Q. (z)  —2z+ag
implies o > 2.
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Remark. We note that certain equations (IV) have rational solutions satis-
fying w(z) ~ —2z.

Proof. We write Qu(z) = %622 + -+, b # 0, and assume ¢ < 3. Then
Qw(2) = az + ag, and for some A > 0, to be determined later, we have

Ig(R,w? + 22w — b2) + Iy (R, w' — a) = O(R*™).
Thus, for every €, 0 < e < A, the set
E(e) = {z : [w?(2) + 22w(2) — bz| > |2|" € or |w'(z) — a| > |27}

satisfies area(E(e) N {z: ir <|z| < R}) = O(R*7¢). Thus, for D(e) = C\ E(e)
we have

area(D(e) N{z: |z| < R}) ~ 7R,
while
|w?(2) 4+ 22w (z) — bz| < |2|* 72T and  |w'(2) —a] < |2]P 7T

hold on D(e).
Now w? + 22w — bz = o(|z|) has two solutions, w; = b/2 + o(1) and wy =
—22—b/240(1) as z — co. We set

Di(e) ={z€ D(e) : |w(z) — 3b| < 3/b|} and Ds(e) = D(e) \ D1(e).
If for some ¢ > 0 and some sequence 7, — 00

area(D1(g) N{z 1 |z| <rn}) = o(r})

n

holds, then @, (z) Z —2z+4ag implies |w(z)—Q(2)| > c1|z| on D2, |z| sufficiently
large, and from

271—[(7"7177"” - aQw) > 27T/ 61|Z| d(m,y) > c’r’i
DZm{"Z'S""n}

and Proposition 2.2 then follows o > 2.
We now assume that for every sufficiently small € > 0 there exists ¢ = ¢(g) >
0, such that
area(D1(e) N{z: |z| <r}) > er’.

Then from the corresponding equation (1) follows |w”(2)| > ¢1]z|* for some ¢; > 0
and z € Dy(e), |2| sufficiently large. Thus |w’(2) — a| < |z|' 7 gives

(W)#(2) 2 eolo 2
on Dq(g), this implying
Alr,w') > c3r?tA 4 and T(r,w) > 04r2+4>‘_45,

and hence 3 — A > o > 2+ 4\, since € > 0 was arbitrary. The only restriction
on A, however, is thus 0 < 5\ < 1, and hence the inequality o > 1—54 follows by
letting A tend to £. o
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Theorem 5.4. Let w be any transcendental solution of (IV), with associated
polynomials Q,, and Qu(z) = bz + by, b # 0. Then, either ¢ > 2 holds, or else
there exist some set D = D1 U Dy satisfying area(D N {z : |z| < r}) ~ 7r? and
such that one of the following assertions holds:

(a) area(DiN{z:|z| <r}) ~nmr? and w(z) ~b/2z on Dy,
(b) area(DyN{z: |z| < ry}) > cr2 for some ¢ > 0 and some sequence 1, — o0,
and w(z) ~ —2z on Dy.

Moreover, ¢ > 2 also holds in case (a) if either b*> + 23 # 0 or else Q,, is non-
constant, and in case (b) if Q. (z) Z —2z + ag.

Proof. The arguments are easier than in the proof of Theorem 5.3. We assume
0 < 2, hence Q,(z) =az+ ap. Then

Ig(R, U —b) + Iy (R,w' —a) = O(R3>™?Y)
for some A > 0, this again implying that
|w?(2) 4+ 22w(z) — b < 2|7 and |w'(2) —a| < |2|7
on some set D with area(D N{z: |z| < R}) ~ 7mR2.

As before the equation w? + 22w — b = o(1) has two different solutions w; ~
b/2z and ws ~ —2z. According to these solutions we set

Dlz{ZED‘UJ(Z)|<1} and DQZD\Dl
Then, if b +23 # 0 and
area(Dy N {z: |z| <7r}) > er?

for 7 > rg and some ¢ > 0, we obtain from equation (1) w”(z) ~ (b + 23/b)z.
Since w’ is bounded on Dy, this implies (w’)#(2) > ¢1]z| on Dy, A(r,w’) > cor?
and hence o =4 against our assumption.
Similarly, from a # 0, |w(z)| <1 and w/(2) ~ a on D; follows w? (z) ~ |al,
this implying A(r,w) > c¢;r? and T(r,w) > cor?, without restriction on b? + 233.
We thus may assume that

b

area(Dy N {z:|z] <1p}) ~ nr2

on some sequence 7, — 00, and w(z) ~ —2z on Dy. Then, if Q,(2) Z —2z+ayp,
the inequality o > 2 follows from |w(z) — Qu(2)| > c1]z| on D2 and Proposi-
tion 2.2. o
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Remark. We note that, for certain parameters a and [, equation (IV) has
particular solutions of order o = 2. These are also solutions of certain first order
algebraic differential equations P(z,w,w’) = 0, and are obtained by repeated
application of the Béacklund transformation, starting with solutions of the Riccati
equations +w’ = F2 — 2a + 22w + w?. For details the reader is referred to [3].

The Riccati equation w’ = —2 — 2 + 22w + w? also serves as an

Example for Theorem 5.4. Here U(z) = w(z) + (24 2a)z — w(0) + U(0),
and @, and Qu(z) = Quw(z) + (24 2a)z + U(0) — w(0) have degree < 1.

The remarks at the end of Section 4 remain valid. Since for particular pa-
rameters « and (3, equation (IV) has rational solutions w ~ —2z, w ~ —%z
and w ~ const/z as z — o0, it seems impossible to prove the desired estimate
lw(z)| < |z|, outside the neighbourhood C(§) of zeros of w, by using only re-
scaling methods. This asymptotic result, of course, would be very helpful, but not
sufficient to prove p > 2.

Nevertheless, it is quite natural to believe that the transcendental solutions
have order of growth o = 4, except for those solutions satisfying also first order

algebraic differential equations, in which case o = 2.

6. Distribution of poles with residues +1

In [3, Theorem 18.1 and 18.2] it was shown that every transcendental solution
of (II) has infinitely many zeros with residue +1 and also infinitely many zeros
with residue —1, except when w = wu is some particular solution of (II) with
parameter a = i% , also solving the Riccati equation

(25) +u' = 2/2 + u?.

It is, however, not hard to prove a sharp quantitative result.

Theorem 6.1. Let w be any transcendental solution of (II), but not a solu-
tion of (25). Then N, (r,w) < 2N_(r,w) + O(logr) and conversely, N_(r,w) <
2N (r,w) + O(logr) hold.

Proof. By our assumption the meromorphic function ®(z) = w’(2) —w?(z) —
12 does not vanish identically. From (3) it is easily seen that ® has a double
pole at any pole of w with residue +1, and has a zero at any pole of w with
residue —1. Hence, by Nevanlinna’s first fundamental theorem,

N_(r,w) < N(r,1/®) <T(r,®) + O(1) = 2N_(r,w) + O(log )

follows. Of course, + and — may be permuted. o
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Remark. Any so-called Airy solution, already mentioned in Section 4, may
be represented in the form w(z) = R(z,u(z)), where R is rational and has degree
2n + 1 with respect to the second variable, and u is a solution of (25). It is easily
seen that in this case either N_(r,w) = ¢, N, (r,w) + O(logr) or else N (r,w) =
cnN_(r,w) + O(log r) holds with ¢,, = 1+ 1/n. This example shows, by choosing
n = 1, that Theorem 6.1 is sharp.

In general we have
Theorem 6.2. For any transcendental solution w of (II)
[ (r,w) = n_(r,w)| = O(r*?)
holds.

Obviously, Theorem 6.2 says that for solutions of order ¢ > % , the poles with
residue +1 and the poles with residue —1 are asymptotically equi-distributed.
Proof. Using the path of integration I',. constructed in Section 4 the Residue

Theorem gives
1
9 /FT w(z)dz| = O(r3/?),

g (r,w) = n_(r,w)| =

and hence the assertion. o

Similar results, with the same proofs, are obtained for solutions of (IV). The
only difference is that one has to work with |w(z)| = O(|z|) rather than |w(z)| =
O(l2]'/?).

Theorem 6.3. Let w be any transcendental solution of (IV), but not a solu-
tion of equation (26) below. Then N (r,w) < 2N_(r,w)+O(logr) and conversely,
N_(r,w) < 2N, (r,w) + O(logr) hold.

Theorem 6.4. For any transcendental solution w of (IV)

[y (r,w) = n_(r,w)] = O(r?)

holds.

Equation (IV) has particular transcendental solutions u = w for parameters
B = —2(14 a)?, a arbitrary. These solutions also solve the Riccati equation
(26) +u' = —2(a £ 1) + 2zu + u?.

By applying the Backlund transformation repeatedly to any solution u of (26), see
[3, Theorem 25.1], we obtain the so-called Weber—Hermite solutions, which take
the form w(z) = R(z,u(z)). They are solutions of certain first order algebraic
differential equations P(z,w,w’) = 0, and have order of growth o = 2. The
substitution u = Fv’ /v, transforms (26) into the Weber—Hermite linear differential
equation

v F 220" —2(a £ 1)v = 0.

For more information the reader is again referred to [3].
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7. Value distribution of the first transcendents

In [15] Shimomura obtained the lower estimate n(r,w) > const - r°/2/logr
for any solution of Painlevé’s first equation. We will give a different proof of a
slightly weaker result, and then prove Theorem 7.3 below, which sharpens both
results considerably; in both cases f denotes the canonical product having simple
zeros exactly at the non-zero poles p, of w.

First of all we will give a new proof of

Theorem 7.1. Every solution w of (I) has the representation

w(z) =ao+e0z >+ Y _[(z—py) > =1,
v=1

and hence
o0

U(z):aoz—I—al—soz 22 (z—py) 1p;2,

v=1

where either eg = 0 and ag = w(0), or else e = 1 and ag = 0, hold. The series
S Ipy| ™" converges for k> 2, but diverges for k= 5.

Proof. The Residue Theorem applies to

L wO
S(z7) = 5 /F ks G

the path of integration I', is constructed in the same manner as in Section 4, such
that the following holds: the interior domain of I', contains the same poles of w
as does the closed disk |¢| < r, the length of T, is O(r), and w(¢) = O(|¢|'/?) =
O(r/?) holds on T',.. Then

S(z,r) = w(z) —w(0) ) + Z z:ffjv — 0(r1/?)

lpv|<r
as r — oo, uniformly for |z| < 3r, say (to be modified for w(0) = oo, replace w(0)
by 1/z), which gives the desired result, since the Mittag-Leffler series converges
locally uniformly. o

In the next step we prove a slightly weaker result than Shimomura’s.

Let (gq,) denote the sequence of zeros of w, and set {c,} = {p,} U{q,} with
counting function n(r) = n(r,w) + n(r,1/w). Then Proposition 2.3 applies with
L’ = w and the set H(R) defined in (11) with x = . For § > 0 fixed, and noting
that Ig(R,1) = O(R?), we obtain

In(R,w) = O(R[T(2R, f) + n(2R)log R]).
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On the set H(R) we have |w(z)| > Ko|z|'/?, and hence the left-hand side of the
above inequality is

Ig(Rw) > KyR™? = Ky > eo['?(|ey|7V*)? = K1 R™? — Kon(2R).

lev|<2R
This gives r°/2 < O(T(r, f) 4+ n(r)log 7“) as r — oo, and, in particular,

lim sup n(r, w)/(r*/?logr) > 0.

r—00

The assumption n(r,w) = o(r®/?) has strong implications, one being that
U(z) = o(]z|>/?) as z — oo, outside a set E of planar density zero.
If only
lim inf [n(r, w) + T(r, f)]/r>/* = 0

T—00

is assumed, then there exists some sequence R,, tending to infinity, such that
(n(2Rn, w) +T(2R,, f))/R;r’/2 <np, —0

as n — oo. We may assume that (7,) is decreasing, and define a continuous,
decreasing and piecewise linear function 7: (0,00) — (0,00), which interpolates
Nn at R,. Then

I(R,,U) < I(Ry,U — apz — a1) + O(R2) < CRY*n(R,)
holds for some constant C' > 0. Defining the sets
E={z:|U(2)] > 12122/ n(|2]) } and E,=En{z:R,/2<|z| <R,},

we obtain from

CR/?y(R,) > /| PRLCTETE /E 2372 /n([eD) (. )

> (%Rn)B/Q n(R,,) area(Ey,)

that area(F,) < C1R2\/n(R,) . Clearly w has no poles on D = C\ E. Let P
denote the set of poles of w, and assume that D contains some sequence (zy)
satisfying dist(z,,P) — oo, distance measured with respect to the metric ds =
2|14 |dz|. Then from [17, Proposition 9] follows

—1/2
ZTL

w(zy) — iy/1/6  and  z;3/2U(z,) — i\/2/27
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as n — o0, for some suitably chosen branch of the square-root. This, however,
contradicts z,, € D, hence we have proved that there exists K > 0, such that
every disk {z :d(z,¢) < K}, ¢ € D, contains some pole of w.

Again let (z,) denote any sequence in D, z, — co. Re-scaling equation (2)

with local unit r,, = z, 1/4 (it does not matter that r, is complex), and noting

that U(zn)z;?’/2 — 0 as n — oo, then leads to y’*> = 4y® + 2y. Since w has some
pole p,, with d(p,, z,) < K, the limit function y is non-constant, and hence is a
Weierstrass g-function with invariants go = —2 and g3 = 0, and period module
A =h(Z+iZ), h >0, independent of the sequence (z,).

By [17, Proposition 8], the following local result holds:

Given R > 0 and o > 0, there exists rq > 0, such that for any zo with
|z0| > 70 there exists some lattice L, such that the Hausdorff distance with respect
to the metric d between the image of L N{( : |(| < R} under the map ¢(¢) =
(28/4 + §<)4/5 ~ 2y + 20_1/4C and the set PN {z : |z — 20| < Rl|zo| ™4} is less
than o .

In our case, however, this is a global result, since the lattice L = A is always
the same for any z9 € D. From this it is not hard to conclude that the number
of poles of w in |z| < r is at least cr'/2area(D N {z : |z| < r}), ¢ > 0 an

absolute constant. In particular we have n(2R,,w) > ¢ R?/ 2, which contradicts
our assumption.

Remark. To derive this contradiction, it is actually not necessary to know
the true distribution of poles. The union of disks {z : d(z,p,) < K} covers D,
and hence we have, for D,, = DN {z : %Rn <zl < Rn},

area(Dy) < > 2KC(lp TV = O(n(Ra, w) R, 2),
Rn/4§|pu|§2Rn

which gives n(R,,w) > const - RY?.

Anyway, we thus have proved

Theorem 7.2. Any solution w of (I) satisfies T(r, f) > const - 7°/%, and, in
particular,

5/2

lim sup n(r, w)/r°/< > 0.

T—00

Appendix: Radii of convergence

We deduce uniform lower bounds for the radii of convergence r(p,h) of the
series expansions about any pole p, |p| > 1, of the Painlevé transcendents. In [17]
it was shown that r(p,h) > K min{|p|=*/4,|h|71/6} for the first transcendents,
K > 0 independent of p and h. In case (II) we leave it to the reader to prove



Global properties of the Painlevé transcendents 97

that r(p,h) > K min{|p|='/2,|h|=1/4}, and focus on case (IV). From w'> = w* +
4zw? + 4(2% — a)w? — 26 — 4wU and (IV) follows

(27) w’ = 2w 4+ 62w? + 4(2* — a)w — 2U.
Consider w(z) =Y 0" cp(z —p)" 1, with ¢ = = +1. Then

Uz) = an(z—p)""!

has coefficients ag = —1, a1 = 2ap + 2h — 2ep (= local constant of integration)
and
1
(28) Ay = 3 Z (cic; +2pcp—3 +2¢,—q) for n > 4.
i+j=n—2

Inserting the series expansions into (27) we obtain for n > 4, by equating coeffi-
cients,

(n—2)(n—1)c, = Z 2cicicr + Z 6pc;c; + Z 6cicj
(29) i+j+k=n itj=n—1 itj=n—2
+ 4(p2 —)Cp—2 + 8pCn_3 +4Cn_g — 205 _2.
Let 0 < 6 < 1 be arbitrary and set M = K max{|p|, |h|'/3}, where K > 67! is

chosen in such a way that |c,| < M™ holds for 1 < n < 4; this is possible with
K only depending on 6, o and . We just note that

45y = —32a + 20p? + £(26 + 1402 + 96 — 4ap? — p* — 36ph).

We also assume |p| > 1, and hence M~ < K—! < §. Starting from |cz| < §MF
for 0 < k < n and some integer n > 4, we obtain from (28)

lan| < K10M™ 2 < K10°M™

for some absolute constant K7 > 0. Thus, noting that |[p| < §M and that the
term 2¢, = 2c3c, appears three times in the first sum in (29), we may conclude
that

(n? —3n+2—6)|c,| < Kon?6>M™

holds with some absolute constant K5 > 0. This proves |c,| < OM™ for all n > 1,
provided 6 is chosen sufficiently small, and hence the radius of convergence is

r(p,h) = K~ ' min{jp| =, || ~H/%}.

Acknowledgement. 1 would like to thank the referee for several valuable com-
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Remark added in proof. In the meanwhile it was proved independently by
S. Shimomura, by A. Hinkkanen and I. Laine, and also by the author, that the
non-rational solutions of (IT) and (IV) have lower order of growth at least 2 and

2
2, respectively.
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