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Abstract. We study Hajlasz—Sobolev type spaces on metric spaces that depend on quasi-
distances; in particular, we may take the quasi-distance to be the power ¢ of the metric with
o > 1, if the metric space is highly irregular or porous. We take the Sierpinski gasket in R? as an
example, and show that the Hajtasz—Sobolev type space is non-trivial for 1 < o < 3,/p with £,
characterizing the intrinsic property of the Sierpinski gasket. This work was strongly motivated
by [8], and generalizes the result in [9] to any 1 < p < co.

1. Hajlasz—Sobolev type spaces
Let F' be a non-empty set and d be a metric on F. Let ¢(z,y) be a quasi-
distance on F' (cf. [14]), that is ¢: F' x F' — [0, 00| satisfies
(1) g(x,y) =0 if and only if x = y;
(2) q(z,y) = q(y,x) for all 2,y € F;
(3) there exists a constant 1 < ¢; < oo such that, for all xz,y,z € F,
q(z,y) < c1(al@, 2) +qlz,y)).

Let p be a Borel measure on the metric space (F,d). Let 1 < p < 0.
We denote by LP(u) := LP(F,pu) the usual space of all p-integrable real-valued
functions on F' with respect to p, with the norm

1= ( /. \f($)|pdu(w))1/p

(with the obvious modification when p = +00). Motivated by [5], we say that a
function f € LP(u) belongs to a Hajlasz—Sobolev type space MP (), if there exists
a non-negative function g € LP(u), termed an upper gradient of f, such that

(1.1) 1f(x) = FW)| < q(z,y) (9(x) + 9(y))
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for p-almost all z,y € F with 0 < ¢(z,y) < o and some rg € (0,00]. The norm
of f € MP(u) is defined by

1 laeqay = WL/ Nlp + 10E flgllp,

where the infimum is taken for all g satisfying (1.1). It is not hard to see that
MP () is a Banach space for 1 < p < oo (the proof is similar to that in [5] or [7]).
Observe that different values on 7y for (1.1) holding give equivalent spaces.

Note that ¢(z,y) = d(z,y)? is a quasi-distance on F' for any 0 < 0 < 0.
The case 0 = 1 was addressed in [5], and it was shown that MP(u) is the usual
Sobolev space WYP(F) if F is an open domain with Lipschitz boundary in R"
and p is the Lebesgue measure. In [9], it was extended to the case ¢ > 1 when
F' is a fractal in the Euclidean setting, and was demonstrated that for p = 2,
MP(u) is non-trivial when 1 < o < %ﬁ and is trivial when o > %5, if F is
the Sierpinski gasket in R™, where § = log(n + 3)/log2 is the walk dimension
of F (for Hajtasz—Sobolev spaces on fractals, see also [6], [16]). (We say that
MP () is trivial if MP(u) contains only constant functions. In this connection,
see [2], [3], [1]. Note that MP(u) is always trivial if F' is an open set in R”
and ¢(z,y) = | — y|° with ¢ > 1, and nothing needs to be discussed under
this circumstance. But if F' is irregular (e.g. highly porous), the situation is
considerably different, and MP(u) may be non-trivial, see [9] and below.) Whilst
in this paper we will generalize the result in [9] to the non-Euclidean setting on one
hand, we mainly give an example, on the other hand, that MP(u) is non-trivial
for any 1 < p < oo and ¢(z,y) = d(z,y)? with ¢ > 1 in a certain range. We
take I to be the Sierpinski gasket in R?. Our example is motivated by [8]. As a
by-product, we also answer the question raised in [8] of what is the domain of the
p-energy. We thank R.S. Strichartz for sending [8] to our attention.

If g(z,y) = d(z,y)° (0 < 0 < o0) and p is a doubling measure, that is p
satisfies, for some ¢y > 0,

(1.2) w(B(z,2r)) < co p(B(z,1))

forall z € F and all 0 < r < oo, where B(x,r) ={y € F': d(y,z) < r} isaball in
F, then MP(u) may be characterized as follows: for f € LP(u) with 1 < p < oo,
we have that f € MP(u) if and only if f € LP(u), where

5 1 [f(z) = f(W)]
. = — ———d F
<1 3) f(m) 0<S:“l£)7’0 M(B(:E?T)) /l;(w,r) Q(‘Tv y) “(y)7 ven

see also [9] (we always assume that |f(z) — f(y)|/q(z,y) = 0 if x = y). To see
this, let f € MP(u). Then, we have from (1.1) that

~ 1
f(z) < 5 PER) /B(w) (9(2) + g(y)) duly)

1
=g(z)+ sup

0<r<ro m /B(:v,r) g(y) du(y) S Lp(/‘)a
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since

1
(1.4) M(g)(x) := oS (Blr)

| swdut) e 2w,

B(z,r)

due to the doubling condition (1.2) (see for example [7]). Conversely, let f €
LP(u). Fix z,y € F such that 0 < r := d(z,y) < 3ro. Then we see that, using
(1.2),

1
)= 10 < s [ (15— 1)+ 156) -~ 1)) )
1 r?
< B o A @~ F 2

ot @)
+ (B ) /B(W) d(z7y)(,|f( ) — f()]du(y)

of = 2UN(B(y72T)) ¢
<r (f<fc> e i)
< Cr(f(x) + f(y))
= Cqlz,y)(f(x) + f(v)),

proving that f € MP(u) if fe LP(p). Here and in the sequel, we denote by C
the general constant whose value may be different at a different occurrence. The
function f defined as in (1.3) is the upper gradient of f (multiple a constant).
In what follows we will focus on a class of Hajlasz—Sobolev type spaces where
q(z,y) =d(z,y)? and 1 < 0 < oo, and we denote this space by MP(u).

For 1 <p < oo and 0 < o < oo, we say that f € Lip(o,p,00)(p) if f € LP(u)
and

Wopy = s [{is [ 15w = S duty) o

0<r<ro (-T,T))
(1.5) < 0.

The norm of f € Lip(o,p,00)(u) is defined by

||f||Lip(a,p,OO)(H) - ||f||p + WO’:p(f)‘

It is easy to see that Lip(o,p,oc0)(p) is a Banach space for 1 < p < oo and
0 <o <oo (cf. [10], [11]). By (1.1), we see that

MP () C Lip(o, p, 00) ()
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if p is a doubling measure. The converse is also true if F' is a smooth domain
in R™ and p is the Lebesgue measure, see [9]. However, if F' is irregular, the
converse may not be true. But for an «-regular measure p, the space ME(u) is
arbitrarily close to Lip(o,p,00)(n). We say that a measure is «-regular if there
exists a constant c3 > 0 such that

(1.6) c;'r® < p(B(z,r)) < cgr®

for all x € F and all 0 < r < rg (some 79 > 0). It is not hard to see that if p is
a-regular, then

07 Woplsy = swores) [ )~ )l ) dne),

m>1

for any fixed ¢y > 0.

Proposition 1.1 Let 1 < p < o0 and 0 < 0 < 00, and let 0 < a < 0.
Assume that p is a-regular. Then

Lip(U,p, OO)(M) - Mg—e(ﬂ)

forany 0 < 0 < o.

Proof. See [9]. o
Proposition 1.1 says that MZ(u) is slightly smaller than the Besov space
Lip(o, p,00)(p) if p is a-regular.

2. Examples

In this section we show that MP(u) is non-trivial for any 1 < p < oo and
o(> 1) in a certain range, if the underlying metric space is irregular. We take the
Sierpinski gasket in R? for an example. The proof is quite technical.

d1 dq 1

a2 a3 02 s q, ds
Vo Vl VZ

Figure 1.
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Let F be the Sierpinski gasket in R?, that is, F is the unique non-empty
compact subset of R?determined by

where ¢;(z) = 3(¢; +2), * € R* (1 < i < 3), and q1,g2,q3 are the three
vertices of an equilateral triangle in R?. Alternatively, we may view the Sierpinski
gasket F' as the closure of Vi = (J.-_; V;, under the Euclidean metric, where
Vie = UL, 6(Vn 1), m > 1, and Vo = {1,425}, see Figure 1. For p = 2,
Kigami [12] constructed a local reqular Dirichlet form on F' by using the difference
scheme. Jonsson [10] identified the domain of this Dirichlet form with a Besov
space. Recently, Herman, Peirone and Strichartz [8] have extended Kigami’s result
to the case 1 < p < oco. Here we briefly describe the main result in [8] that will
lead to our example. For 1 < p < oo, let E,: R3 —[0, 00| be given by

Ey(a1,a2,a3) = a1 —az|? +|az — as|’ + |az — a1|?, a1,a2,a3 € R,

and define
(2.1) ES™(f) = > Ep(f(dulq)), f(bu(a2), f(dulgs)), m>1,

|w]=m

for any f: FF — R, where the summation is taken over all words w of length m,
and ¢, (q1) = ¢i; 0 i, 00 ;. (q1) for the word w = dyig - iy, (ix € {1,2,3}
for 1 < k < m). Let A,: R® —[0,00] be a function satisfying (among other
properties)

(2.2) ci' Bpla) < Ap(a) < ca Ep(a)

for some positive constant ¢, and for all a := (a1, as,a3) € R3; in particular, A,
solves the renormalization problem: Given a € R? and letting

A:E)Q)(a,, b) = Ap(alv ba, b3) + A;D(bh az, bB) + Ap<b17 b, CLB)

2.3
(2:3) for b = (b1, b, b3) € R3,

we have that there exists a number r, such that

(2.4) brg%{ns Af)(a, b) =1,A,(a) forall a € R

Such a function A, was shown to exist in [8]. Moreover, the number 7, is unique
(independent of the choice of A,) and satisfies

1-p
(2.5) ol=p <y, < 2P~ (1 V1T 23—1/<p—1>> 397,
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see Lemma 3.8 in [8]. We mention that r, = % for p = 2. The function A, may or
may not be unique on F'; what is important is that the renormalization factor r,
is unique which reflects the intrinsic properties of the Sierpinski gasket F'. Now,
for any f: FF — R we define the p-energy &(f) of f on F as the limit of

(26)  En(f) =71, D Ap(f(Pu(qr)), f(Du(a2), f(ulas)), m>1,

lw|=m
that is,
1) 5(7) = Jim_6alf).
Note that (2.7) makes sense since
{&m(f)}m

is increasing in m for any function f, due to the renormalization problem. Note
that

(2.8) cst Em(f) <1, EY™ < o5 En(f)
for all m > 1 and all f: F — R, where ¢5 > 0. Let
(2.9) 2(8) ={f € C(F): £(f) < o0},

termed the domain of the p-energy, where C(F') denotes the space of all con-
tinuous functions on F' with the usual supremum norm. It was shown that
2(&) is dense in C(F), see [8]. The space (&) will provide a critical exponent
Bp :=logy(3r, ') (some 1, > 0) that determines whether or not a Hajlasz—Sobolev
type space MP(u) (1 < p < o0) is non-trivial. To see this, we first identify Z(&)
with a Besov space.

Theorem 2.1. Let p be the o := log, 3-dimensional Hausdorff measure on
F'. Then

(2.10) W, /pp(f)" = E(F)

for all f € C(F), where Wg_,, ,(f) is defined as in (1.5) and (3, = logy(3r,!).
Thus

where Z(&) is defined as in (2.9).
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Remarks. 1. When p = 2, we have that r, = % and so B, = log, 5, the
walk dimension of the Sierpinski gasket.

2. If p is a-regular and o > «a/p, then Lip(o, p,00)(u) is embedded into the
Holder space with exponent o — a/p on F', that is,

(2.12) [f(x) = f(y)] < Claz —y|7" "W, (f)

for all f € Lip(o,p,00)(u), where C' is independent of x, y and f; see for example
a direct proof in [4]. Thus

Lip(8,/p, p,00)(n) C C(F),

since (3,/p > a/p (due to r, < 1).

3. By Theorem 2.1, the domain of the p-energy coincides with Lip(8,/p, p, 00)(x)
if p is the Hausdorff measure. For other measures this may not be true.

Proof. The proof given here is motivated by [10] (see also [15], [17]) but with
some modifications. We first show that

(2.13) W, jpp(f)" < CE(f)

for all f € 2(&). To see this, let f € Z(&). Let
(2.14)
f (x) — { %[f(gbw((h)) + f(¢w(QQ)) + f(gbw(QP;))}v if z€ ¢w(F>\¢w(%>a
g f(z), if 2 € ¢, (Vo)

for |[w| =k (k> 1). Since F' is compact and f is continuous on F', the piecewise
constant function fi converges to f pointwise on F' as k — oco. If we can show
that, for some ¢y > 0 (e.g. co = V3/2),

@215 2o | /| k)~ s 0O i) i) < O ()

for all integers m,k > 1, where C' is independent of f, then (2.13) follows by
letting £k — oo in (2.15) and using Fatou’s lemma, and (1.7). It remains to

prove (2.15). For two words w and 7 with |7| = |w| = m, we denote by T~w if
m
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O (F)N @, (F) # D (we allow that 7 = w). Note that

-7 / L Mk0) = s @ dy) d)
S [ Ueals) = Fs @ dutw) duo)
w(F) J s (F)

|w| m’T’Nw

(2.16) Z Z /W(F)/T(F) 27 (| fnan(y) — f(zw,)P

|w| 'er

1 @orr) = Fns(@)1P) dpa(y) dp(z)
<s otz 3O / (@) — F(@on) P dis(a),

jwl=m * ¢ (F)

where we have used the fact that p(¢.(F)) = 3™™ and #{r : 7~w} < 4 for

lw| = m, m > 1, and where z,, ; is some point in ¢, (V) (in fact z, . is the
unique intersection point of two sets ¢, (Vo) and ¢.(Vp)). Noting that u(x) =0
for any single point z € F, it follows from (2.14) that

/ Frna(@) — f(2o.r) P dps(z)
ou(F)

3 p
) TIZIIC /qbw (|3 g (Gurr ) = Jltair)| )
3 p
_ 3—(m+k) Z %Z F(bur(a) — f2wr))
|T|=k Jj=1
< g(mh)=1 Z > F(fur(a) = (o)
Jj=1|7|=k

which combines with (2.16) to give that
(2.17)

Lk (f) < 202 3= CmaR)—1 % > S (bur (@) — fl@wr) |-

J=lw|l=m,zy, r €¢du (Vo) IT|=k

Let ¢; and 7 :=dy42 - - -4, be fixed, and set x}, = ¢,.-(¢;) and zo := 2, » = ¢ (qo0)
for some qo € Vo. We let 1 = ¢uiyiyi (o), 1 < 1 < k—1, and obtain a
sequence of points {z;}¥_, (some of points may be the same). Repeatedly using the
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elementary inequality |a+b|P < 2P~1(|alP + |b|P) for any a,b € R and 1 < p < oo,
we see that

}f(¢w~7(‘l7’)) — f(zo.r ’ ’f Tr) (xO)}p
< 22(”‘1”\f(wz) )P

<Z2(p Y Efrj’p’” 1(f>7

where

3
Ez(:.j’p)’zl_l (f) - Z Ep (foqbu%iliz"'il,l'i(ql)? fO¢W'ili2~~~il,1~i(q2>7 foquJ'iliQ’”’L'l,l’i(q:%))'
=1

Thus
k
Z }f((rbw#((b‘)) — f(ww,r) ’p Z 22(p Y E(w p)” 1(f)
|7|=F 11,82,...,0k 1=1
k
(2.18) = 2@ bl gm0 N B (),
=1 D108 1

Observe that

Z Z fim)ﬂz 1 ) = Z EP (f<¢"-’(q1))’f(¢w<QQ))7f(¢w(QB)))

Jwl=m iyt 1 jw|=m-+1

(2.19) = E™(f)
<cs )t Enpi(f)
< eyt E(f)

by using (2.8) and the monotonicity of &, (f) in m. Combining (2.17), (2.18) and
(2.19), we have that

k
Lniio(f) < €372y o=Vl 3=lpmtl g )
=1

< Cre37TIme(f)y 2T izl

< Crpt-372mE(f) = C27 et g f),
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where we have used the fact that

S 2 Digl < o
=1

since 2P~1371r, < 1 by virtue of (2.5). Therefore, (2.15) follows.
We next show that

(2.20) E(f) < CWp,ppp(f)”

for all f € Lip(8,/p,p,o0)(1). By (2.8), it is sufficient to show that

(2.21) EM(f)=ry™ Y Y [ f(w) = f)P < CWg, ()P

|w|=m u,vEd, (Vo)

for all f € Lip(8,/p,p,00)(p) and all m > 1. Let f € Lip(8,/p,p,o0)(1). By
Remark 2 above we see that f is continuous on F'. Noting that

[f(u) = f@)IF < 2P (|f (w) = f(@)P + | f(z) = f(0)]7),

we have that

P L_l u) — f(x)? x) — f(v)|P x).
[f(u) = f(0)|P < (60 (E)) /MF)(V( ) = f@)P +1f(@) = f()P) du(z)
It follows from (2.21) that

(2.22)
(m) Pl pom u) — f(x)|P dp(z).
Em() <62 S iy L 0 - @ )

|lwl= muE(ﬁw(V)

Now let = € ¢, (F) and u € ¢, (V) be fixed. There exists a point pg € Vj such
that u = ¢, (po). We take ig such that ¢;,(po) = po. Set

S0:¢w(F)7 Sl:(beOZOZO(F)’ SQ:¢w~i0'l‘0""i0<F)"“’
N—— N———
k times 2k times

where £ is an integer to be determined below. It is easy to see that u € S; for
each j > 0, and the sequence of the sets {S;} shrinks to the single point u. For
each z :=x, r € Sy, v; € S; and each [ > 1,

[f(u) = f(@)P <227 (1 (w) = f@)P + 1 f(20) = f(zw,)IP)
l
<2770 flu) = fla)P + Y20V f () — )P

J=1
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Integrating the above inequality with respect to each z; € §; (0 < j < 1) and
then dividing by w(So)u(S1) - - - u(Si), we obtain that
1 p-1

p . 2 ) — Fa)? N
m/{}wu(u)—f@)r i) < 2o [ 1700 = FGa Pt

(2.23) + Z 9(p—1)(3+1)

1
1(Sj-1)(S;)

/ 10 = 1l du) a0
Noting that u(S,;) =3~ (m‘H”) for each 7 > 0 and

/ / () — Flws )P dya(y) du(er; 1)

/ / F(©) — F)IP du(€) dun),
So J |e—n|<2—(m+G—1)k)

we have from (2.22) and (2.23) that

EM(f) <620 Ny { - / [f(w) = f (@) dpa)

|lw|=m u€d,, (Vo)

!
(2.24) + Z2(p—1)(j+1)3(2m+(2j—1)k)

" /w(F) /|£—77|§2—<m+(j—1)k) [£(&) = fm)I” du(&) dﬂ(n)}-

Letting | — oo, we have that the first term on the right-hand side in (2.24) tends
to zero since f is continuous and
1

w(S)

and the second term is less than

—mzzw Hisngemsei-oh [ / 1) = F)IP du(€) du(n)

7]|<C()2 (m+jk)

|f(w) = f(2)]P dp(zr) — 0 as | — oo,

< C3m 7,p—m Z 9(p—1)j 32jk2_(m+jk)(a+ﬁp)ng/p@(f)p

Jj=1
[e%e)

(2.25) = C 3271, Wy, ,(f)P Y207 D328 (372, ok

j=1
oo

=CW;s, pp(f)P Z 2P Dipik,

J=1
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since 2~ (at8p) = rp - 372, Since r, < 1, we take k so large that r’; < 2=(=1)

and so
o0

22(p_1)jrgk < 00.
j=1

Therefore,

E™M(f) < CWp, jpo(F)P

for all f € Lip(68,/p,p,00)(p) and all m > 1, proving (2.21). The other statement
is obvious. o

Corollary 2.1. Let (3, = log,(3r, ") as above. Then the space Lip(3/p, p, o) (1)
defined on the Sierpinski gasket in R? contains only constant functions if 3 > 3, .

Proof. By (2.24), (2.25), we see that
@@p(m)(f) < CWg/pyp(f)me(ﬂ_ﬂp)
for all m > 1 and all f € Lip(3/p,p, o0)(u). Thus we have that

E(f) = lim &,(f) <C lim &™(f) =0,

m—00 m—00
giving that f =const. o

Theorem 2.2. Let F be the Sierpinski gasket in R? and u be the o-
dimensional Hausdorfl measure on F', where oo =log,3. Let 1 < p < oo. Then
there exists some 1, € [2'7P,3-27P) such that the Hajlasz—Sobolev space MP (i)
is dense in C(F') for all o < p~*logy(3r,'); in particular, the space MZE(u) is non-
trivial if 1 < o <log, 5 when p = 2. Moreover, MP(u) is trivial if c > 1+ 1/p.

Proof. By Theorem 2.1, the space Lip(o,p,00)(u) is dense in C(F) if
B

0<o< ?p =p "logy(3r, ).

Since p is a-regular, we see from Proposition 1.1 and (2.5) that there exists some
rp € [217P,3-27P) such that MP?(u) is dense in C(F) if 0 <o < p~'logy(3r, ).
By Corollary 2.1, the space Lip(c,p,00)(p) is trivial if o > 1+ 1/p > §,/p (due
to r, > 27P). Thus the fact that M? C Lip(o,p, o0) implies that MZE(u) is also
trivialif c > 1+ 1/p. o
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