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Abstract. A domain G in a Banach space is said to be §-hyperbolic if it is a Gromov
d-hyperbolic space in the quasihyperbolic metric. Then G has the Gromov boundary 0*G and
the norm boundary 0G. We show that the following properties are quantitatively equivalent: (1)
G is C-uniform. (2) G is §-hyperbolic and there is a natural bijective map G U 9*G — G UG,
which is n-quasimébius rel 0*G. (3) G is d-hyperbolic and there is a natural 7-quasimébius
homeomorphism 0*G — OG. In a euclidean space, this improves a result of Bonk—Heinonen—
Koskela, whose estimates depend on dimension and on a base point.

1. Introduction

Let E be a real Banach space and let G & E be a domain (open connected
nonempty set). We say that G is d-hyperbolic, § > 0, if G is a d-hyperbolic
metric space in the sense of M. Gromov when equipped with the quasihyperbolic
metric k¢, defined by the element of length |dz|/d(x,0G).

In a recent paper [BHK], M. Bonk, J. Heinonen and P. Koskela study, among
other things, relations between hyperbolic and uniform domains in R"™. They show
that the following properties are equivalent for a bounded domain G C R™:

(1) G is C-uniform,

(2) G is d-hyperbolic and there is a natural n-quasisymmetric homeomor-
phism between the Gromov boundary 0*G and the euclidean boundary 9G of G,

(3) G is d-hyperbolic and c-linearly locally connected.

The terminology is recalled in Section 2. The metric d,. of 0*G in (2)
depends on a base point p € G and on a real parameter £, 0 <& < 1A (1/56).

The purpose of this paper is to study whether this result can be extended
from R™ to arbitrary Banach spaces. We show that in this general case, (1) and
(2) are still equivalent and that (1) implies (3). By an example we show that (3)
does not imply (1).

We also improve the result of [BHK] in two other directions:

(a) Instead of bounded domains we consider arbitrary domains. ([BHK] con-
siders arbitrary domains in the spherical metric.) The quasisymmetry must then
be replaced by quasimobius. This has the further advantage that the result is
independent of the base point.
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(b) In (2), we get a natural bijective map between the Gromov closure G* =
G U OG and the norm closure G, and this map is n-quasimébius rel 9*G.

The main results are given in 2.12, 2.29 and 3.27. A summary with a precise
formulation of the quantitativeness of the results is given in 3.1. In particular, we
obtain a dimension-free version of the result (1) < (2) of [BHK].

The proof for (1) = (2) is a variation of the proof of the corresponding result
in [BHK]. On the other hand, the proof for (2) = (1) is entirely different. In
fact, the proof for this in [BHK] is definitely n-dimensional, as it makes use of the
modulus of a path family.

The metric space (G, kg) need not be geodesic, and it is not locally compact
if dim £ = oo. Therefore we cannot directly make use of the theory of Gromov
hyperbolic spaces given in standard textbooks like [GdH] and [BH]. An exposition
of the basic theory of hyperbolic spaces in the more general setting is given in the
author’s article [Va8].

It turns out that the lack of geodesics and local compactness is somewhat
inconvenient but not a real difficulty. The hard problem in general Banach spaces
compared with the euclidean space is the lack of Lebesgue measure and integration.
Balls have no volumes. If the proof of an n-dimensional result makes use of
volume or space integration, the proof of its Banach version (if true) requires a
new method.

On the other hand, line integrals are available, and the quasihyperbolic metric
of a domain can be defined as in R".

We prove that (1) = (2) in Section 2 and the converse in Section 3. In
Section 4 we give a counterexample proving that (3) # (1). In Section 5 we give
a lower bound for the hyperbolicity constant of a domain.

2. Uniform domains are hyperbolic with a boundary condition

In this section we show that if GG is a uniform domain, then G is hyperbolic
and there is a natural bijection G* — G, which is quasimobius rel 9*G. The
result is given in 2.12 and 2.29.

2.1. Notation and terminology. Throughout the paper we assume that E is
a real Banach space with dim £ > 2. The norm of a point x € E' is written as |z|.

The basic notation is fairly standard and the same as in [Va8]. We let R, Z, N
denote the sets of real numbers, integers and positive integers, respectively. Balls
and spheres in a metric space X are written as

B(a,r) ={x:|r —a| <r}, Bla,r)={x:|v—a| <7},
S(a,r)={z: |z —al =r}.

In a vector space, we may drop the center a if a = 0. More generally, if () # A C
X, we set

B(A,r)={x € X : d(z,A) <r}.
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The distance between nonempty sets A, B is d(A, B), and the diameter of a set
A is d(A). If there is a symbol denoting the metric, say k, we use the notation
k(A, B) and k(A) for the distance and the diameter, and we may use the notation
By (a,) etc. for balls and r-neighborhoods. In a vector space, [a,b] is the closed
line segment between points a and b, and [a,b) = [a,b] \ {b}.

We write a: ¢ ~ y if a is an arc joining x and y. If needed, this notation
also gives an orientation for o from x to y. For an arc a, we let afu,v]| denote
the closed subarc of o between points u, v € «, and for half open subarcs we write
afu,v). Occasionally, we consider a singleton {z} as an arc a: © ~ z. For real
numbers s, t we set s At = min{s,t}, sVt = max{s,t}. By an expression like
ab/cde we mean (ab)/(cde). To simplify expressions we often omit parentheses
writing fz = f(z) etc.

In hyperbolic spaces we use the terminology and notation given in [VAa8]. How-
ever, the general distance |z — y| will usually be replaced by the quasihyperbolic
distance k(z,y); see 2.7.

2.2. Quasihyperbolic metric. Let G C E be a domain. Without further
notice, we always assume that G # E. For € G we write d(z) = d(z,0G). The
quasthyperbolic length of a rectifiable arc @ C G is defined by

and the quasihyperbolic distance between points x,y € G is the number
(2.3) k(z,y) = kg(z,y) = inf{lg(a) | : x ~y, a C G}.
Then [i(«) is the length of a in the metric k; see [BHK, A.7]. Hence the space

(G, k) is intrinsic, but it need not be geodesic; see [V&6, 3.5]. We shall also
consider the norm distance |z — y| and the distance

i(@y) = ja(r,y) = k’g(l * %)'

We recall that always

=
—~~

(3 <j(z,y) < k(z,y);

log

=

see [V&6, 3.7(1)]. These inequalities will be frequently used without special refer-
ence.



264 Jussi Vaisala

2.6. Uniform domains. We recall two approaches to uniform domains: through
quasihyperbolic metric and through uniform arcs.

Let C > 1. A domain G is quasihyperbolically C-uniform or briefly QH
C-uniform if k(z,y) < Cj(z,y) for all z,y € G.

An arc a: x ~y in G is C-uniform in G if

(1) l(afz, z]) Nl(alz,y]) < Cd(z) for all z € a (cigar condition),

(2) l(a) < Clz — y| (turning condition).
The domain G is C-uniform if each pair of points in G can be joined by a C'-
uniform arc in G.

The properties C'-uniform and QH C-uniform are quantitatively equivalent;
see [V&6, 10.17].

2.5. Quasiconvexity and quasigeodesics. A metric space is c-quasiconvex if
each pair of points z,y can be joined by an arc with length at most c|z — y|. An
arc « in a domain G is a c-quasigeodesic in G if it is c-quasiconvex in the quasi-
hyperbolic metric, that is, Ix(a[z,y]) < ck(z,y) for all z,y € . Quasigeodesics
have been called neargeodesics in my earlier papers.

The following results are from [V&6, 9.4 and 10.9].

2.6. Lemma. (1) Let ¢ > 1 and let x,y be points in a domain G. Then
there is a c-quasigeodesic a: x ™ Y.
(2) A c-quasigeodesic in a C-uniform domain is a C1-uniform arc with C; =

Cl(C, C) .

2.7. Hyperbolic domains. Let § > 0. We say that a domain G C FE is
d-hyperbolic if (G, k) is a §-hyperbolic metric space. This means that

(2.8) (@]2)p = (@ |y)p Ay 2)p =0

for all z,y,z,p € G, where (z|y), is the Gromov product, defined by

2(zy)p = k(p,x) + k(p,y) — k(z,y).

The constant § cannot be arbitrarily close to 0; see 5.3.

We shall apply the theory of hyperbolic spaces given in [V&S8] to the space
(G,k). In doing so, one must replace the distance |z — y| and the length I(«a)
by k(z,y) and lx(«); in the present paper |z — y| and I(a) denote distance and
length in the norm metric. An arc a: * ~ y in G is h-short, h > 0, if

Ie(a) < k(x,y) + h.

Every subarc of an h-short arc is also h-short.
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I recall the standard estimate [Va8, 2.33] for an h-short arc a: ¢ ~ y in a
d-hyperbolic domain G':

(2.9) k(p,a) =20 —h < (x|y)p < k(p, o) + /2

for all p € G.
If an arc a C G is an h-short 2-quasigeodesic, we briefly say that « is an
h-are.

2.10. Lemma. Let h > 0 and let x and y be distinct points in a domain G
Then there is an h-arc a: x ~ y.

Proof. Choose a c-quasigeodesic a: z ~ y with ¢ = 2A (14+h/k(z,y)). Then
k(o) < ck(z,y) < k(z,y) +h. o

2.11. Examples. We show in 2.12 that every uniform domain is hyperbolic.
Since hyperbolicity is preserved by quasi-isometries [Va8, 3.18], it follows that
every quasiconformal image of a uniform domain G C R" is hyperbolic. In partic-
ular, every simply connected proper subdomain of the plane is d-hyperbolic with
a universal constant 9.

Some examples of nonhyperbolic domains are:

(1) G =R*\ {ne, : n € Z}.

(2) G={zeR*:0< 23 <1}.

(3) More generally, G = E; x Bo C E = E; x Ey, where E; is a Banach
space of dimension at least two and B is a ball in FEs.

The following result is a free version of the first part of Theorem 3.6 of [BHK].
The proof is essentially the same.

2.12. Theorem. A C'-uniform domain G C E is d-hyperbolic with § =
4(C).

Proof. Let < be the family of all 2-quasigeodesics in G'. By 2.10 this family
satisfies the conditions in [V&8, 2.26].

Let h > 0. By [V&8, 2.34] it suffices to show that (G, k) is (9, h, <7)-Rips
with § = 6(C). Let A be an h-short triangle in G with sides «, 3,7 in &/ and
with opposite vertices a,b,c. Let = € v. It suffices to show that

(2.13) k(x,aUpB) <(C).

Set s = Il(vy[a, x]). We may assume that s < I(y[z,b]). By Lemma 2.6(2), the
arcs «, 3, 7 are C1(C)-uniform in G. Hence

(2.14) 2s <U(y) < Cila—b| < Ci(la—c| + |c—b]) < CL(I(B) + ().
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We next show that there is a point y € o U 3 such that
(2.15) |z —y| <3s, d(y)>s/207.

Case 1. 1(B) < s/Cy. Now l(a) > s/C1 by (2.14). Hence there is y € o with
l(ale,y]) = s/2C <l(afy,b]). Then

|z —y| <s+1(B) +(a]e,y]) < s+ 5/C1 +5/2C; < 3s.

Since « is Cj-uniform, we have d(y) > l(a[c,y])/C1 = s/2C%.
Case 2. 1(B) > s/Cy. Now we can choose y €  with I(B[a,y]) = s/2C1 <

1(Bly, c]). Then
|z —y| <s+5/2C; < 2s.

The second inequality of (2.15) follows as in Case 1.
Since « is Cj-uniform, we have d(z) > s/C1. As G is QH C3-uniform with
Cy = C3(C), these estimates yield

B 3s 2
k <Cylog[1+ ——2 ) < Cylog( 1+ ——x ) =Cylog(l
(z,y) < Oy 0g< - i) d)) = Cylog( 1+ /202 Cslog(1 + 6C7),

which implies (2.13). o

2.16. Remark. A modification of the proof above shows that, more gener-
ally, all inner uniform domains are hyperbolic. A domain G is inner C -uniform if
each pair z,y € G can be joined by an arc « satisfying the cigar condition 2.4(1)
and the inner turning condition

(21) (o) < Cl(z,y) = Cinf{l(y) | v: x ~y, v C G}.

A domain G is a C-John domain if each pair x,y € G can be joined by an
arc « satisfying the cigar condition 2.4(1). Obviously

C-uniform = inner C'-uniform =- C'-John.

The planar domain R*\ {(z,0) : > 0} is inner uniform but not uniform, and
R*\ {(n,0) : n € N} is a John domain but not inner uniform and not hyperbolic.

In the rest of this section, we show that if G is a uniform domain, we can
extend the identity map of G to a bijection between the Gromov closure and the
norm closure of G and that this map is quasimobius rel boundary.

2.17. The one-point extension. Let X be a metric space and let co be an
element not in X . The one-point extension of X is the set

X = X U{o0}.
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The topology of X consists of all open sets in X and of all sets U containing oo
such that X \ U = X \ U is closed and bounded in X. Then X is a Hausdorff
space, and the subspace X C X has its original topology. In fact, X is metrizable
but we do not need this fact. The space X is compact if and only if X is proper.

The one-point extension of a metric space was already considered by F. Haus-
dorff [Ha, p. 285] in 1914, but it is fairly seldom mentioned in the literature, except
for the case where X is compact, in which case it agrees with the familiar one-point
compactification.

2.18. Terminology and notation. We recall some theory from [Va8, Section 5].
Let G C E be a d-hyperbolic domain. We fix a base point p € G and write

(z]y)=(z]y)p

for z,y € G. A sequence T = (z;) in G is a Gromov sequence if (z;|x;) — oo as
i,j — oo. Two Gromov sequences = and y are equivalent, T ~ g, if (z;|y;) — o0.
We let  denote the equivalence class containing z. The set of equivalence classes
is the Gromov boundary 0*G of G, and G* = G U 9*G is the Gromov closure
of G. The product (z|y) is extended to G* as in [V&8, (5.8)]. Then the basic
inequality (2.8) holds for all x,y,z € G* and p € G. Moreover, (x|y) = co if and
only if z =y € 0G.

Let
(2.19) 0<e<1A(1/56)
and write o, (z,y) = 0e(z,y) = e~ 1Y) for z,y € G* with the convention
e~°® = 0. To the function g, . we associate a function d, . = d. with
(2.20) de < 0 < 2d.

as in [Va8, (5.15)]. The function d. is a metametric of G*, that is, it satisfies the
axioms of a metric except that d.(z,x) may be positive. In fact, d.(z,y) = 0 if
and only if x =y € 0*G. Hence d. defines a metric in 0*G.

The metametric d. defines a topology 7* in G*; see [Va8, 4.2]. In this
topology, the points of G are isolated, and a sequence Z in G converges to a
point a € 0*G if and only if  is a Gromov sequence and T € a.

The norm boundary G and the norm closure G = G UG of G are taken
in the extended space E. Thus co € G if and only if G is unbounded. We say
that a sequence Z in E converges in norm to a point b € E if it converges to b
in the topology of E, that is, |z; —b| — 0 if b# oo and |z;| — oo if b= oo

2.21. Natural maps. Suppose that G C F is a hyperbolic domain. Since
J*| G is discrete, the identity map id: G — G is continuous from the topology
J* to the norm topology. If it has a continuous extension ¢: G* — G, we say
that ¢ is a natural map.
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2.22. Lemma. The natural map ¢: G* — G exists if and only if every
Gromov sequence T in G has a limit b(z) in norm. Moreover, p(a) = b(z) € G
for each a € 0*G and ¥ € a.

Proof. If z is a Gromov sequence in GG, then T converges to the equivalence
class Z in the topology 7* by [V&8, 5.21]. If ¢ exists, then z; = ¢(z;) — ¢(Z)
in E.

Conversely, assume that each Gromov sequence Z has a limit b(Z) in E.
Then k(z;,p) = (x;|x;) — oo, whence b(Z) € 0G. If T and gy are equivalent
Gromov sequences, then z = (x1,¥y1,22,¥92,...) is a Gromov sequence, and thus
b(Z) = b(z) = b(y). Setting ¢(&) = b(Z) we therefore obtain a well-defined
continuous extension ¢: G* — G of id. o

2.23. Remark. If ¢ exists, it defines a continuous map ¢ from the metric
space 0*G into the set G C E. Also v is called a natural map.

2.24. Some constants. In the study of a C'-uniform domain, we let Cy,Cs, ...
denote constants C; > C' depending only on C'. By the results mentioned in 2.4
and 2.6, we can fix constants C; and Cy such that if G is C'-uniform, then

(1) every 2-quasigeodesic in G is a Cy-uniform arc,

(2) G is QH Cs-uniform, that is,

k(z,y) < Coj(z,y) = Calog <1 * %)

for all x,y € G.

One can choose Cy = 4C? by [BHK, (2.16)].

Furthermore, we fix a constant d; = 61(C) such that every C'-uniform domain
is 01 -hyperbolic; see 2.12.

The notation C7, Cs, 61 will be fixed for the rest of this section.

2.25. Lemma. Suppose that G is a C-uniform domain and that a € 0G.
Then (z|y) — oo as ¢,y — a in G in the topology of E.

Proof. Assume first that a # oo. Fix h = 1, let r > 0, and let z,y €
B(a,r)NG. Choose an h-arc a: x ~y and let z € a. By (2.9) it suffices to find
an estimate k(p,z) > M(r) — oo as r — 0. We have

diz) <|z—a|<|z—z|+ |z —a| < Cilz —y|+7r < (2C) + 1)r,
which implies that

d(p) | d(p)

k(p,z) > log@ > ogm = M(r).
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Next assume that a = co. By translation we may assume that p = 0. Let
R >0 and let z,y € G\ B(R). Choose again an h-arc a: x ~ y and let z € «.
Now we need an estimate k(p,z) > M(R) — oo as R — oc.

Fix a point b € 9G \ {oc0} and let R > C4]b|. We have

R—|z| <|z—z|AN|z—y| < Cid(z) < Ci|z = b| < Ch|z| + C1 Y],

whence [z| > (R — C1[b])/(1 + C1). Since k(p, z) > log(1 + |2|/d(p)), this gives
the desired estimate. o

2.26. Proposition. If G is a C-uniform domain, then the natural map
p: G* — G exists and is bijective. Moreover, a sequence T in G converges to
a € 0G in norm if and only if T is a Gromov sequence with ¢(%) = a.

Proof. By translation we may assume that p = 0. Let z be a Gromov
sequence in G. We show that & converges in norm. By 2.22, this will imply that
p exists.

Case 1. T is bounded. We show that z is Cauchy in the norm metric. Assume
that r;; = |x; — ;| > 0, let h > 0, and choose an h-arc o: z; ~ x;. Let z € «
be the point with I(«a[z;, 2]) = r;;/2. Then d(z) > r;;/2C;. Choose M > 0 such
that |z;| < M for all i. Since |z — ;| < r;;/2 < M, we have

|z| < |z — x| + |xi] < 2M.
By (2.9) we obtain

. . . L o 2M
({L‘z| J) h/2 < k(pa )S 021 g(l-l_d(p)/\d(z)) < C21 g<1+d(p)/\(7’ij/201))‘

Since (z; |z;) — oo as i,j — oo, this implies that r;; — 0, whence Z is Cauchy.

Case 2. T is unbounded. We show that |z;| — oco. If this is not true, then
there is R > 0 such that |z;| < R for infinitely many ¢. Let a: x; ~ x; be an
h-arc as in Case 1, where i < j, |z;| < R and |z;| > 3R. Pick a point z € o with
|z| = 2R. Then d(z) > R/C; by uniformity, whence

2R
k(p,a)ﬁk(p,z)ﬁCzlog(l—I—d(p)/\(R/Cl)) K.

By (2.9) this yields (z;|z;) < K + h/2. As T is a Gromov sequence, this gives a
contradiction.

We have proved that the natural map ¢: G* — G exists.

To show that ¢ is injective, let Z and § be Gromov sequences with () =
©(y) = a. Then (z;|y;) — oo by 2.25, and hence z = 7.

Finally, let a € OG and choose a sequence T in GG converging to a in norm.
By 2.25 we have (x;|x;) — oo as 4,j — oo. Thus Z is a Gromov sequence and
©(Z) = a, whence ¢ is surjective.

The last statement of the lemma follows from the proof. o
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2.27. Notation. In view of 2.26, we simplify the notation by writing ¢xr = =
for x € 0*G if G is a uniform domain.

2.28. Quasimobius maps in the extended space. Let X be a metric space
and let @ = (z,y, z,w) be a quadruple in X = X U{oco} with = # z, y # w. For
finite points, the cross ratio of () is defined by

[z —yl |z = w]

cr @ =
|z — 2|y — wl
as in [VA8, 4.5]. If one of the points is oo, the cross ratio cr@ is defined by
deleting the distances containing co. For example, cr(z,y, z,00) = |z —y|/|z — 2|.
The definition of quasimdbius maps and its relative version (see [V&8, 4.8])
can now be extended in an obvious manner to the case where the spaces may
contain the point co. One could consider extended metametric spaces but they
are not needed, because the metametric space (G*,d, ) is bounded.

We are ready to formulate the second main result of this section; cf. [BHK,
3.6].

2.29. Theorem. Suppose that G is a C'-uniform domain. Then the natural
bijective map ¢: G* — G, which exists by 2.26, is n-quasimébius rel 0*G with
respect to the metametric d,. of G* and the norm metric of G where 0 < & <
eo(C). The function n depends only on C and e but not on p.

We first give a version of [BHK, 3.14].

2.30. Lemma. Suppose that G is a C-uniform domain. Let a,b,z € G
with |a —b] =s >0 and |z —a| >2s. Let h >0 and let o: z ~a and 3: a ~ b
be h-arcs. Define a point y € o by l(a[y,a]) = s. Then

(a) k(yaﬁ) < 037

(b) k(z,8) —Cs < k(z,y) < k(z2,8) +Cy+ h.

The constants C3 and C4 depend only on C'.

Proof. The first inequality of (b) follows from (a). It remains to prove (a)
and the second inequality of (b).

Let = € B be the point bisecting the length of 3. Recall the constants C1,
Cy from 2.24. Since « and 3 are Cj-uniform, we have d(x)Ad(y) > s/2C; . Since
lz—y| <l|x—a|+|a—y| < Cis+s, we get

k(z,y) < Cs log(l +2C1(C1 + 1)) = (3,

which proves (a).
To prove (b) assume that v € §. We must find an estimate

(2.31) k(z,y) < k(z,u) + Cy + h.

Case 1. I(Bla,u]) AN L(B[u,b]) > s/2. Now d(u) > s/2C1, |u—y| < Cis+ s,
and we obtain an estimate k(u,y) < Cs as above. This implies (2.31).
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Case 2. l(fB[a,u]) Al(B[u,b]) < s/2. Choose an h-arc : z ~ u. Then
lv)>lu—z>la—z|—s—|b—u|Ala—u| >2s—s—5/2=5/2.
Choose a point u’ € v with [(y[u,u]) = s/4. Then d(u’') > s/4C;. Since
' —y| <|u' —ul+|u—al+]a—y| <s/4+ Cis+s < 3Chs,

we get
k(u',y) < Cylog(l +12C3%) = Cy.

As v is h-short, this implies that
k(z,u) > k(z,u") —h > k(z,y) — k(u',y) —h > k(z,y) — Cy — h,
which is (2.31). o

2.32. Definition. A homeomorphism f: G — G’ between domains G and
G’ is M -quasihyperbolic if f is M -bilipschitz in the quasihyperbolic metrics of G
and G'.

2.33. Inversion. For a Banach space FE, the inversion of E (in the unit
sphere) is the map u: £ — E, defined by u(z) = z/|z|? for 0 # z # oo, u(0) = oo,
u(oco) = 0. Then u is a homeomorphism with u™! = u. We recall the following
properties of w:

(1) u is p-quasimébius with n(t) = 81¢, [V&6, 6.22].

(2) For each domain G C E \ {0}, the map u;: G — uG defined by u is
M -quasihyperbolic with a universal constant M . This was proved with M = 36
in [Vi6, 5.14] and with M = 12 in [Vid, 2.9].

(3) u maps each C-uniform domain G C E '\ {0} onto a C’-uniform domain
with C" = C’(C) > C'. This follows from (1) and from [V&6, 10.22].

It follows from (3) and 2.12 that w maps each C-uniform domain G C E\ {0}
onto a dz-hyperbolic domain, ds = J2(C) = 6:(C’) > §1(C). By (2) and by [VAS,
5.38], u extends to a homeomorphism u;: G* — (uG)*, which is f-quasimobius in
the metametrics d. with arbitrary base points for all ¢ < 1A (1/502) with 0 = 0¢.

2.34. Proof of Theorem 2.29. Recall from 2.26 that the natural map ¢: G* —
G is bijective and that ©9*G = 0G. Tt suffices to show that the map ¢~ !: G — G*
is -quasimébius rel G with 6 = 0¢ .. As before, we write oz =z for z € G*,
and then G* = G as a set. Let Q = (a,b,c,w) be a quadruple of distinct points
in G with a,w € 0G. We want to find an estimate

(2.35) cr(Q, dp,c) < 0(cr(Q,norm)),



272 Jussi Vaisala

where 6(s) — 0 as s — 0.

By 2.33 we may use translations and the inversion to normalize the situation
so that G is unbounded and w = co. From 2.33(3) it follows that we can replace
C' by a larger constant, still denoted by C', so that G is C'-uniform after the
normalization. The domain G is §; -hyperbolic and we set ¢¢(C) = 1 A (1/567).
We show that (2.35) holds for 0 < & < gg.

Choose sequences (a;), (b;), (¢;), (w;) in G converging in norm to a,b,c,w,
respectively. If b € G [or ¢ € G|, we choose b; = b [or ¢; = c] for all i. By
2.26, these sequences converge also in the metametric d, . (to the same limits).
We may assume that for each i, the points a;,b;, c;, w; are distinct and that
|CLZ' - bz‘ V |CLZ' — Ci‘ S |w2 — CLZ‘/2

Writing

Qi = (@i, bisciywi),  di = dw,e,  0i = Ows e
we have d;(w;,z) = 1 for all z € G, and cr(Q;,dp.) — cr(Q,dp.). Since
cr(Qi, dp ) < 16 cr(Qi, d;) by [Va8, 5.28], we get by (2.20)
(2.36) er(Qrdy o) < 1620912 00) 39 0i(03,b1)

— 39¢ €M < 39 |uz~|,
di(a;,c;) = oi(ai,ci) ‘ = 0

where p; = (a; | bi)w, — (a; | ¢i)w, - Setting t; = |a; —b;|/|a;i —c¢;|, t = |a—b|/|a—|
we have t = cr(Q,norm), and t; — t as i — co. We want to get a lower bound
for p;.

Fix h = 1 and choose h-arcs ay;: w; ™~ a;, (it a; ~ by, vt a; ~ ¢;. Let
y(b;) € a; be the point chosen as in 2.30 where now a = a;, b = b;, z = w;,
a =, =0, and let y(¢;) € a; be the corresponding point for ¢;. Since «; is
C1 -uniform, we have

We consider two cases.
Case 1. t > 1. We may assume that ¢; > 1/2 for all 7. By (2.37) we have

d(y(bi)) A d(y(ci)) > |a; — ¢i|/2C

for all 7. Since
ly(bi) —y(e)| < ly(bi) — ail + la; — y(ei)| < ai — bi| + [a; — cif < 3la; — by,

we get

k(y(bi), y(ci)) < Calog(l 4 6C1t;).
By (2.9) and 2.30 we have

|1i| < k(wi, Bi) — k(wi, vi)| + 201 + 2h
< ‘kz(wl,y(bz)) — k(wi, y(cl))} + C3 + Cy + 281 + 3h.
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Since «; is h-short and since h = 1, it follows that
|p,7;| S k(y(bl),y(cz)) + 05 S CQ log(l + GClti) + 05.

As i — oo, this and (2.36) give (2.35) with 6(t) = 32 exp[Cslog(1 4+ 6C1t) + Cs].

Case 2. t < 1. We may assume that ¢; < 1 for all 7. Applying (2.9) and 2.30
as in Case 1 we get

s Z k(wz,y(bz)) — k(wz,y(cz)) - Cg — 04 — 251 — 3h.
Since t; < 1, we have I(a;[y(b;),a;]) < l(as[y(ci),a;]) by the definition of y

in 2.30. Hence the point y(c;) hes between w; and y(b;) on «;. As «; is 1-short,
it follows that p; > k(y(bi),y(c;)) — Cs. Writing r; = |a; — a| we have

d(y(:)) < ly(b:) — al < |y(b;) — ail + i <|a; — bi| + 73

As in Case 1 we have d(y(¢;)) > |a; — ¢;|/C1. Hence

d(y(ci))
Ty 2~ o8Ot + Curiflas ).

Here r;/|a; — ¢;| — 0 as i — oco. Combining the estimates with (2.36) and letting
i — oo yields (2.35) with 0(t) = 32e%s(C1t)* — 0 as t — 0. o

k(y(ci),y(bi)) > log

2.38. Bounded domains. A 6-quasimobius map between bounded spaces
is m-quasisymmetric, and a relative version of this is also true; see [V&6, 6.29].
However, we cannot choose 1 depending only on 6. In order to get a quantitative
result we must normalize the map in a suitable way; see [V&6, 6.29 and 6.31].
These ideas and 2.29 give Theorem 2.39 below. An alternative proof is obtained
by modifying the proof of 2.29 as in [BHK, 3.6]. I omit the details.

2.39. Theorem. Suppose that G is a bounded C-uniform domain with a
base point p such that d(x) < cd(p) for all x € G. Then the natural bijective
map ¢: G* — G, which exists by 2.26, is n-quasisymmetric rel 9*G with respect
to the metametric d,. of G* and the norm metric of G, where 0 < & < g¢(C).
The function n depends only on (C,c,¢). o

2.40. An application to the free quasiworld. In the free quasiworld (see
[Va6]) we study (with different terminology) domains G C E and G’ C E’ in
Banach spaces and homeomorphisms f: G — G’ that are (), u)-quasi-isometries
in the quasihyperbolic metric, as well as some subclasses of these maps. If G and
G’ are C-uniform, then f extends to a homeomorphism f: G — G, and f is
n-quasimébius rel G with 1 depending only on (C, A, ) ; see [V&6, 11 8].
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We remark that a new proof for this result is obtained by combining Theo-
rems [V&8, 5.38] and 2.29. In fact, the extension f is obtained, somewhat more
generally, for maps f that need not be homeomorphisms, only weakly surjective
in the sense of [V&8, 5.32]. The induced map 0G — OG’ will nevertheless be a
quasimobius homeomorphism.

In [V&5, Section 5] we considered domains of the type G = E; X Bs in a
product space Ei X Fs, where By C F5 is a ball. If dim F; > 2, these domains
are not hyperbolic, but each homeomorphic (A, 1)-quasi-isometry between such
domains still extends to a homeomorphism f between the closures, and f is 7-
quasisymmetric rel 0G with 1 depending on (A, ). I do not know whether this
result can be obtained with the aid of Gromov hyperbolicity.

Furthermore, since hyperbolicity is preserved by quasi-isometries [V&8, 3.18],
it follows from 2.12 that there is no quasihyperbolic quasi-isometry from a uni-
form domain onto a nonhyperbolic domain, for example, from a ball onto a domain
between two parallel hyperplanes in a space of dimension at least three. In par-
ticular, these domains are not (freely) quasiconformally equivalent. Again, [V&5,
Section 5] contains further results on domains G = E7 x By that do not directly
follow from the results of this paper.

3. Hyperbolic domains with a boundary condition are uniform

3.1. Introduction to Section 3. We proved in Section 2 that a C'-uniform
domain G C E has the following properties:

(a) G is d-hyperbolic.
(b) The natural map ¢: G* — G exists and ¢ is bijective and n-quasimobius
rel 0*G from the metametric d, . into the norm metric.

In this section we show that also the converse is true in the stronger form
where (b) is replaced by

(b") The natural map ¢: G* — G exists and its restriction 1: 9*G — 0G is
bijective and 7n-quasimobius.

These results are quantitative in the following sense:

If G is C-uniform, then (a) holds with § = 6(C) and (b) holds for all p € G,
for all 0 < e <¢((C) and for n depending only on C' and ¢.

If (b”) holds, then G is C'-uniform with C' = C(6,n,¢).

Observe that the result is independent of the base point p.

The case where E' = R"™ and G is bounded (or more generally, G is a domain
in S™) was proved in [BHK, 1.11 and 7.11] with C' depending on §,7n,e,n. How-
ever, in [BHK] the quasim&bius condition was replaced by quasisymmetry, and the
base point p had to be chosen so that d(p) is maximal. The proof in [BHK] made
use of the modulus of a path family, and it cannot be extended to general Banach
spaces. Our proof makes use of h-short arcs and (u, h)-biroads in G as well as of
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the rough starlikeness of G. Several times we shall make use of the idea of [BHK]
to divide the points of a domain into annulus points and arc points.

As mentioned before, we assume throughout the paper that dim £ > 2. The
case dim F =1 is trivial: A domain is an open interval (bounded or unbounded),
and each domain G # F is 1-uniform and O-hyperbolic.

The main result is given in 3.27. We start with various auxiliary results.

3.2. Lemma. If a: z ~ y is a rectifiable arc in a domain G, then l(«) <
(et (@) — 1)d(z).

Proof. Set L = lx(a) and let ¢: [0, L] — a be the parametrization of a by
quasihyperbolic length with ¢(0) = x. Then d(p(t)) < e'd(x), whence

() = /0 d(p(t)) dt < (e¥ — 1)d(z). o

We recall that a length map between arcs is a map preserving the length of
each subarc. For arcs in the space (G, k), such a map is called a quasihyperbolic
length map.

We next give an estimate for the change of ordinary length in a quasihyper-
bolic length map.

3.3. Lemma. Let a and (3 be arcs in a domain G with l;(a) < l(8), and
let f: a — [ be a quasihyperbolic length map. If k(fx,z) < ¢ for all x € «, then
e Cl(a) <Il(fa) <el(a).

Proof. We may assume that fa = #. By symmetry, it suffices to prove the
second inequality. Since

log% <k(fz,z)<c,

we have d(fz) < e®d(z) forall x € . Set L = li(a) = Ii(5), and let ¢: [0, L] — «
be the parametrization of a by quasihyperbolic length. Then

L L
1(B) :/ d(f(p(t))dtgeC/ d(p(t)) dt = el(a). o
0 0
The following basic result on the geometry of normed spaces is from [Sc,

Theorem 4J, p. 18]:

3.4. Theorem. Let E be a normed space with dim £ > 2. Then every
sphere in E is 2-quasiconvex.

We next study the behavior of an h-short arc in a domain containing a large
ring.
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3.5. Lemma. Suppose that a: x1 ™ x5 is an h-short arc with h < 1/10 in
a domain G and that a € 0G'.

(1) If B(a,16t)\ B(a,t/16) C G and if |z; —a| > 8t, i = 1,2, then |z —a| > t
for all z € .

(2) If B(a,7s)\ B(a,s) C G and if |v; —a| < 4s, i = 1,2, then |z —a| < 64s
for all z € .

Proof. (1) Assume that there is a point z € a with |z —a| < t. Choose points
uy,uy € aNS(a,8t) such that z € afuy, us]. By 3.4, there is an arc 3: u; M ug in
S(a,8t) with () < 32t. For all x € S(a,8t) we have d(x) > (8 —1/16)t. Hence

k(ur, us) < 1.(8) < 32/(8 — 1/16) = 4.031. ... .
On the other hand, |u;—z| > 7t, d(z) < |z—a| < t, and we obtain the contradiction
k(uy,ug) > k(uy, z) + k(z,ug) —h > 2log(1+7) —1/10 = 4.058..... .

(2) Assume that z € a and that |z — a|] > 64s. Choose uj,us € S(a,4s)
with z € afuy,us]. Now 3.4 gives k(uj,us) < 16/3. Since |u; — z| > 60s and
d(u;) < |u; —a| = 4s, we get the contradiction k(uq,us) > 2log(1+15) —1/10 =
544 .... o

3.6. Endcuts and crosscuts. Let G C E be a domain. An arc y: a ~ b in G
is an endcut of G if yNOG = {b}, and 7 is a crosscut of G if yNOG = {a,b}. Such
arcs are called c-quasigeodesics if 1 (y[u,v]) < ck(u,v) for all u,v € yNG. The
definition of a C-uniform arc (see 2.4) makes also sense for endcuts and crosscuts
with finite endpoints.

If dim F < oo, then each point x¢p € G can be joined to a nearest point
b € OG by the segmental geodesic endcut [xg,b]. In the general case, a nearest
boundary point need not exist. However, there always exists a quasigeodesic end-
cut consisting of a sequence of line segments. This was proved in [Va3, 3.10]. I
give a more precise formulation of this result in 3.9. In the proof, it is possible to
make use of the following result of [BHK]:

3.7. Lemma. Suppose that G is a domain and that a: a ~ b is a rectifiable
arc in G such that

(1) a\{a,b} C G,
(2) l(a]a,z]) ANl(a]z, b)) < Cd(z) for all x € o\ {a,b},

(3) « is c-quasiconvex in norm.

Then « is a ¢y -quasigeodesic with ¢; = 4cC'.
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Proof. Let u,v € a NG and set a3 = afu,v]. Then also «; satisfies the
conditions of the lemma. By [BHK, (2.15) and (2.12)] we get

Z(V) ‘u_ U‘
m) < 4C'log (1 + cm) < 40ck(u,v). o

lk(aq) < 4Clog(1 +
3.8. Remark. If the cigar condition (2) is replaced by the carrot condition
(2") Uefz,b]) < Cd(x),
the proof of [BHK, (2.15)] shows that 3.7 holds with ¢; = 2¢C'.

3.9. Proposition. Suppose that zq is a point of a domain G, that 0 < s <
1/4, and that a € OG with |a —xo| < (14 s/2)d(zg). Let x1 be the unique point
in [xo,a) N S(zo,d(z0)). Then there is an endcut v: zo ~ b € OG such that:

(1) I(v) < (1 +s)d(zo)-

(2) v C B(wo, (14 s)d(z0))-

(3) la—b| < 35sd(xo) < 2sd(xo).

(4) [zo,21] C v and v\ [zo, 1] C B(x1, sd(x0)).

(5) I(v[x,b]) < Cod(x) for all x € v\ {b} with a universal Cy < 47/15 < 4.
(6) ~ is ¢p-quasiconvex in norm with a universal ¢y < 4.

(7) v is a A\g-quasigeodesic with a universal \g < 26.

Proof. 1 recall the construction of « in [Va3, 3.10]. This arc is the union of
a finite or infinite sequence of line segments 7; = [x;_1,x;) and b. The points
x1, T2, ... are found inductively as follows. Set s; = 27%s, y; = a. Assume that
the points xzg,...,z; have been chosen. If x; € OG, the process stops. If z; € G,
we choose a point y; 11 € 0G with |y;4+1 — 23] < (1 + s;41)d(x;) and let z;41 be
the unique point in [z, yi41] NS (2, d(z;)) .

Setting d; = d(x;) we have

(3.10) [(Vig1) = |7 — zig1| = di <y — yil < sidiy

for 1 > 1. Hence
k
diyr < Sit18iy2 - Sipkd; < 85 1d;

for i >0, k> 1. From (3.10) it also follows that the sequence (z;) converges to
a point b € 0G.

We proved in [V&3, 3.10] that v is an arc, but the conditions (1)—(7) make
sense if we interpret v as a path in an obvious way, and then (6) implies that ~
is an arc. Writing r; = [(y[z;, b]) we get

(311) Ti:zdj Sdi/(l_SH—l)

Ji
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for i > 0. In particular, I(vy) = rg < do/(1 —s1) < (1 + s)dp, which implies (1)
and (2). Furthermore,

r < dl/(l — 82) < 81d0/<1 — 1/16) = 88d0/15 < Sdo,
la — b <l|a—x1| +7r1 < s1dg + 8sdy/15 = 31sdy/30,

and we obtain (4) and (3).
(5): Assume that = € ;. Then d(z) > | — z;| and

l(y[x,b]) = | —zi| + 7 < | —x;| +di /(1 = 8441) < | — x;| + 16d; /15,

because $;41 < so < 1/16. If |x — z;| > d;/2, then the right-hand side is at most
(14 32/15)d(x), and (5) follows. If |x — z;| < d;/2, then d(z) > d;/2, and we
again obtain (5).

(6): Assume that = € v;, y € v; with ¢ < j, and set o = I(y[z,y])/|z — y|.
We must show that o < 4. If 7 = ¢+ 1, we make use of some results in the
appendix. Applying Lemma A.3(3) with (x,y,2) — (x;—1,%;, yir1) We see that
the deviation (see A.2) between the rays from z; through z;,_; and x;11 is at
least 1, and hence o < 3 by A.4.

If 7 >4+ 2, then

Lyl y]) < Uy, b)) = |z — 24 + di + Tiga.

By (3.10) we have d;11 < s;11d; < d;/16. As s;40 < s3 < 1/32, (3.11) implies
that
Tig1 < dz—|—1/(1 — SH_Q) < 2dz/31 < d1/15

Since |y — z;+1| < 7141 and since «y; Uy;41 is 3-quasiconvex, we obtain
|z —yl > |z — zig1| — rip1 > (o — 2] +di) /3 — di/15.
Consequently,

Q§3|£L’—IL’1| +16di/15.

This expression is maximal for x = x;, whence ¢ < 4.
(7): This follows from (5), (6) and 3.8 with Ag = 2¢¢Cp < 26. In fact, (7)
holds with \g = 17; see [V&3, 3.10]. o

We prove in 3.13 that quasigeodesic endcuts produce Gromov sequences. The
proof makes use of the following corollary of the stability theorem [V&8, 3.11]:
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3.12. Stability lemma. Let G be a d-hyperbolic domain and let v and
~" be arcs in G with common endpoints. If v is a c-quasigeodesic and if ' is
h-short, then the quasihyperbolic Hausdorff distance kpg(7y,~’) is bounded by a
constant M (6,¢c,h).

3.13. Lemma. Suppose that v: xqg ~ b € 0G is a quasigeodesic endcut of a
hyperbolic domain G and that T is a sequence on YN G converging to b in norm.
Then x is a Gromov sequence. If i is another such sequence, then  ~ 7y .

Proof. Assume that G is d-hyperbolic and that ~ is c-quasigeodesic. It
suffices to show that (x;|y;) — oo as i,j — oo. Fix h > 0 and choose h-short
arcs a;;: x; ~ y;j. Then kp(ai;, vz, y;]) < M(S,¢,h) by 3.12. By (2.9) we
obtain

(@i ly;) = k(p, aiz) — 26 — h > k(p,v[zs,y5]) — M — 26 — h.

Since v is an endcut, this implies that (z;|y;) — 0o as 4,j — 00. o

3.14. Remarks. 1. Lemma 3.13 is, in fact, a special case of [V48, 6.31].

2. It follows from 3.13 that a quasigeodesic endcut v: ¢ ~ b determines an
element of 0*G, which will also be written as b.

3. Similarly, a quasigeodesic crosscut v: a ~ b determines two elements of
0*G, which will be written as a and b.

3.15. Lemma. Suppose that T is a sequence in a domain G and that T
converges in norm to an isolated point by € 0G. Then % is a Gromov sequence in
the quasihyperbolic metric.

Proof. We prove the case by = co. The case of a finite by is rather similar,
and it is not needed in this paper. Choose a number R > 0 such that G\ {oco} C
B(R). Let a,b € G with 2R < |a| < |b| and set z = |bla/|a|. By 3.4 there is an
arc B: z ~ b in S(|b]) with [(5) < 4]b|. Then a = [a, 2] U § is an arc joining a
and b. Since |d(z) — |z|| < R for x € a, we obtain

b —R 4 b b
<log—— 4+8<log— +9
a-R - R = a2 TS % T

db) o B2
k(a,b) > log —= > log —— > log — —
(D) 2198 gy =108 ga] =18

Choose the base point p with |p| = 2R. By the definition of the Gromov product
we have

k(a,b) < l(a) < log

2(a|b) > logM + log

|al
—13=2log =L 1
2R s ©8 3

0] 0]
L _1og
2R

2R la|

and the lemma follows. o
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- 3.16. Lemma. Let G be a hyperbolic domain and let U be an open set in
E meeting OG. Then there is a Gromov sequence ¥ in G such that T converges
in norm to a point b € U N JG.

Proof. If U NOG = {oo}, the lemma follows from 3.15. If U NOG # {0},
there is a quasigeodesic endcut v: xo ~ b € UNOG by 3.9, and the lemma follows
from 3.13. o

3.17. Annulus and arc points, anchors. We adopt the terminology of [BHK,
p. 65] with a slight change, because a nearest boundary point need not exist.

Let 0 < A < 1/2. A point x in a domain G is said to be a \-annulus
point of G if there is a point a € JG such that for ¢ = |z — a|, the annulus
B(a,t/\)\ B(a, M) is contained in G. Observe that (1 — A\t < d(z) < t.

If z is not a A-annulus point of G, it is a A-arc point of G.

Let xg € G and let ¢ > 1. A crosscut 7: a ~ b of G is a c-anchor of xy in
G if zg € 7 and if

(1) 7 is a c-quasigeodesic,

(2) 7 is c-quasiconvex in norm,

(3) U(7[a,z]) < cd(z) for all x € T[xg,a) and I(7[b, z]) < cd(z) for all x €
T[IL‘(), b) .

Observe that these conditions imply that a # oo # b. Moreover, a c-anchor
7: a ~ b has the following properties:

(4) 7 is c-uniform in G,

(5) U(1) < 2cd(x0),

(6) d(xo) <I(1)/2 < cla—b|/2.

By an important result of [BHK, 7.2], every A-arc point of a domain G C R"
has a c-anchor in G with ¢ = ¢()\). We next extend this result to all Banach
spaces, and it will be used in several proofs of this article.

3.18. Anchor lemma. If xo is a A-arc point of a domain G, then xy has
a c-anchor in G with ¢ = ¢()\).

Proof. 1 follow the idea of [BHK, 7.2], but the proof is more complicated,
because segmental endcuts are replaced by arcs given by 3.9 and, moreover, the
geometry of normed spaces is not so simple as the euclidean geometry.

We choose a small positive number s. To be safe, we take s = A/100 < 1/200.
Set d = d(zg) and choose a point a € G with

la —zo| =t < (1+s/2)d.
We may assume that a = 0. Let v: zg ~ b be an endcut of G given by 3.9

for these a and s. Since zg is a A-arc point, there is a point y € 0G with
At < |y] < t/A. Let L be the ray from 0 through y, and let z be the unique point
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in LN S(t). Let T be a 2-dimensional plane containing 0, z¢, z (unique unless
z = +xq), and let v be the shorter arc between zy and z in S(¢t)NT. If z = xg,
the arc o degenerates to {zo}.

Let 3: z9g ~ y be the arc f = a U [z,y] and set » = A\t/3 < t/6. Since
y € 0G and since r < d, there is a first point a2’ of 3, ' # x(, such that
d(z') = r. Choose a point o’ € G with |a’ — 2’| < (1+ s/2)r and then a point
xfy € B[z, 2'] such that |a' — z(| = d(da’, Blxo, 2']). Setting d’ = d(x() we have

r<d <|a —axp <la —2'| < (14 5/2)r < (14 5/2)%d/6 < d.

Let v': ¢y ~ b' be an endcut of G given by 3.9 with the substitution (z¢,a,s) —
(xh,a’, s). Setting By = Blzo, z(] we show that

T=7UBU~y:b~ b

is the desired anchor. It is not yet quite clear that 7 is an arc, but the conditions
(1)—(3) of 3.17 make sense in an obvious way. For example, for points u € By and
v € v/, condition (2) means that I(Go[u,z(]) + 1(y'[zh,v]) < clu — v|. We show
that 7 has properties (1)—(3), and then (2) implies that 7 is an arc.

We first verify (3). The case z € v U+’ follows from 3.9(5). If = € [y, then
d(x) > r > Ad/3. Furthermore, |z —y| < t/X —t and [(«) < 4t by 3.4. Thus
1(Bo) < 3t+t/A. Since I(7') < (1+s)d" < (14s)d by 3.9(1) and since t < (1+s)d,
we have [(Bp Uv") < (14 s)(44+1/N)d, and (3) follows.

Property (2) will be proved in A.6 in the appendix, and (1) follows from (2)
and (3) by 3.7. o

3.19. Roads and biroads. Recall from [V&8, Section 6] that for u > 0,
h >0, a (u, h)-road in a §-hyperbolic domain G is a sequence & of h-short arcs
a;: y; ~ u; such that (o) / oo and such that for ¢ < j, the quasihyperbolic
length map g;;: a; — «; with g;;y; = y; satisfies k(g;;jz,z) < p for all = € «;.
The sequence (u;) is then a Gromov sequence defining an element 4 € 0*G, and
we write a: g ~ 4. Each pair y € G, b € 9*G can be joined by a (u, h)-road
with u =44 + 2h.

Furthermore, each pair a,b € 0*G can be joined by a (u, h)-biroad a: a ~ b
for each h > 0 and p = 129 + 10h. This means that & is a sequence of arcs
a;ru; ~ v; in G and that for ¢ < j there are quasihyperbolic length maps
gij: a; — «a; with the following properties:

(1) Each «; is h-short.

(2) u; — a, v; —b.

(3) 9 =id, gir = gij o gjx for i <j <k.
(4) k(gije,z) < p forall i <j and z € a;.
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The locus |@| of a road or a biroad & is the union of all arcs «;.
We recall the extended standard estimate [V&8, 6.20] for a (u, h)-biroad a: a
b in a d-hyperbolic domain:

(3.20) k(p,|al) =40 —h < (a|b)p < k(p,|a]) + p+ h/2.

We next show that hyperbolic domains are roughly starlike. The proof is a
variation of [BHK, 7.8]. Recall from [V&8, 6.33] that a hyperbolic domain G is
said to be (K, u)-roughly starlike with respect to a point y € G if for each z € G
and for each h > 0 there is a (u, h)-road &: y ~ b € 0*G with k(z,|a|) < K.

Furthermore, G is (K, u)-roughly starlike with respect to a boundary point
a € 0*G if for each x € G and for each h > 0 there is a (y, h)-biroad a&: a ~ b €
0*G with k(z,|a|) < K.

3.12. Lemma. Let 0 <r < s, let G be a hyperbolic domain containing the
annulus B(s) \ B(r), and let & and § be equivalent Gromov sequences in G. If
|z;| < r for all i, then |y;| < s for large i. If |y;| > s for all i, then |x;| > r for
large 1.

Proof. Assume that |z;| < r, |y;| > s. Let h = 1 and choose h-short arcs
vi: ; ~ y;. Let p be a base point of G with |p| =t = (r + s)/2. Since ~; meets
S(t) and since k(S(t)) < 4t/(r — s) by 3.4, the standard estimate 2.9 gives

(wi|yi) < k(p,vi) +h/2 <4t/(r—s)+1/2.

As & ~ g, we have (z;|y;) — oo, and the lemma follows. o

3.22. Theorem. A ¢-hyperbolic domain G is (K, j11)-roughly starlike with
respect to each point of G and (K, ps)-roughly starlike with respect to each point
of 0*G, where K = K(0), p1 =40+ 1, ps =120 + 1.

Proof. We prove the second part, which is needed later. The proof for the
first part is rather similar.

Let a € 0*G, 29 € G, 0 < h < 1/10. It suffices to find a (use, h)-biroad &
from a with k(xg,|o]) < K(J).

Case 1. xg is a %—arc point. Let 7: b ~ ¢ be a c-anchor of zg given by 3.18;
now ¢ = ¢(1/3) is a universal constant. By Remark 3.14.3, the points b and ¢
can be considered as elements of the Gromov boundary 0*G. Let a: b ~ ¢ be a
(u2, h)-biroad given by [V&8, 6.13]. By the extended stability theorem [V&8, 6.32]
there is a point =1 € |a| with k(zg,z1) < K1(0). If a € {b,c}, we may put 7 = a.
If a ¢ {b,c}, we choose (uz,h)-biroads 3: a ~ ¢ and 4: a ~ b. By the extended
Rips condition [V&8, 6.24] there is x5 € |3| U |§] with k(z1,22) < K(5). Then
k(zo,22) < K1 + Ko, whence either 3 or 7 is the desired biroad.
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Case 2. g is a 5-annulus point. There is a point b € G such that B(b, 3t)\
B(b,t/3) C G for t = |xg—b|. Choose a Gromov sequence i € a. Since k(zg, u;) —
00, we may assume that either |u; —b| < t/2 for all ¢ or |u; — b| > 2t for all i.
Assume that |u; — b| < t/2 for all i. By 3.16 we find a Gromov sequence v such
that |v; — b] > 2t for all i. Choose a (us,h)-biroad 7: a ~ v. From 3.21 it
follows that o; meets S(b,t) for large i. Since k(S(b,t)) < 8 by 3.4, we have
k(xo,|o]) < 8.

The case |u; — b| > 2t is treated similarly, choosing a Gromov sequence v
with |v; —b] < t/2 for all i. o

In the next three lemmas we estimate the Gromov product (a|b) = (a|b),
for an anchor 7: a ~ b of a point in a hyperbolic domain with a base point p.
Since 7 is a quasigeodesic, the points a,b can be considered as elements of 0*G;
see Remark 3.14.3. Then (a|b) is defined.

3.23. Lemma. Suppose that 7: a ~ b is a c-anchor of a point z( in a
0-hyperbolic domain G. Let a: p ~ u be an h-short arc containing a point yq
with k(zo,y0) < . Then (a|b) < (a|u)+ K(6,¢c,u,h).

Proof. Choose sequences (x;) on T[xg,a) and (y;) on 7[xg,b) such that
x; —a,y; —b. Fix i and set t = (z;|yo). As t < k(p,yo), we can choose a point
z € alp,yo] with k(p,z) =t. By [V&8, 2.8(6)] we have (z|yo) A (z|u) >t —h/2.
Hence

(3.24) (i |w) > (zilyo) Nyo|z) A (z|u) —20 >t —h/2—26.

Choose h-short arcs 8: z; ~ yo and v: z; ~ y;. By [V&8, (2.23) and 2.24] we
find a point z; € B with k(z1,2) < 46+4h. Since T is a c-quasigeodesic, it follows
from the stability lemma 3.12 that k(xq,v) < M(d, ¢, h), whence k(yo,v) < M+pu.
By the second ribbon lemma [V&8, 2.18] this yields k(z1,7) < K1(6,¢, u, h), and
we obtain k(z,7) < 46 +4h + K; . Since

(@i |ys) < k(p,7) +h/2 <t +k(z,7) + h/2

by 2.9, this and (3.24) imply that (z;|y;) < (x; |u) + K1 + 65 + 5h. As i — o0,
this gives the lemma. o

3.25. Lemma. Let 7: a ~ b be a c-anchor of a point zo of a d-hyperbolic
domain G. Then (a|b) < k(p,zo) + K(d,c).

Proof. Choose sequences (x;) and (y;) on 7 as in the proof of 3.23. Set h =1
and let v;: x; ™~ y; be an h-short arc. It follows from (2.9) and stability 3.12 that

(i |ys) < k(p,vi) +h/2 < k(p, z0) + K1(6, ¢).

As i — o0, this implies the lemma. o



284 Jussi Vaisala

In the next lemma we show that under certain additional conditions, the
inequality of 3.25 can be reversed.

3.26. Lemma. Suppose that 7: a ~ b is a c-anchor of a point z( in a
d-hyperbolic domain G. Let a:p m~ yo be an h-short arc with k(xo,y0) < p
such that d(yo) < c1d(zx) for all x € «. Then (a|b) > k(p,xo) — K(d,¢,c1,1,h).

Proof. Let Ky, Ky,... denote positive constants depending on (4, ¢, c1, i, h).
Let (z;) be a sequence on T[xg,a) converging to a. Fix ¢ € N and choose h-
short arcs (B: z; ~ yo and v:x; ~ xg. As in the proof of 3.23, we choose
a point z € a with k(p,2z) = (yo|z;), and then k(z,8) < 40 + 4h. By the
second ribbon lemma [V&8, 2.18] we have kg (5,v) < 80 + 5u + 5h. From these
estimates and from stability 3.12 it follows that there is a point 2" € 7[xg, x;] with
k(z,2') < Ki(6,¢c,p,h). We have

d(yo)
log ()

whence d(xg) < etd(yg) < Kod(z'). For each x € o = 7[2’, 2], this and 3.17(3)
yield

d
cd(z) <k(z,2")+loger < Ky +logey,

< log i) S

d(zo)/Ks < d(2') < |2 —a| <(7[x,a]) < cd(z).

Moreover, we have [(0) < cd(xg) by 3.17(3). Integration along o gives k(z’, xg) <
c?K,, and we obtain

k(p,zo) < k(p, 2) + k(2,2") + k(2', 20) < (% | yo) + K1 + * K2 < (2] x0) + K.

As i — oo, this gives k(p, o) < (a|xzo) + K4. Similarly k(p,zo) < (b|xo) + Ky.
Hence (a|b) > (a|xo) A (b|zo) — 6 > k(p,x0) — K4 — 0; see [VA8, 5.12]. o

We next state the main result of this section. Recall from 2.21-2.23 that for
a d-hyperbolic domain G, the natural map ¢: G* — G exists if and only if each
Gromov sequence T in G converges in norm to a limit b(Z); then ¢z = b(Z).
The map ¢ is continuous in the metametric dp, . of G* and the norm metric of
G, where p € G and 0 < ¢ < 1 A (1/56). Moreover ¢ defines a continuous map
Y: 0*G — O0G between metric spaces.

3.27. Theorem. Suppose that G C E is a §-hyperbolic domain such that
the natural map ¢: G* — G exists in the sense of 2.12 and defines an 1-quasi-
mébius bijection v¢: 0*G — OG in the metric d, . and the norm metric for some
p € G and for some € < 1A (1/50). Then G is C-uniform with C = C(d,n,¢).

3.28. Notation. Let 6 > 0, 0 <e < 1A (1/59) and let n: [0,00) — [0, 00)
be a homeomorphism. We let Q(d,7,¢) denote the set of all domains G in some
Banach space such that
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(1) G is unbounded,

(2) G is d-hyperbolic,

(3) the natural map ¢: G* — G exists and defines an 7-quasimdbius ho-
meomorphism : 0*G' — OG in the metric dp, . and in the norm metric for all
peG.

For G € Q(d,n,¢), we simplify the notation by identifying 0*G and 9G by
the natural bijection 1: 0*G — 0G writing Yx = x for x € 9*G.

We shall reduce Theorem 3.27 to the following result:

3.29. Proposition. If G € Q(0,7n,¢), then G is C-uniform with C =
C(d,m,¢).

3.30. Lemma. Proposition 3.29 implies Theorem 3.27.

Proof. Suppose that G C F is a domain satisfying the conditions of 3.27 with
some §,7,e,p. We may assume (by a translation) that 0 € 0G. Let u be the
inversion of E; see 2.33. We show that the domain G’ = uG lies in Q(v’) with
some v = (0',n,¢") depending only on v = (4,7n,¢). By Proposition 3.29, this
will imply that G’ is C'(v’)-uniform, whence G is C(v)-uniform by 2.33(3).

Since 0 € 0G, the domain G’ is unbounded. The inversion u defines homeo-
morphisms u;: G — G’ and v; = u;': G’ — G, and these maps are 12-quasi-
hyperbolic by 2.33(2). From [V&8, 3.18] it follows that G’ is ¢’-hyperbolic with
some §'(d) > 6.

It remains to show that G satisfies condition 3.28(3). Set &' = e A (1/5¢").
Then &’ < e < cg’ with ¢ = ¢(§) = §'/§. Let p’ € G' be an arbitrary base
point. As v is 12-quasihyperbolic, it follows from [V&8, 5.38] that v; induces a
homeomorphism 1 = dvy: 9*G' — 9*G. Moreover, 1)1 is 71 -quasimobius in the
metrics d, . and dp, . with n; depending only on §. Consequently, the natural
map ¢': 0*G' — 0G’ exists and ¢'a = wypipia for a € 9*G’. By [Va8, 5.28], the
identity map (0*G,d, ) — (0*G,dp.) is 6-quasimébius with 6(¢) = 4TtV ).
By 2.33(1), these facts imply that 1’ is n’-quasimobius with n/(t) = 81n0ny(¢).
Hence G' € Q(¢',7',¢'). o

3.31. Outline of the proof of Proposition 3.29. Suppose that G € Q(6,7,¢)
and let x1,29 € G. If |11 — 2| < d(x1)Vd(x2), then the line segment [x1,x5] is a
1-uniform arc. Hence we may assume that |21 —x2| > d(x1)Vd(x2). We shall show
that any h-short arc v: 1 ~ xo with h = 1/10 is C'-uniform, C' = C(6,n,¢). For
this we approximate v by a (u,h)-biroad @: a; ™~ as such that k(z;,|al) < Cy.
In 3.54 we show that the members of & satisfy conditions close to uniformity. As
a crucial step we prove the case as = oo in the length carrot lemma 3.40, which
is preceded by a related result 3.36 on distance carrots.

The proof makes substantial use of the division of a domain into annulus
points and arc points and of the anchor lemma 3.18. It will be completed in 3.37.
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The following basic estimates follow almost immediately from (2.20):

3.32. Lemma. Suppose that G is a d -hyperbolic domain and that z,y,a,b €
G*, e <1A(1/55).

(1) If de(z,y) < cd(a,b), then (a|b) < (z|y) + K with K = K(c,e) =
e~ 1log(2¢).

(2) If (a|b) < (z]y) + K, then d.(z,y) < cd.(a,b) with ¢ =c(K) =2eX. o

3.33. Lemma. Let G be a 0-hyperbolic domain, let h < 1/10, and let &
be a (u,h)-road, a;: z; ~ wu;, such that u; — b € OG in norm. Let i € N and
let x € a; be a A-annulus point of G with A= > 16e* and let d(z;) > 9e*d(z).
Then for r = d(x) we have

(1) B(b, (At = 1)r) \ B(b,3\r) C G,

(2) iz, ui] C B(b,9r),

B) r<|z—>b<(1+4Nr.

Proof. There is a point a € 0G such that G contains the annulus B(a,t/\)\
B(a, \t) for t = |z — a|. Then

(3.34) (1-Nt<r<t.

Let j > 4. There is a point z; € a; with k(zj,2) < p. We have |z; — x| <
(e# —1)r < (et —1)t, whence |z; — a| < e#t. Furthermore, k(z;, z;) < p implies
that d(z;) > e #"d(z;) > 9e*r, whence

|zj —a| > d(z;) > 9eF'r > 8e't

by (3.34).

If |y —a| > 8e#t for some y € aj[z;,u;], then we may apply Lemma 3.5(1)
to the arc «;[z;,y] with the substitution ¢ — e*t to conclude that |z; —a| > e/t
a contradiction. Hence aj[z;,u;] C B(a,8e"t) for all j > i. For j =1, we choose
x; = x and get the better estimate

(3.35) a;[x,u;] C B(a, 8t).

Since u; — b, we obtain |b —a| < 8e#t < t/A. As b € 0G, this implies that
|b —a| < At. The lemma follows by easy estimates from this, (3.34) and (3.35). o

3.36. Distance carrot lemma. Let G € Q(d,n,¢), let h = 1/10, let
a: by ~ oo, a;: u; ~v; be a (u, h)-biroad and let x € |&|. Then

|z — bo| < C(6,m, w)d(x).

Proof. Choose i with = € «; and set A~ = 16e.
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Case 1. x is a A-annulus point. There is a point a € G such that G contains
the annulus B(a,t/\) \ B(a, A\t) where t = |z — a|. Since v; — 0o, there is an
integer jo > ¢ such that |v; —a| > 8et for j > jo. Let j > jo and set z; = g;;z;
then k(zj,z) < p.

If |u; —a| > 8e#t, we may apply Lemma 3.5(1) with the substitution t — e/t
and get |z; —a| > e#t. On the other hand,

2 — 2| < (P —1)d(z) < (e — 1),

which yields |z; —a| < ett, a contradiction. Hence |u; —a| < 8ett for all j > jo,
whence |by — a| < 8e#t, which implies that [bg — a| < At. Since d(x) > (1 — A)t,
we obtain

|z —bg| < |x—al+]a—Dbo| < (1+Nd(z)/(1—-N) < 2d(z).

Case 2. z is a A-arc point. By 3.18 there is a ¢(u)-anchor 7: a ~ b of z. Set
po = 12641 and choose a (ug, h)-biroad B: a ~ b. By (3.20) and by the extended
version [V&S8, 6.32(2)] of the stability lemma we get (a|b), < k(z,|B]) +p+h/2 <
M(6,p1). As e <1, this yields dy .(a,b) > e /2.

Furthermore, for j > i we have (u;|v;)s < k(z,05) +h/2 < p+ 1, which
yields dy c(uj,v;) > e #71/2 and so dy . (by, 00) > e #~1/2. Set Q = (a, by, b, ).
As dj . is bounded by 1, these estimates give

cr(Q, dyc) < 4eMHHHE = K (6, ).
Since the map id: (0G, dz ) — (0G,norm) is n-quasimobius, we obtain
la — bg|/|a — b|] = cr(Q, norm) < n(K).

By 3.17(3) we have |x —a| < cd(x) and |a — b| < 2cd(z), and we get the desired
estimate

|z —bo| < |z —a|+|a—bo| < (1+2n(K))cd(z). o

3.37. Lemma. Let 1 <c¢1 <3 < c3 Wl'til c1 —1 < c3—cy. Suppose that G
is a domain containing an annulus B(b,csr)\ B(b,r) and that x and y are points
with ¢ir < |z —b|] < |y —b| < cor. Then k(x,y) < bea/(c1 —1).

Proof. We may assume that b = 0. Set z = |y|z/|z|. By 3.4 there is an arc
a: z~vy in S(|y|) with I(«) < 2|z—y| < 4cor. The arc § = [z, z]Ua joins x and
y with [(8) < 5ear. For every u € 8 we have d(u) > (|u|—r)A(csr—|u|) > cyr—r.
Hence k(z,y) < 1(8) < 5c2/(c1 —1). o
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3.38. Strings. Let a@: a ~ b, «;: u; ~ v;, be a (u, h)-biroad in a hyperbolic
domain G. We recall from [V&8, 6.21] that the string stra of @ is obtained by
identifying the elements (x,7) and (g;j,j) in the disjoint union of all «;. There
are natural injective maps

(3.39) iy — Str @,

defined by (z,7) € m;z, and a metric I in stra, defined by (&, () = I (ai[z, 2])
where m;x = &, m;z = (. Furthermore, there is a bijective isometry w: stra — R,
unique up to an additive constant, and w defines a linear order in str @. The locus
|€] of an element £ € stra is the set of all x € G such that (x,i) € £ for some 3.
Then k(|¢]) < p and |a| = |J{|£] : € € stra}.

3.40. Length carrot lemma. Let G € Q(d,n,e) and let a: by ~ o0,
a;: u; ~v; be a (u,h)-biroad in G with h = 1/10. Then

l(a‘i [uiv CL’]) < C(5a m &, ,Lb)d(.’L“)

for all i and for all x € «; .

Proof. Let K;, K», ... denote positive constants depending only on (§, 7, ¢, ).
In particular, let K; be the constant C'(d,n, ) of 3.36. Set

d*(§) = d(l¢], 0G)
for £ € stra. Since k(|£]) < p, we have d(x) < etd(y) for all z,y € |£|, whence
(3.41) d*(§) < d(z) < eMd*(¢)

for all = € [£]. Hence d*(§) > 0 for all £ € stra.

We say that an element £ € stra tends to —oo or to oo if the number
w(€) € R tends to —oo or to oo, respectively. Moreover, we use obvious notation
like [£1,&2] and (—o0, &) for intervals in stra. For a set A C stra we write

Al = U{I¢l - € € A}

Fact 1. d*(¢§) — 0 as £ — —o0 and d*(§) — o0 as £ — 0.

Choose an arbitrary base point p € G and let 7o > 0. As the natural map
0: G* — G is continuous at by by Definition 2.21, there is My > 0 such that
|z — bo| < ro for all x € G with (x|bg) > My. From [VA8, 6.8] it follows that
there is &y € stra such that (x|bg) > My whenever = € |£| for some & < &.
Hence d(|£],b0) — 0 as £ — —oo, and the first part of Fact 1 follows.

A similar argument shows that d(|¢|,bp) — oo as & — oo. Since d*(§) >
d([€],b0)/ K1 by 3.36, we obtain the second part of Fact 1.
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Fact 2. For each &y € stra, the set |(—o0, ]| is bounded.

By 3.36 and (3.41), it suffices to show that d*(§) is bounded over { €
(—00,&0]. By Fact 1 there is £ < & such that d*(§) < 1 for £ < &;. Choose i € N
such that the natural image m;«; of «; covers [£1,&p]. Since d(z) is bounded over
T € a; by compactness, Fact 2 follows.

From Fact 1 it follows that for each ¢ > 0, the set {{ € stra : d*(§) <t} is
nonempty and bounded from above. Hence it has a supremum in stra. We set

Cn =sup{€ €stra:d"(§) < 2"}

for n € Z. Then ((,) is an increasing sequence and stra is the union of the
intervals [(,—1,(n], n € Z.
We next show that

(3.42) e " < d*((,) < 2"

for all n € Z. Assume that d*((,) < e #2™. Then there is (z,i) € (, with
d(z) < e #2™. Choose an integer j > i such that g;;z # v;. Since k(gi;jz,2) < p,
we have d(g;jz) < e*d(z) < 2™. Choose a point x € o;(gi;2,v;] with d(z) < 2™.
Then 7z > ¢, and therefore d*(m;x) > 2™, which is impossible because x € |7;z|.
Hence the first inequality of (3.42) is true.

Assume that d*((,) > 2" and let ¢ > 0. Since m;v; — 00, there is &, < (,
such that for no ¢ € N we have &, < mv; < (,. Choose an element & € stra
with & < € < (, such that d*(¢) < 2™ and such that (£, (,) < t. If a; meets
€|, then «; also meets |(,|. Consequently, for each z € || we have k(x,|(,|) <
Ik(€,¢n) < t. Since k(z, |¢n|) > log(d*(¢n)/d(z)), we obtain d*(¢,) < e'd(x) for
all x € [£|, whence d*((,) < etd*(§) < €'2™. As t — 0, this implies the second
inequality of (3.42).

By (3.41) and (3.42) we have

(3.43) e 2" <d(z) < eM2"

for all n € Z and z € |(,|.

We prove in Fact 5 below that [;((,—1,(n) < Ko for all n € Z. We show
now how this implies the lemma. Let ¢ € N and let x € a;. Choose integers s
and n with s < n such that mu; € ((s—1,(s] and mx € ((n—1,(n]. Next choose
m > i such that [(s—1,(n] C Tmau,. Writing ¢ = gim we have [(«a;lu;, x]) <
el(amlgui, gz]) by 3.3. For each j = s — 1,...,n there is a point z; € 7,,'(;,
and we obtain

Haumlgui, g2]) < Uam[zs-1,2n]) < Zl(am[zj—lvzjb-

j=s
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Since li(am(zi—1,2;]) = lk(¢j—1,¢;) < Ko and since d(z;—1) < e*2/~! by (3.43),
this and Lemma 3.2 yield

n
o [gui, ga]) < "2 Fry " 97t < grefatn,
j=s

As mx > (o1, we have d(z) > d*(mz) > 2" 1. Hence the lemma holds with
C = 2ef2+2u,

Set A = (20e2#)71 and A\; = e #\ = (20e3*)"!. We say that an element
¢ € stra is a A-annulus element if || contains a A-annulus point of G. All other
elements of stra are called A-arc elements. Each point in the locus of a A-arc
element is a A-arc point.

Fact 3. If £ € stra is a Aj-annulus element, then all points of |£| are A-
annulus points of G.

There are a Aj-annulus point x; € [£] and a point a € 9G such that G
contains the annulus B(a,t1/\1)\ B(a, A\1t1) where t; = |21 —al. Let = € |¢] and
set t = |x —al. As k(|¢]) < p, we have

|z — x| < (e — 1)(d(x) /\d(xl)) < (e =1)(tNty),

which implies that e #t; <t < e”t;. Hence B(a,t/\)\ B(a, A\t) C G, and Fact 3
is proved.

Fact 4. Let & < & be \j-arc elements of str @ such that d*(&) < 2e#d* (&)
< cpd*(€) for all € € stra with £ > &;. Then

lk<£17 52) S 02(57 n,&, U, Cl)-

Fix a member «,, of @& such that [£1,&] C mnam. Let z; € ap, be the
point with m,x; = &, ¢« = 1,2. As these points are \;-arc points, we can
choose c-anchors 7;: a; ~ b; of x;, i = 1,2, ¢ = ¢(u). We may assume that
|b; — bo| < |a; — bp|. Then 0 < |a; — b;| < 2|a; — by|. Hence cr(@Q,norm) < 2
for the quadruple Q = (as, by, bg,00). Since the map ¥~ !: 0G — 9*G is n'-
quasimébius with 7/(t) = n~t(¢t~1) ", this yields cr(Q,d,.) < 1'(2) for each
p € G. If p € |a], then (3.20) gives (by|o0) < k(p,|a|) + p+h/2 < p+1,
which implies that d, .(bg,00) > e #~1/2 by (2.20). Since d,. < 1, we obtain
dp.c(az,by) < 2eF1n(2)d, - (az, bo), which gives

(344) (ag | bo) S (ag | bg) + Kg

by 3.32 for each base point p € |@|.
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We have |ag — x2| < cd(z2) by 3.17(3) and |z — by| < Kid(z2) by 3.36.
By 3.17(6) we get d*(&1) < d(z1) < clar — b1]/2 < cla; — bo|, whence d(z2) <
eld*(&2) < 2e2Hd* (&) < 2e*clay — bg|. Consequently,

|CL2 — bo‘ < ‘CLQ — .’172| -+ ‘xg — bo| < K4\a1 — bo|
Setting Q" = (bg, az, a1, 00) we thus have cr(Q’,norm) < Ky, whence
(3.45) cr(Q',dy ) <1 (Ky).

To estimate this cross ratio we need a lower bound for d, -(a1,00). We may
assume that g > 12§ + 1, and hence we can choose a (u, h)-biroad a;: a3 ™ 00;
see 3.19. By the closeness lemma [V&8, 6.9], there is an element s € stra such
that 3¢ > & and k(||,|a1|) < 70+ p+ 1/2. We fix a base point p € |»|. Then
(3.20) gives

(a1 |o0) < k(p,|a1]) +p+h/2<T5+2p+1=Ks.

Hence dp (a1,00) > e 55 /2 and cr(Q’,dp ) > e 53d, .(by, a2)/2d, - (bo,a1). By
(3.45) and 3.32 we get

(346) (CL1 ‘ bo) < (CLQ | bo) + KG-

There is ng € N such that [£1,3] C mpan, for n > ng. Let n > ng
and let zf,z5,p" € «p be the points with m,x, = &, m,p' = . Applying
Lemma 3.23 with the substitution (7,xq,yo,p, @) — (11,21, 27,0, anlun, p']) we
obtain (aq|b1)y < (a1|un)y + K7. Since k(p,p’) < p, this gives (a1 |b1) <
(a1 |bg) + Ks as n — 0o. By (3.44) and (3.46) it follows that

(347) (a1 | bl) S (ag | bg) + Kg.

We have (as|b2)y < k(p',z5)+ K1o by 3.25. If = € ay,[2],p], and € = m,x,
then
d(z}) < eld* (&) < eferd*(€) < eterd(w).
Hence we may apply Lemma 3.26 with (7, 2o, yo, p, @, ¢1) — (71, 21, 27, P/, a2y, '],

etcy) and obtain the estimate k(p’,z1) < (a1|b1)y + C(d,n,€,1,¢1). Since
k(p,p’) < p and since

lk<£17§2) = lk(‘ln['x/l?xé]) < k(x/hp/) - k(CL‘/Q,p/) + h7

these estimates and (3.47) imply Fact 4.
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Fact 5. 1;(Cr-1,Cn) < Ky for all n € Z.
We consider two cases.

Case 1. (,—1 and (, are Aj-arc elements. Since d*((,) < 2" < 2e*d*((,—1)
by (3.42) and since d*(§) > d*((,—1) for all £ > (,,—1 by the choice of (,,_1, the
desired estimate follows from Fact 4.

Case 2. (p_1 or (, is a Aj-annulus element. By Fact 2 there is M; such
that d(z) < My whenever z € |£| for some £ < (,,. Pick m € N such that 7,
covers [(n—1,Cn] and such that d(v,,) > 9e?*M;. Choose points z; € 7, (;,
j=n—1,n and set r; = d(x;). By (3.43) we have

(3.48) e M2 <y < el e 2 <y /T, < €22

If ¢; is a Aj-annulus element, then z; is a A-annulus point by Fact 3. Since
d(Gmivm) > e Hd(vy) > 9etd(z;), we may apply Lemma 3.33 to the (u, h)-road
(evi[wiys GmiVm])i>m With i =m, x = x; and obtain

(1) B(bo, ()\_1 — 1)7”j) \E(bo, 3/\’!“j> C G,

(2) am[tm,z;] C B(bo,9r;),

(3) ] < |.’17j — bo‘ < (1 —|—4)\)T'J < 27”j.

Subcase 2a. (, is a A;-annulus element. By (2) we have |z,_1 — bo| < 97y, .
Since A™! — 1 > 19¢%* and 3\ < e 21/6, it follows that d(z,,—1) > |Tn_1 — bo| —
7,/6. By (3.48) this yields |z,,_1 —bg| < €?#r,,. In the other direction (3.48) gives
|Tp_1 —bo| > 11 > € ?#1r, /2. In view of (3) it follows that the points z,_; and
r, lie in the closed annulus B(bg, 2¢2#r,,) \ B(bo, e~2#r,,/2). By 3.37 we see that
k(zn_1,7n) < 30e*. Hence 1y(Cn1,Cn) < k(xp_1,7,) +h < 30e + 1.

Subcase 2b. (,_1 is a A\;-annulus element and (,, is a A\;-arc element. Choose
a point a; € 0G with |a; — z,| < 2r,. If a3 — bo| < 7r,,—1/6, then (3.48) gives

Ty — bo| < |2zn — a1| + a1 — bo| < 2ry +1p_1/6 < 5e*r, 4

and |z, — bg| > 7, > 2e7%r,_ ;1. Applying again Lemma 3.37 we get an upper
bound lk(Cn—hCn) < K11 .

If |a; — bo| > r,,_1/6, then (1) yields |a; —bo| > (A1 — 1)r,_1 > 19€2#r,, ;.
By connectedness we find points =/, 2 € ay,[xn_1,x,] in the order x, 1,2, 2", x,
such that

(i) 2’ is a Aj-arc point,

(ii) all points of auy,[x,—1,2'] are A-annulus points,

(iil) Ix(am[2’, 2']) < 1.

Set & = mpa’, (' =mp2, ' =d(2'). Applying Lemma 3.33 to the points of
Qm[Tn_1,2'] we see that G contains the annulus B(bg, 19e2#r')\ B(bg, e~ %r,,_1/6),
whence |a; — bo| > 19¢**7". By 3.36 and (3.48) we obtain

(3.49) 192" < |ay — x| + |20 — bo| < 2rp + K17y < 224+ K1)rp_1.
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Moreover, (3) gives 7,1 < |21 —bo| < 2r,_1 and similarly " < |2’ —bo| <
2r". Assuming &' # (,_1 we have v’/ > d*(¢') > 2" "1 > e #r,_ ;. By Lemma 3.37
these estimates yield 1 (¢n—1,&") < k(zp—1,2") + h < Kia.

For each € > ¢’ we have d*(§) > 2"1. In particular, d*((,) < 2™ < 2d*({’).
Moreover, by (iii), (3.48) and (3.49) we have

d*(¢) <d(?) <er’ < (24 Kj)et2n L

Since d*(€) > 2771 for all £ > ¢, we may apply Fact 4 with & — (', & — (G,
c1 — 2e*(2 + K;) and obtain (¢, () < Kiz. Hence 1(Coo1,¢n) < Kia+ 1+
Ki3. Fact 5 and the lemma are proved. o

We next show that a biroad with finite endpoints cannot go too far from the
boundary.

3.50. Lemma. Let G € Q(d,n,¢) and let a: a3 ™~ as be a (u, h)-biroad in
G with p=1264+1, h =1/10, a1 # 00 # ay. Then d(z) < K(d,n,¢)|a; — as| for
all z € |al.

Proof. Welet K1, Ko, ... denote positive constants depending only on (§,7, ).
Set A=! =1 + 64eH.

Case 1. z is a A-annulus point. There is a point a € 0G such that G contains
the annulus A = B(a,t/\)\ B(a, \t) where t = |z—a|. If a; and ay lie in different
components of E\ A, then d(z) < |z—a| =t, |a; —az| > (A"t = \)t > ¢, and the
lemma holds with K =1.

Suppose that a; and ag lie in a component of E\ A. We show that this leads
to a contradiction.

If |ay —a|V|az —a| < At, we choose a member au,: U, M v, of & such that
|ty — a| V vy, — a] < 4At and such that a,,, contains a point y with k(y,z) < u.
By Lemma 3.5(2) we have d(y) < |y —a| < 64At. Since d(z) > (1 — \)t, we get
the contradiction

qu(y,z)Zlog@Nog)\ ol

()

If |ay — a| A |lag —a] > t/\, we choose «, and a point y € «, such that

|un — a| Ao, —a| > t/2X and k(y,z) < p. Now Lemma 3.5(1) with ¢ — ¢/16A

gives |y —a| > t/16A. Since |y — z| < (e* — 1)d(z) < (e* — 1)t, we get t/16\ <
ly — z| + |z — a] < e#t, which contradicts the definition of A.

Case 2. z is a A-arc point. By the anchor lemma 3.18 there is an c-anchor
T: by ~ by of z; now ¢ = ¢(d). By [V&8, 6.13] we can choose (u,h)-biroads
a;:a; ~ oo and B;:b; ~ oo, i = 1,2. By the extended Rips condition [VAS8,
6.24] we may assume that k(z,|a;|) < K;(0) = 466 + 11u + 3. Hence there is
an element & € strag with d(z,|&1]) < K7 + p. By the closeness lemma [VES,
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6.9] we can find an element ¢; > & in stray with k(|¢i, [8i]) < 76 + p+ 1/2,
i =1,2. Pick a member «y,, of & whose natural image 1,1, covers [1, (],
and choose points x1,p € ay,, with m,,x1 = &1, Timp = (1. We consider p as
the base point of G.

By the extended standard estimate (3.20) we have

(bi|00) < k(p, |Bi]) + p+h/2 < Ka(8) =T6 +2p+ 1.

As € < 1, this yields

(3.51) dpe(biyo0) > e 52/2 =12
Furthermore,
(3.52) d(z) < |bi —z| <I(7r) <elby —ba|, i=12.

Since |z1 — a1| < Ksd(x1) by 3.36 and since k(z1,2) < Ki + 2u, we obtain

\bi—al\ < |bZ—Z‘ —|—‘Z—$1‘+‘.’E1 —al\
< clby — by| + 1 2A(2) + K3eS1 P21 d(2) < Ky|by — bol.

Let Q; be the quadruple (b;,a1,b3_;,00) in 0G, i = 1,2. Then cr(Q;, norm)
= |b; — a1]/|b1 — ba| < K4, whence cr(Qi,dp.) < n'(K4). As dp. <1, this and
(3.51) yield d (b;, a1) < 2e52n/(K4)d, (b1, b2), which gives

(353) (b1 | bg) S (bz ‘ CL1) -+ K5

by 3.32.

Choose an h-short arc o: z ~ p and let « € o. Since k(z,21) < K; + 2pu,
we may apply the second ribbon lemma [V&8, 2.18] to find a point =’ € ay., |21, p]
with k(z,z") < K¢(0) =80 +5(K1 +2u)+1. If |x; — 2| < d(x1)/2, then d(a’) >
d(xz1)/2. If |1 — 2’| > d(z1)/2, it follows from the length carrot lemma 3.40
that d(z1) < 2|x; — 2’| < 2K7d(z"). In both cases these estimates imply that
d(z) < Kgd(x) for all x € o with Kg = 2K7ef1+20TKe - By 3.26 and (3.53) this
yields k(p, z) < (b; |a1) + Ko, i = 1,2. By (3.20) we get

(a1 |az) < k(p,|a]) + p+ h/2 < (bi]a1) + Ko,

whence dp, -(bi,a1) < Ki1dpc(ar,a2). Setting Q) = (a1, b;, az,00) we obtain by
(3.51) cr(Qf, dp ) < 2K711e52 = Kj5, whence

la; — b;|/|a1 — az| = cr(Q}, norm) < n(Ki2), i=1,2.

By (3.52) this gives the desired estimate d(z) < 2en(Ki2)|a; — az|. o



Hyperbolic and uniform domains in Banach spaces 295

The next lemma shows that a (u, h)-biroad in a domain G € Q(6,7n,¢) has
properties close to uniformity.

3.54. Lemma. Let G € Q(4,n,¢) and let &: a; ~ ay be a (u, h)-biroad
with aq # 00 # ag, p =126+ 1, h =1/10. Then:

(1) There is an element &, € stra such that if x1,x9 € «,, and if either
Tm®1 < T@e < € OF M@y > TpXa > Eo, then (o, |21, 22]) < C(6,n,e)d(x2).

(2) If y1,y2 € auy and if d(y1) V d(y2) < 2|y1 — y=2|, then l(am[yr,y2]) <
C'(6,m,€)|y1 — yal-

Proof. (1) We let C1,C5, ... denote positive constants depending only on
(6,n,e). Choose (u,h)-biroads a;: a; ~ oo, i = 1,2. By the extended tripod
lemma [V&8, 6.25] we can find elements £, € stra and & € stray, i = 1,2,
such that the bijective length maps fi: (—o00,&s] — (—00,&1] and fo: [€n, 0) —
(—o0, & satisfy k(| f:€],1€]) < C1(d) for all possible .

It suffices to consider the case m,r1 < m,hre < &,. Choose a member aq,
of a7 whose natural image mi,qq, covers the interval fim,,a,,. The length
map 7r1_n1 is defined in fi7,a,, and we obtain a quasihyperbolic length map
g= 7r1_nlf17rm: Qo — iy satisfying k(gz, x) < Cp 4 2p = C3(9). Then d(gzs) <
e“2d(z5) and (|21, 22]) < e“2l(a1n]g21, g72]) by 3.3, and (1) follows from 3.40.

(2) We may assume that m,y1 < mny2. If mays < &, then (1) gives
Hamlyr,y2]) < Cd(ys) < 2C|y1 — y2|, and the case m,y1 > &, is treated sim-
ilarly. Assume that 7,11 < &0 < Tmys.

Let z € i, be the point in ayy,[y1, y2| with m,z = &,. By (1) we have

(3.55) Ham[y1, y2]) < 2Cd(z).

Now the extended tripod lemma gives points z; € |a;| with k(y;, z;) < Co. Then
d(z) < e“2d(y;) and |y; — 2| < e“2d(y;). By the distance carrot lemma 3.36 we
have |a; — z;| < Csd(z;), whence

|a; =yl < lai — 2] + |20 — ys| < Cad(ys)
where Cy = e“2(Cs +1). By Lemma 3.50 we have
(3.56) d(z) < Csla; — asl.
Consequently, if d(y1) V d(y2) < d(z)/4C4Cs, then |a; — y;| < |a; — az|/4, whence
lar — az| < 2|y; — yo|, and (2) follows from (3.55) and (3.56). Finally, if d(y;) V
d(y2) > d(z)/4C4Cs, then d(z) < 8C4Cs|y1 — y2|, and (2) follows from (3.55). o

3.57. Proof of Theorem 3.27. Let G € Q(d,n,¢). By 3.30 it suffices to
show that G is C(d,7n,e)-uniform. We let Cy,Cs,... denote positive constants
depending only on (6,7,¢). Let 1,22 € G. If |z1 — 22| < d(x1) Vd(x2), then the
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line segment [x1,x2] is a 1-uniform arc. Assume that |zq—xzo| > d(z1)Vd(x2). Let
h =1/10 and let v: 1 ~ x5 be an h-short arc. We show that « is C'-uniform.

By 3.22 and by [V&8, 6.35] there is a (u, h)-biroad a: a; ~ ag with p = 125+1
such that k(z;, &) < C1(0), i = 1,2. By the ribbon lemma [V&8, 2.17] we find
a member «,, of & and a quasihyperbolic length map f: vy — «,, such that
k(fx,z) < Cy(9) for all x € v. We may assume that m,, fz; < 7, fze on stra.

We first verify the cigar condition. Let x € ~. If ays = oo, we have
lam|fz1, fx]) < Csd(fx) by the length carrot lemma 3.40. By 3.3 this yields
1(y[z1,z]) < C3e2“2d(x), which implies the cigar condition. The case as = oo is
similar.

Assume that a; # 0o # ay. Let &, € stra be the element given by 3.54(1)
and let z € a,,, be the point with 7,z = £,. We have either m,, fx1 < T, fxr < &,
or &g < mpfr <y fro. In the first case, Lemma 3.54(1) gives l(au,[fx1, fx]) <
Cyd(fz), and in the second case, we similarly get [(a,,[fz, fz2]) < Cud(fz). As
above, these estimates yield

[(yfr, 2]) Ayl 22]) < Cae*d(w),

which is the cigar condition.

To prove the turning condition, we first assume that d(fzq)Vd(fz2) < 2|fx1—
fxo|. If a1 # o0 # ag, then 3.54(2) gives (o [fx1, fxa]) < Cs|fxy — fxal.
But this is also true if a3 = oo or as = oo, because then 3.40 implies that
Wam|fry, fas]) < Cs (d(fxl) Vv d(fxg)) < 2C5|fxy — fxs|. Since |fx; — x;] <

e®2d(z;) < e“?|xy — 23|, we obtain the turning condition
(1) < €% Csfar — fira] < €S Ci(1 + 25 )|y — ]

Finally, assume that d(fz1) V d(fxa) > 2|fx1 — faa|. Now k(fzq, fze) <1,
whence k(x1,22) <14 2C5. As « is h-short, this gives lx(v) < 2+ 2Cy = Cs.
By 3.2 we obtain I(y) < e“sd(z1) < e“¢|z; — 22|. O

4. A counterexample

In [BHK, 7.12] it was proved that a domain in S™ is uniform if and only if
it is hyperbolic and linearly locally connected (LLC). Every C-uniform domain
G C E is 0(C)-hyperbolic by 2.12 and 3C-LLC by Theorem 4.2 below. However,
we give in 4.3 an example of a domain G C [ that is hyperbolic and LLC but not
uniform.

4.1. Definition. Let ¢ > 1. We recall that a domain G is c-linearly locally
connected or briefly c¢-LLC if the following conditions hold for all x € G and
r>0:
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(LLC1) Each pair of points in G N B(z,r) can be joined by an arc in G N
B(z,cr).

(LLC3) Each pair of points in G \ B(x,r) can be joined by an arc in G\
B(z,r/c).

It is well known that uniform domains are LL.C; we recall the easy argument
in 4.2. The planar domain G = R?\ {(n,0) : n € Z} is 1-LLC but not uniform.

4.2. Theorem. Every ('-John domain is c-LLCy and every C'-uniform
domain is c-LLC with ¢ = 3C'.

Proof. Let z € G and let a,b € G\ B(z,r). We may assume that x = 0.
Suppose that G is a C-John domain. Choose a number s with r < s < |a| A |b]|.
Let a: a ~ b be an arc satisfying the C'-cigar condition 2.4(1). If anS(s/3C) =0,
there is nothing to prove. If there is a point z € « N S(s/3C), we have

d(z) > (|[z—a|AN|z=0])/C > (s —5s/3C)/C > 2s/3C

by the cigar condition. Thus d(0) > d(z)—|z| > s/3C, whence S(s/3C) C G. We
can therefore join a and b by an arc v C G\ B(s/3C') consisting of two subarcs
of a and an arc 5 C S(s/3C).

Suppose that G is C'-uniform. Let € G and let a,b € GN B(z,r). Choose
a C'-uniform arc a: a ~ b in G. For each y € a we have

ly—z| <l|y—al+|a—2z| <l(a)+r <3Cr

by the turning condition. Hence o C B(z,3Cr). o

4.3. Example. Let E be an infinite-dimensional separable Hilbert space.
Let W C E be a broken tube, considered first in [V&2, 2.12]; a detailed treatment
is given in [VAT7]. We recall the construction.

Choose an orthonormal basis (e;);cz of E, indexed by all integers, and set
u; = \/ﬁej. Let « be the line spanned by e, and set a; = 2jey for j € Z. Let
f: o — E be the map with fa; = u;, j € Z, such that f is affine on each line
segment o = [aj_1,a;]. Then f|co; is an isometry onto 8; = [uj_1,u;]. Let
U be the tubular neighborhood {z € E : d(z,a) < 1/5} of a. In [VAT7]| we give
a detailed construction of a locally bilipschitz extension F: U — W of f onto a
domain W satisfying the conditions

(1) W is hyperbolic,
(2) W is LLC,
(3) W is not a John domain and hence not uniform.
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5. A lower bound to the hyperbolicity constant

5.1. A lower bound for 6. There are 0-hyperbolic metric spaces (metric
trees). However, we show in 5.3 that the constant  cannot be arbitrarily close to
0 for a d-hyperbolic domain G C E. Remember that dim £ > 2.

5.2. Lemma. If F is a normed plane, then there are unit vectors x, y, z

such that
lz—yl=ly—z, |z—z[=|z—yl+1/2

Proof. Choose a unit vector x and then a unit vector y such that |z —y| =
ly+z| =s.

Case 1. s < 3/2. Now z, y and z = —z are the desired points, because
lt—y|l=|y—2=sand |[x —2|=2>s+1/2.

Case 2. s > 3/2. Choose unit vectors u and v such that the points z, wu,
y, v, —x are in this order in the unit circle and such that |z —u| = |u —y| =1,
ly —v| = |v+ x| = t;. We may assume that ¢; < t5. Since the length of a unit
semicircle is at most 4 by Theorem 3.4, we have 2t; 4+ 2t, < 4, whence t; < 1.

Since
lr —yl=s>3/2>1t1+1/2,

the desired points are x,u,y. o
5.3. Theorem. If G is a §-hyperbolic domain, then § > 0.0027.

Proof. Fix a point p € G. We normalize the situation by d(p) = 1. Let
0 <t <1/2. By 5.2 there are points x,y, z € S(p,t) such that

[z —yl=ly =2, |z—z[=]zr-y[+t/2.
For all a,b € B(p,t) we have

la — b la — b
= <k b) <
1+2t = (a,b) < 5
by [V&6, 3.7]. Hence
2 |y)y = k(e p) + k(y.p) — k(z,y) > — 12Ul
z|y)p = k(z,p) + k(y,p) = k(z.9) 2 75, — T4

and a similar lower bound holds for 2(y| z),. Moreover,

2t |z — z|
2 =k k —k < - :
As |x — z| < 2t, we obtain by combining the estimates that
#(1 — 22t)

5Z(m|y)p/\(y|z)p—(az|z)p_ 4(1—t)(1+2t)

For ¢ = 0.02 this gives § > 0.0027. o
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5.4. Remark. For Hilbert spaces one can get the bound § > 0.005. These
bounds are presumably far from the best possible. In the other direction, we know
that the half plane is J-hyperbolic with 6 = log3 = 1.098... [CDP, p. 12]. I
conjecture that 5.3 holds with this §.

Appendix. Quasiconvexity in normed spaces

In this appendix I give some results on quasiconvexity needed in Section 3.
The main goal is Lemma A.6, which gives a rigorous and detailed proof for the
quasiconvexity of the crosscut v in Lemma 3.18. Moreover, Lemmas A.3 and A.4
were used in 3.9.

Throughout the appendix, we let E denote a normed space. We start with a
useful elementary inequality.

A.1. Lemma. Let z,y,z,u € E with |t —y| < |z —z| and u € [x,y|. Then
ly — z| <2|u— z|.

Proof. If |u—y| <|y—=z|/2, then |[u—2z| > |y —z| —|lu—y| > |y — 2|/2. If
lu—y| > |y —2[/2, then

lu—z[Z e —zl—|e—ul 2]z -yl -z —ul =|u—y| = |y —2[/2. 0

A.2. Deviations. The deviation between nonzero vectors z,y € F is defined
by
dev(z,y) = |z/|z[ = y/lyl| € [0,2].

If o and B are rays with common vertex v € E, then dev(z — v,y — v) is
independent of the points = € a and y € (3, and we set

dev(a, ) = dev(zx — v,y — v).

In an inner product space we have dev(a, 3) = 2sin(p/2), where ¢ is the
angle between the rays a and [.

A.3. Lemma. Let o and 3 be rays from the origin and let x € a, y € 3.

(1) If |z| = |y| =7, then |z — y| = r dev(«, 7).

(2) |z —y[ = (Jz[ V]y]) dev(e, §)/2.

(3) Let z,y,z € E with 0 < |[y—z| < |z —y| < |r—2|. Then dev(z—y,z—y)
>1.

Proof. Part (1) is trivial, and (2) follows from (1) and A.1. To prove (3), set
r = |x —y| and let u be the point on the ray from y through z with |[u—y|=r.
Then |u — z| > r by the convexity of the norm. Hence dev(zx — y,z —y) =
lu—z|/r>1.0
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A.4. Lemma. Let o« # 3 be rays with a common vertex. Then a U (3 is
c-quasiconvex with ¢ =4/dev(«, 3) — 1. The bound is sharp.

Proof. We may assume that the common vertex is the origin. Set r =
dev(a, B) and let z € o, y € B. It suffices to show that |z|+|y| < (4/r—1)|z—y].

We may assume that 0 < |y| < |z| = 1. Let b € § be a unit vector and set
t=ly—0bl=1-|y|]. We must show that

2—-1t 4
<

-,
lz—y| ~

If t <r/2, then |z —y| > |x —b| — |y — b| =r — t, whence

2—t _2—t _2-r/2 4
< < =

-~
le—yl —r—t —r—r/2 r
If t >r/2, then |z —y| > r/2 by A.3, and we obtain
2—t _2-r/2_4
e -yl = /2w
To prove the sharpness, let E be the plane with the norm ||z| = |z1| V

|x2| and let « and ( be the rays from the origin through the points (1,0) and
(1,1), respectively. Now dev(a,3) = 1. For = = (2,0) and y = (1,1) we
have ||z|| + ||ly|| = 3 = 3|z — y||. Hence o U 3 is not c-quasiconvex for any
c<3=4/dev(a,0)— 1.1

A.5. Lemma. Suppose that a: x ™~ y is a c-quasiconvex arc and that a € E
with |a —y| = d(a,a). Then = aUly,a]: © ~ a is a (2¢ + 1)-quasiconvex arc.

Proof. Let u € a, v € [y,a]. Then |v —y| = d(v,a) < |u—v|, and we get

[(Blu, v]) = Uafu, y]) + [y — | < clu—y[+ [y —v|
<cu—vl+ev—yl+ly—v| < 2c+1)|u—v|.o
A.6. Lemma. The arc 7: b ~ b’ constructed in the proof of Lemma 3.18 is
c-quasiconvex in norm with ¢ = c¢(\).

Proof. We recall from 3.18 the basic inequalities
(A.7) (1—s/2)t<d<t<(1+s/2)d, r<d <(1+s/2)r,

where d = d(zo), d' = d(zp), t = |zo|, s =A/100, r = Xt/3, A < 1/2.

As in 3.9, we let 21 denote the unique point in [z, 0]NS(x, d), and similarly
x) € [xh,ad'] N S(xpy,d). Then [zg,z1] C v and vy = 7\ [z0, 1] C B(z1,sd) C
B(2sd) by 3.9(4). Similarly, [z, z}] C " and vy =~"\ [zg, 2}] C B(2], sd').
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Let u,v € 7 be points with u € 7[b,v]. We must get an estimate

(A.8) [(T[u,v]) < elu —v|

/

with ¢ = ¢()\). The arcs v and 7' are 4-quasiconvex by 3.9(6), and « is 2-
quasiconvex by 3.4. Applying Lemma A.5 we see that the arcs [z1,x0]Ua and [
are 5-quasiconvex and that By U [z, z]] is 11-quasiconvex. Consequently, if {u, v}
is contained in one of the arcs

v ’)/7 [xlax()] UO‘? BO U [ng,CL’ll],

then (A.8) holds with ¢ =11.

There remain 4 cases and some subcases for v and v. We proved in 3.18 that
7 satisfies condition 3.17(3), whence (1) < ¢1d < ¢1t with ¢; = ¢;1(\). Hence it
suffices to get a lower bound

(A.9) lu —v| > qt

with ¢ = ¢(\) > 0.
Case 1. u € vy, v ¢ v. Now |u| < 2sd < 2st. Let w € [z(,z}]. We show
that

(A.10) lw| > A

We have |w| > |zp| —d’, where d' < (14+5/2)r < At and d' < |zg—y'|. If 2{, € a,
then |w| >t — Xt > At. If x| € [y,z], then |w| > |zy| — |z — y| = |y| > A,
and (A.10) is proved. It follows that |[v| > At — sd’ > (A — s)t, whence |u — v| >
(A= 3s)t > At/2, and (A.9) holds with ¢ = A/2.

Case 2. u € [x1,x0], v € [z,2)]. This case does not occur if z{, € a. We
consider two subcases.

If |y] >t we apply A.3 and obtain |u — v| > |v| dev(u,v)/2 > |xo — 2|/2.
Since « is 2-quasiconvex, this implies that

l(r[u,v]) < |u— 20|+ 2|z0 — 2| + |2 — v| = 2|20 — 2| + |V| — |u| < 5|lu—v|.

Next assume that |y| < ¢, and let y; € [0,z0] be the point with |y;| = |y| >
At. Since |y — zo| > d > t(1 — s/2), we have

ly| +t(1—s/2) < |yl + |y —zo| < |ya| +ly — | + |y —zol =t + |y — 1],

whence |y —y1| > |y| —st/2. Consequently, dev(xg,2) = |ly—vy1|/|ly| > 1—st/2|y|.
Here st/2]y| < s/2X =1/200. By A.3 we get

ju—v| = |vf dev(u,v)/2 = |v|/4 = |y|/4 = Xt/4.
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Case 3. u € [x1,x0], v € [z, x}]. We again consider two subcases.
First assume that |z(| > ¢. By (A.7) we get

|zg — x| >d—d > (1 —s/2)t — (1 +s/2)r.

By A.1 we have |u—x{| > |z¢ — z(|/2. Since |v —zj| < d' < (1+ s/2)r and since
r = A/3 <t/6, these estimates yield (A.9) with ¢ =1/4 —3s/8 > 1/5.

Next assume that |z{| <t. Now |y| <t and z{ € [y, 2]. As in Case 2 we get
dev(zg,2) > 1—1/200. Since

|z > |y| +7r > At + At/3 = 4Xt/3,

Lemma A.3 gives |z(, — u| > 2At(1 —1/200)/3. As |z{ —v| < d < (1+s/2)r <
(1+1/400)At/3, this yields (A.9) with ¢ = A\/4.

Case 4. u € T[x1, ) = [1,20] U Bo, v € . If u € [x1, 0], then |u— )| >
At/4 by Case 3. If u € By, then |u — 2| > d(x}, Bo) = |2} — x| =d' > r = At/3.
Since

v — i < sd < s(14s/2)t/6 < At/500,
we obtain (A.9) with ¢ = At/5. o
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