Annales Academise Scientiarum Fennicee
Mathematica
Volumen 30, 2005, 407-436

VERY WEAK SOLUTIONS OF NONLINEAR
SUBELLIPTIC EQUATIONS

Anna Zatorska-Goldstein

University of Warsaw, Institute of Applied Mathematics and Mechanics
Banacha 2, PL-02-097 Warszawa, Poland; azator@mimuw.edu.pl

Abstract. We prove a generalization of a theorem of Iwaniec, Sbordone and Lewis on higher
integrability of very weak solutions of the A-harmonic equation onto a case of subelliptic operators
defined by a family of vector fields satisfying the Hérmander condition. The main tool is a form of
the Gehring Lemma formulated and proved in an arbitrary metric space with a doubling measure.
This result might be of special interest, as the Gehring Lemma is a vital tool in many applications.

1. Introduction

Our aim is to study properties of the so-called very weak solutions to nonlinear
subelliptic equations in the form

(1.1) X*A(z,u, Xu) + B(x,u, Xu) = 0.

Here x belongs to a bounded region 2 C R™ and X = (Xy,..., X)) is a family
of smooth vector fields in R™ defined on a neighborhood of €2, satisfying the
Hoérmander condition, and X* = (X7,..., X}) is a family of operators formal
adjoint to X; in L?. We will call the equation a subelliptic A-harmonic equation.
In the classical situation

o 0 0
X=V= (axl’(‘)xg"”’ﬁxn)

we obtain the familiar A-harmonic equation. The vector fields X; also satisfy
some additional assumptions which are described in Section 2. A and B are both
Carathéodory functions and satisfy standard growth conditions, i.e. A(-,-,§) ~
|£[P~2¢. The precise statement of the conditions is given in Section 4.

We say that u is a weak solution of the equation (1.1) if for every ¢ € C5°(2)

(1.2) /QA(:B, u, Xu) - Xo(z)dr + /Q B(z,u, Xu)¢(x)dx =0

and the function u belongs to the Sobolev space W!P. The last assumption
comes from the variational formulation of the problem. If the function A satisfies

2000 Mathematics Subject Classification: Primary 35H20, 35J60.



408 Anna Zatorska-Goldstein

standard growth conditions, i.e. |A(x,s,&)| ~ |£|P71, then the LP-integrability
condition on w and its derivatives allows us to take as a test function an appropriate
power of u multiplied by a smooth cut-off function (or another local construction
of a test function based on u). In such a way we can obtain better properties of
solutions (e.g. Holder continuity).

On the other hand, the integrals in (1.2) are well defined for |Xu|P~! € L!.
It is natural to ask, if one can work with weaker regularity assumptions for weak
solutions. In the classical situation where X = V, T. Iwaniec and C. Sbordone
[15] proved that if u satisfies (1.2) but its derivatives are a priori integrable with
some exponent strictly lower than the natural exponent p, then in fact they are
integrable with the exponent p and therefore u belongs to Sobolev space WP,

Definition 1.1. A function w is called a very weak solution of (1.1) if u
satisfies (1.2) but belongs to the Sobolev space W where the exponent r is
strictly lower than the natural exponent p.

Assume that functions A and B satisfy conditions (4.23) and the set Q@ C R"
is open and bounded. Let Xi,..., X be vector fields on a neighborhood of €2,
with real, C"*° smooth and globally Lipschitz coefficients satisfying the Hormander
condition.

Theorem 1.2. There exists 6 > 0, such that if u is a very weak solution
of (1.1), u € Wy29(Q), then u € W2 °(Q) for some § > 0, and hence it is a

710C ,IOC
classical weak solution of (1.1).

Recently, a similar theorem on very weak solutions for parabolic equations (in
case X = V) was proved by J. Lewis and J. Kinnunen [18], [19].

The idea of Iwaniec and Sbordone was to use the Hodge decomposition in
construction of a test function. Later J. Lewis [17] showed another proof, where
a construction of a test function was based on a Hardy-Littlewood maximal func-
tion. We follow the idea of Lewis. We also follow the way of Iwaniec, Sbordone
and Lewis to show the higher integrability of the gradient by application of the
Gehring Lemma. We use it in a version formulated by Giaquinta [10, Chapter V,
Proposition 1.1], introducing changes that are necessary to adapt it to arbitrary
metric spaces with a doubling measure. To the best of the author’s knowledge,
this lemma is not available in the mathematical literature in such generality. We
need a metric version of the theorem (see Theorem 3.3 in Section 3) because of the
change of a metric in R™. This is a result of working with a differential operator
X instead of a classical gradient. The idea of the proof is analogous to that in the
euclidean case. We cannot, however, use tools which are strictly connected with
the euclidean geometry: decomposition into dyadic cubes, the classical Calderon—
Zygmund Theorem etc. In general metric spaces one then has to use different
arguments, see e.g. Lemma 3.1 which replaces the classical Calderon—Zygmund
decomposition.
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The Gehring Lemma is widely used in the theory of quasi-regular mappings
and nonlinear p.d.e.’s (see [14], [11], [20]). For the proof in the euclidean case see
for instance [1], [10], [23].

In Section 2 we present basic information on Carnot—Carathéodory spaces.
Section 3 contains the proof of the metric version of Gehring’s Lemma. Section 4
contains a precise statement of the assumptions on the operator and the proof of
Theorem 1.2. As an application of the theorem we have the following compactness
theorem in Section 5:

Theorem 1.3. Let F' be a compact subset of ) and § be a constant defined
by Theorem 1.2. Let {u;}ien be a family of very weak solutions of (1.1) such
that u; € W' (Q) for some p— & < r < p. If the family is bounded in Wy (£2),
then it is compact in WP (F).

2. Carnot—Carathéodory spaces

Let Xq,..., X, be a family of vector fields in R™ with real, C*° coefficients.
The family satisfies the Hormander condition if there exists an integer m such that
a family of commutators of the vector fields up to the length m, i.e. the family of
vector fields

Xo, o X (X, X)) [ Xy, [Xaos L0 XG0 0] -] 45 =1,2,00 00k,

spans the tangent space T, R™ at every point z € R".
For u € Lip(R™) we define X, u by

Xju(z) = (X;(x), Vu(z)), j=1,2,...,k,

and set Xu = (Xju,..., Xgu). Its length is given by

Xu(z)| = (Z \Xju<x>\2)1/2,

where X is a formal adjoint to X; in L?, i.e.
/ (Xju)vdr = —/ uX;vdzr for functions u,v € C§°(R").

Given R™ with the family of vector fields, we define a distance function p.
We say that an absolutely continuous curve ~:[a,b] — R"™ is admissible, if there
exist functions ¢;:[a,b] = R, j =1,...,k, such that

k k
Y(t) = ch(t)Xj (v(t)) and Z:cj(t)2 <1.
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Functions ¢; do not need to be unique, because vector fields X; do not need to be
linearly independent. The distance o(x,y) between points = and y is defined as
the infimum of those 7" > 0 for which there exists an admissible curve ~:[0,7] —
R"™ such that v(0) = x and (T') = y. If such a curve does not exist, we set
o(x,y) = oo. The function p is called the Carnot—Carathéodory distance. In
general it does not need to be a metric. When the family X5, ..., X satisfies the
Hormander condition, then p is a metric and we say that (R", ) is a Carnot—
Carathéodory space. For more information about such spaces and their geometry
see for instance [26], [22], [12].

Here and subsequently all the distances will be with respect to the metric o.
In particular all the balls B are balls with respect to the C.-C. metric. If ¢ > 0
and B = B(z,r) then oB will denote a ball centered in x of radius o - r. By
diam 2 we will denote the diameter of the set (2.

The metric g is locally Holder continuous with respect to the euclidean metric.
Thus the space (R"™, ) is homeomorphic with the euclidean space R™, and every
set which is bounded in euclidean metric is also bounded in the metric ¢. The
reverse implication is not true. However, if X7,..., X} have globally Lipschitz
coefficients, then Garofalo and Nhieu [8] have shown that every bounded set with
respect to o is also bounded in euclidean metric.

We will consider the Lebesgue measure in the Carnot—Carathéodory space.
As we change the metric, the measure of B(z,r) is no longer equal to the fa-
miliar w,r"™. However, the important fact is that the Lebesgue measure in the
Carnot—Carathéodory space satisfies the so-called doubling condition (although
only locally—see [22]):

Theorem 2.1. Let €2 be an open, bounded subset of R"™. There exists a
constant Cy > 1 such that

(2.3) |B(z0,2r)| < Cq|B(zq, )|

provided xy €  and r < 5diam (2.

The best constant Cy is known as the doubling constant and we call a measure
satisfying the above condition a doubling measure. Iterating (2.3) we obtain a
lower bound on p(B(z,7)).

Lemma 2.2. Let i be a Borel measure in a metric space Y, finite on bounded
sets. Assume that yu satisfies the doubling condition on an open, bounded set
Q2 C Y. Then for every ball B = B(z,r) such that x €  and r < diam$) the
following inequality holds:

p(S)r°

H(B) > m

where s =log, Cy.
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We say that @) is of homogeneous dimension relative to 2, if there exists a
constant C' > 0 such that for every ball By with a center in 2 and with a radius

ro < diam 2 we have
Q
MB)ZC<L)
1(Bo) To

where B = B(x,r) is any ball such that z € By and r < rg. If Q C R" is
open and bounded and a family of vector fields on (2 satisfies the Hormander
condition, then the Carnot—Carathéodory space (£, 0) with a Lebesgue measure
has the homogeneous dimension @ = s = log, Cy.

Given a first-order differential operator X = (Xi,..., X%), we define the
Sobolev space W)l(’p in the following way:

WP(Q) = {ue LP(Q): X;u e LP(Q), j=1,2,...,k},

where X;u is distributional derivative. The W)l(’p norm is defined by

lullrp = llullp + 1 Xullp

Smooth functions are dense in Wy (€) ([6], [7]). The existence of smooth
cut-off functions in C.-C. spaces was shown in [4] and [8]. We have Sobolev and
Poincaré type inequalities ([8], [12], [16]):

Theorem 2.3. Let ) be a homogeneous dimension relative to ). There
exist constants C7,Cy > 0, such that for every metric ball B = B(x,r), where
x € Q and r < diam (2, the following inequalities hold:

1/s™ 1/s
(][ lu —upl® dx) §01r<][ |Xu|5dx) for 1 <s <@,
B B
where s* = Qs/(Q — s) and
][ |u—u3\5dx§02r5][ | Xul*de for 1<s< 0.
B B

We will consider the following maximal functions:

Maq f(x) :=sup fldy
( ) >0 |B($7T)‘ QNB(z,r) | |
and .
Marf(z) = sup |fldy.

R>r>0 ‘B(l‘, T)’ QNB(z,r)

Our setting requires the use of the theory of maximal functions and Mucken-
houpt weights in metric spaces equipped with a doubling measure. We refer to
[12], [23] and [25] for more details.
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Theorem 2.4 (Hardy-Littlewood). Assume Y is a metric space and p is a
doubling measure on an open set Q CY. Let u € L _(Q). Then

loc
C
{x € Q: Mqu(x) > t}| < " lu| dp
Q
for t > 0, where the constant C' depends only on the doubling constant (Cy) and
| Maul| Ly, < CllullLe @,
for 1 < p < oo, where C = C(Cy,p).

We will use the above theorem on a bounded and open set 2 in Carnot—
Carathéodory space and also on balls 0B, such that B C 2 and ¢ > 1. Such
balls are contained in Q' = {x : o(z, 02) < o diam Q} which is open and bounded.
Therefore the doubling constant may change and so may the constants in the
Hardy—Littlewood Theorem, but this does not affect the final result.

Theorem 2.5. Assume ) is an open and bounded subset of R™ with Carnot—
Carathéodory metric and u € L{, (Q), s > 1. Then for almost all z,y € Q we
have

[u(@) — u(y)| < Colx,y) [(Ma,zo| Xul*(2))"* + (Ma,20| Xul*(4)) /],
and for any metric ball B C €} with radius r and for almost every x € B we have
s 1/s
u(z) — up| < Cr(Mo| Xul*(x))"*.

We say that a nonnegative, locally integrable function w belongs to the space

A, for p>1,if
p—1
sup <][ wd:z;) (][ w'/(=P) dx) < 00.
BCR" \J B B

A function w belongs to the space A; if there exists a constant ¢ > 1 such that
for every ball B C R"

][ wdx < ¢ essinf w.
B B

Functions in A, are called Muckenhoupt weights.

Theorem 2.6 (Muckenhoupt Theorem). Assume v € Li _(R") is nonnega-

tive and 1 < p < oo. Then v € A, if and only if there exists a constant C' > 0
such that

/ M fl7o da < c/R fPodz for all f € LP(R”,v);

i.e., M is a bounded operator from LP(R", v) into LP(R"™, v).

A metric version of this theorem, with some additional assumptions (in fact—
unnecessary and easy to remove (")) can be found in [25].

(1) The author would like to thank J. Kinnunen for pointing this out.
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3. Gehring’s Lemma for metric spaces

In this section we assume (Y, o, ) to be an arbitrary metric space with a
doubling (Borel regular) measure p, i.e. there exists a constant Cy, such that

M(B(x, 2r)) < Cyu (B(a;, 7'))

The doubling condition implies the inequality

w(B) 1/ r\¥
4 i 2 (%)

where @ = log, Cy and By has the radius rog, and B = B(x,r) is any ball such
that x € By and r < rg.

Fix ¢ > 1. Given a ball By = By(xzg, R) C Y define a decomposition of a
ball 0By into sets C*, k=0,1,2,..., defined by

C° = By,

~——— >dist (z,0(c Bo)) > ok

Ck = {.’13 c O'BO : (0-2; 1)R 7(0- _ 1)R

} for k > 1.

The following lemma is a version of the Calderon-Zygmund decomposition for
metric spaces:

Lemma 3.1. Assume a function u € L'(0Bg, 1) is nonnegative. Let o be

such that
][ u(z)dp < o
o By

Then, for every k = 0,1,2,..., there exists a countable family of pairwise disjoint
balls F* = {B;"} centered in C* such that

(3.5) u(z) < a2%@  for almost all z € C*\ USB;?
j
and
(3.6) a2k@ <][ u(z)dp < a2*CK,
5Bk

where the constant
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Proof. Define 4} := () and S§ := C*. Define a family of balls

c—1)R

Let %’7{" be a subfamily of %} defined by

@f:{Be%f:a2k5<][
5B

u(z) du}.

The Vitali covering lemma implies that we can choose from @f a countable sub-
family .Z{ of pairwise disjoint balls such that

U B> U B.
BeFy Be#k

Then we put
gk =gk St=ck\ | 5B.
Be%f

Iteration of this procedure gives in the ith step

(c — 1R

B = {B(x,r) cx €SP ir= m},

B = {B € B . a2k <][ u(z) du},
5

B

ZF being a countable subfamily of pairwise disjoint balls such that

U B> U B.
Begik Be(@:’f

We also have
gk =qgF UZF and SF=cC* U 5B.
Begk

Define .7% = {B}} =, 9} = U, .ZF. For every ball belonging to that family we
have

a2k@ <][ u(z) dy,
5Bk

which gives us the lower estimation of (3.6). We proceed to show the upper
estimation of (3.6).
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Assume B € .Z} has radius r. Thus we have

B (c —1)R
- 5.92k+1g4

and applying (3.4) we obtain

][5 i u(z) dp < Méf g,)) ][BO u(z) dp < a298% (00_2 1)Q.

If B= B(z,r) € ZF for i > 1, then

=

(c— 1R
5. 2ktig”

For the ball 2B = B(z,2R) we have z € SF , and

reSF,cSf, and r=

—1
2r = 7(0 .)R :
5. 2kti—lg
thus 2B € 4% |. By construction, 2B does not belong to %’721"_1, because

reSt,=ck\ U sBcCckH U sBcCH U B.

BeyF | BeZFF | Beg”gfil

Therefore

The doubling condition leads to

][ u(z) dp < a2y,
5B

To obtain (3.5) assume z € C*\Jpc 4+ 5B and let {B;} be a sequence of
balls centered in = with

_(c—-1R
©T 5. oktig
For every i = 1,2,..., we have € S¥. Therefore B; does not belong to ,Q?Zk
Thus

][ u(z)dp < a2? for i=1,2,....
5B;
The Lebesgue Theorem implies

u(z) < a2r9

for almost all = € C*\ |J F SB;?. The proof is complete. o
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The lemma below is standard (see e.g. [9]).

Lemma 3.2. Fixaball B C Y. Assume that functions F', G are nonnegative
and belong to the space L1(B, ) for some q > 1. If there exists a constant a > 1
such that for every t > 1 we have

/ GQduga{tq—lf Gdu-l—/ quu},
E(G,t) E(G,t) E(F,t)

where E(G,t) ={z € B:G(x) >t} and E(F,t) ={x € B: F(x) >t}. Then the
following inequality holds:

/Gpd,uﬁup</ quu+a/de,u)
B B B

for p € [¢,q+¢), where e = (¢ —1)/(a — 1) and p, = (p—l)/(p—l—a(p—q)).

The following theorem is a version of the Gehring Lemma for metric spaces
with a doubling measure (see e.g. [9], [10]).

Theorem 3.3. Let q € [qo,2Q)], where qo > 1 is fixed. Assume the functions
f, g to be nonnegative and such that g € L{ _(Y,u), f € Li°(Y,u) for some

loc loc

ro > q. Assume that there exist constants b > 1 and 6 such that for every ball
B C 0B CY the following inequality holds

q
][qu,ugb[<][ gd,u) +][ fqd,u] -1—0][ g?du.
B oB cB cB

Then there exist nonnegative constants 0y and e, 0y = 6y(qo,@,Cq,0) and
g0 = €0(b, 90, Q, Cy, 0) such that if 0 < 0 < 0y then g € LY (Y, p) for p € [q, g+¢0)
and moreover

(fra) " <el(f ran) " (F, o) ]

for C = C(b,q0,Q,Cq,0).

Remark. For the definitions of the constants 6y, g9 see (3.19), (3.20)
and (3.22).

Proof. Fix aball BC oB C (). Let u be given by

g%(x)

u(x) = m.
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Take s > ¢t > 1 (their precise values shall be fixed later). Let a = s?7 > 1. By
Lemma 3.1 we obtain a decomposition of ¢B into sets C*, k =1,2,..., and for
every k a family of pairwise disjoint balls {Bf bi=1,2... C C* such that

u(z) < a2F? for ae. z € CF\ U5BJ’-"
J

and
a2k@ <][ u(z) de < a2F9K,
5Bk

2 \ @
K = max{Cd,8Q< 7 ) }
o—1

Assume z € CF. Define functions

where

(3.7) F(x):= J () T
wolf o0

and

(3.8) G(z) = 9(z)

By the assumptions of the theorem

q
][ qu,ugb[(][ gd,u) —1-][ fadp -1—0][ g?dpu.
5Bk o5Bk o5Bk o5B%

Consider a ball 50B}. It is centered in C* with radius r < (0 — 1)R/2F!q;
hence 50B) C Ufi(lk—l)+ C". Therefore for any = € 50BY we have

1/q
quu)

1/q
quu) :

fa) < Fa) (2000 f

B

and

g(z) < G(2) (2<k+1>q fa

B
It follows that

q
(3.9) quujgbe2q{(%? (?du) 41f Fdy
5B;? J5B;? J5B;?

+0- 2‘1][ G7dpu.
G’5B§
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By the definition of G, for every ball B ;“ we have
(3.10) s <][ Gldp < s'K.
5Bk

Let us now set

(3.11) s = 2@/apt/(a=1) ilt >t
q —

Combining (3.9) with (3.10) and applying (3.11) we obtain, after simple compu-
tations,

2q k

ko 1-(1/) Y
Gdu+ (u(o5By)) Fidpu
JSB;? JSB;?

0 M k\y1—(1/q) q 1/q
#(5) woomn ([ o)

Let E(G,s) ={x € 0B : G(z) > s}. Since

Gl - <%)1/q

for almost all = € B\ |J, 5B}, we have G < s. Thus

(3.12)

w(E(G, s)) = M(E(G, s)N <H€ 5B§?))

and
/ quu:/ quﬂﬁZ/ G?du.
E(G,s) E(G,s)N{U; x5B*} ik J5BE

Combining this with (3.10) and (3.11) and applying the doubling condition we
obtain

92 q
(3.13) [E(G )Gq dp < sK Y " p(5BF) <29 K CF (qfq1) > u(B).
s gk Ik

By the definitions of F(F,t) and F(G,t) we have

/ qugf Fdu + tu(o5BY)
U5B;.c a5B§ﬂE(F,t)
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and

/ Gdu < / Gd,u+t,u(a5B]'?’).
JSB;? JSBJ’?HE(G,t)

Applying Young’s inequality we obtain

ey (|

1/q B
Fa d,u) < %(tq—lu(B/)(q—l)/q)Q/(q_l)_|_é/ F9du
’ B/

1 1
q tqu(B')—I——/ Fidu
q q./p

< / Fidp+tiu(B").
B'AE(F,t)

<

Hence

1/q
(u(o5B)) ( / F d,u) < ¢1-a / Fdp + tp(o5BY).
G’5B;.C JSB;?OE(F,t)

In the same manner we check that

o\ /4 B a  ppi—q

(—) (u(aSBf))l (1/9) ( G1? d,u) < / Gldp + t,u(o5Bj'7’).
b 0'5B;.c b O’5B§f\IE(G,t)

Substituting the last two inequalities into (3.12) yields

2
L y(o5B) St‘1/

G+t / Fdy
q—1 o5BRNE(G1)

o5 BENE(Ft)

0
+ Zt a /53’@ G7dp + 2;1(053?),
o jﬁE(G,t)
and therefore
q—1] 41
p(o5BY) < ——— {tq / Gdu
! 2t4 o5BRNE(G,1)

0
+f P | G dul.
o5BFNE(Ft) b o5BY¥NE(G,t)

Let D* = ;09B ;“ . There exists a countable subfamily of pairwise disjoint

balls (05Bf(h))j(1),j(2),... such that D C |, 025Bf(h). Hence

(3.14)

p(D*) < C> BB y,).
3
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From (3.14) it follows that

C’3 q -1)
kY -1
w(D") ~ o E [tq /a5B Gdu

k
- ko NE(Gt)

0
+/ quu—i——/ Gdp|.
o5B% E(F,t) b JosBE  NEG.)

J(h) J(h)

The balls obB ;?(h) are pairwise disjoint and contained in Ufi(lk_l)Jr C*. Thus

3 1 k+1
w(DF) < M Z [tq—l/ Gdu
2t4 CinE(G,t)

i=(k—1)+
0
+ Fidp + — G%du|.
CiNE(F,t) b JoineG,)
By summing over k = 1,2,... we obtain (note that each C* can appear at most

3 times)

3-C3(qg—1) { _
E:D"’<d—§:t‘11/ ad
uD") < 2t4 - CFAE(G,1) a

k
0
—I—/ quu—i——/ qu,u].
CkNE(F,t) b CFNE(G,t)

Therefore we have

(3.15)

CCB3(g—1 6
> u(DF) < 3-Cila—1) {tq—l/ Gdu+/ F9dp+ —/ quu]-
p 2t4 E(G.t) E(F,t) b E(G,t)

By the definition of Dy we also have
(3.16) Zu (B}) <Y wD
k

Combining (3.13) with (3.15) and (3.16) we obtain

K 29 06 (2¢)4
/ Gq dM S 3 Cd (_i]) |:tq—1b/ Gd,u
E(G,s) 2(g— 1)1 E(G,t)

+b/ quu+0/ quu}-
E(F.t) E(G,t)

(3.17)
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We also have

Gldp < sq_1/ Gdu
E(G,t)

g—1
< 9Qa—1)/q (i) tq_lb/ G dp.
q—1 E(G,t)

Adding both sides of (3.17) and (3.18) we conclude that

LG,t E(G,s
(3.18) (G\E(G,s)

/ Gldp < (a1 + ag) -tq—lb/ Gdp
E(G,t) E(G,t)

—|—a1{b/ quu-l—@/ quu},
E(F,t) E(G,t)

where the constants

3. 29 K C8 (29)? B 2Q(1=(1/9)) (2¢)4
T g net T (g - e

aj

Assume ¢ € [qo,2Q)]. Then aq, as < ag, where

2 Q
(3.19) ap =2 K C§ 329 Q*? forK:maX{Cd;8Q< - ) }

oc—1

Define

Then for 0 < 6y we have a0 < % and therefore

/ Gldp < 4a0b{tq_1/ Gdu +/ F1 dﬂ}.
E(G,t) E(G,t) E(F,t)

Since t > 1 was arbitrary and the constants a;, as do not depend on t, by
Lemma 3.2 we obtain

(3.21) / GPdp < pp </ G1 d,u—|—4a0b/ F? du),
B B B

where
p—1
p—1—4aeb(p — q)

Hp =
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and p € [q,q+ €) for

qo — 1
4aob '

By inequality (3.21) and definitions of F' and G we get

/Ckg”du /Ckquu
Z p/qg’upz

ocB oB

fPdp
+ 4,upa0bz Ccr

p/a’
k 2kQp/q <][ gq du)
ocB

Since C° = B we obtain after simple computations

p/q
/ g7 dp < p1,2¢ <][ g1 du) + 4MpaonQ][ JPdp.
B oB oB

Taking C = (4u,a0b2?)'/P completes the proof. o

(3.22) g0 =

4. Proof of the main theorem

Throughout this section we assume that (2 C R™ is open and bounded and
that vector fields X1, ..., Xy, defined on a neighborhood of €2, have smooth (C*),
globally Lipschitz coefficients and satisfy the Hormander condition.

The functions A = (Aj,..., A;): R* xR xR* — R* and B: R®" xR xR} —
R are both Carathéodory functions, i.e. they are measurable in x and continuous
in v, £&. Moreover, there exist constants «, 3 > 0 such that

Az, v,€)| < a(joP~h + [P,
(4.23) |B(z,v, )] < a(jo]"~" + [g]771),
(A(z,v,8)[8) = BIEI”

for some p > 2.
We consider the following equation in :

(1.1) X*A(x,u, Xu) + B(z,u, Xu) = 0.

Theorem (1.2). There exists § > 0, such that if a function u is a very weak
solution of (1.1), i.e. u € W)l(’ff;f(Q) and it satisfies the equation

/(A(:U,u,Xu)]X¢(a:)>dx—|—/ B(z,u, Xu)p(x)dx =0
Q Q

for every function ¢ € C§°(2), then u € W)l(’ff:j(Q), and hence it is a weak
solution of (1.1).
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1,p—9

Assume the function v € W7 °(£2) is a very weak solution of the equa-

tion (1.1). We can assume also that § < 3. Let B C Q be a ball with a radius r.

Define (v 5)Q

p —

§:=—= < p-—24.
Q+1 7P
Let ¢ be a smooth cut-off function, i.e. ¢ € C5°(2B) such that 0 < ¢ <1,
¢»=1on B and |X¢| < c¢/r. Define
= (u—usp)o
and
Ey\ = {(Mg|Xal*)Y* <A} for A>0.

Then the function @ is a Lipschitz function on FE) with the Lipschitz constant
¢\ (see Theorem 2.5). By the Kirszbraun theorem we can prolong @ to the
Lipschitz function v, defined on the whole R™ with the same Lipschitz constant
(see e.g. [5]). Moreover, there exists Ag such that for every A > Ay the function
vy has a compact support. Indeed, if z € R™\ 3B, then

1/s 1/s

(Mg|Xa(z)|*)'/* = sup (][ \Xﬂ|3daz) < (C’d][ |Xﬁ\8d:1;)
B’>xz, B'N2B#0 B’ 2B

because |B’| > |B|. Define Ao := (Cyf,p |Xﬂ\8d:1;)1/s. Then we have

(4.24) (Mq|Xa(z)|*)Y* <X for A> X,

and that implies vy (z) = @(x) = 0. We will take the function vy as a test function
in equation (1.2).

Lemma 4.1. Let @ be defined as above. Then the function (Mgq|Xa|*)~%/¢
belongs to the space A,., where r = p/s.

Proof. Fix a ball B € R™. Define w(z) = (Mg|Xa(z)|*)~%/%. Then we have

—46/s
][ wdr < (infMQ|Xﬂ\s>
B B

r—1 r—1
(][ wt/ (=) dx) = (][ (MQ|Xﬂ|S)5/(p_S) dx) .
B B

Since § < p — s it follows that (Mq|Xa|*)®/P=%) € A;. Hence

r—1
(p—s)/s
<][ wl/(l—r) dx) < (Ci%f(MQ|X’&/|S)6/(p_S)> p
B

It follows immediately that

r—1
<][ wdx) (][ wt/ (=) dx) <,
B B

and the proof is complete. o

and

8/s
= c(i%f MQ|X’&/‘S> .
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Lemma 4.2. Let B C (2 be a metric ball with radius r, and let 0 < o <5.
The following inequality holds:

/ \u|p_1(MJB|Xu|S)(1_5)/Sgcl/ lu[P~° da
oB

oB

(Q+1)/Q
+ 2|0 B| <][ | X u|(P=9)Q/(Q+1) dx)
oB

Y
where the constants ¢y = c¢1(p) and co = ca(p, 7).

Proof. By Holder’s inequality we have

1/31
][ \u|p_1(MJB|Xu|S)(1_5)/S < <][ |u‘(p_1)51dx)
ocB oB

1/s2
< (f plxa)0an)
oB

(p—9)@Q o P=0)Q
pP-1)Q-(1-6) 7 (1-6)@Q+1)

To the right-hand side of the above inequality we apply first the Hardy-Littlewood
Theorem (for the maximal function M,pf; all the balls B, where B C (2, are
contained in some open and bounded set). Then by Young inequality with the
exponents (p —4)/(p—1) and (p—6)/(1 — &) we obtain

where

S1 =

1/s1
][ [ul?~H (Mo 5| Xu|*) =0/ da < c(][ [u] P~ dx)
oB ocB
1/82
X <][ |Xu|(1—5)82 dx)
oB
(p—38)/(s1(p—1))
(4.25) < C(][ -1 dx)
ocB

(Q+1)/Q
ocB

For the first integral on the right-hand side we have

1/s1(p—1) 1/s1(p—1)
(][ ] =) dx) < (f g ] 7D dx) T uosl-
ocB ocB
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Applying Holder’s inequality and then Sobolev’s inequality we obtain

(p—6)/s1(p—1)
c<][ || (P~ )51 dw)
oB

(r—1)(Q+1)/Q
(4.26) < crP=o9p (][ ‘XU‘(P—5)Q/(Q+1)(17—1) dm) + 2p][ |u‘p_5 do
ocB B

Then (4.25), (4.26) and Holder’s inequality (as p > 2) imply part (i) of the
lemma. o

Corollary 4.3. We have from Poincaré’s inequality that

/ P L (M, | Xa]*) 0 6/s<c/ P~ da
ocB

oB

(@+1)/@Q
+ ¢3|oB] <][ |XU|(p—6)Q/(Q+1) dx)
oB

Proof of Theorem 1.2. We first show that |Xu| € Li”otg for some 6 > 0. Let
A > Ag. Take vy as a test function in (1.2):

/A(x,u,Xu)-XvAdx-l—/ B(z,u, Xu)-vydx = 0.
3B 3B

We will show that the assumptions of Theorem 3.3 are satisfied.
By definitions of F), vy and by the growth conditions on A and B we have

/ A(x,u,Xu)~Xﬂd:c—l—/ B(z,u, Xu) - tadx
BNE, BNE)y

§/ |A(m,u,Xu)|-|XU>\|dx+/ |B(z,u, Xu)|-|vx|dx
B\EA SB\E)\

< c/ A Xu|P™? dx-l—c/ NulP~t da.
3B\E, 3B\E,

The last inequality holds because vector fields X; are Lipschitz continuous and
there exists a constant ¢ such that | Xwvy| < ¢\ and |vy| < erX, where r is the
radius of B.

Multiplying both sides of the last inequality by A=(119) and integrating over
(Ao, +00) we obtain

= / / A~ (149) (A(z,u, Xu) - X0+ B(z,u, Xu)d) dz dX
Ao 2BNEy

(4.27)
/ / O(|ulP~t + | Xu|P~Y) dzd\ = P.
Xo B\EA
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Estimation of P. Changing the order of integration and using (4.24) we
obtain

< / (MalXal*)=*/*(lu[P~" + | Xu[?~) do

< c/ (Mg| X a|*) =0/ |u|P~! da + c/ (Mg| X a|*)' =%/ | X u|P~t du.
3B 3B
To estimate the first component of the right-hand side we apply Lemma 4.2. To es-
timate the second component we apply the Holder inequality and then the Hardy—

Littlewood theorem. It follows that
(4.28)

(R@+1)/Q
ch/ fufp=? d:1;+c</ X (- DQ/@ D dw) +C/ XuP—i d
3B 3B 3B

Estimation of L. By changing the order of integration we obtain

1
= = / (A(a;,u,Xu) - Xu+ B(%%Xu)fb)(MQ\XﬂF)_‘S/S de
0 B\Ey,

1
_|__/ (A(z,u, Xu) - X + Bz, u, X))\, ° da.
6 BQEAO

Since 2B\ E), = 2B\ (2BN E},), the growth conditions on A and B imply
1
L> g/ (A(z, u, Xu) - Xﬂ)(MQ|X€L|S)_5/S dz
2B

- (JuP~" + | XulP~Y) | X G| (Mo| Xa|*) /% do
(4.29) 2BNEx

=== [ (P Xl [al (Mol X)) de
2B

1
g([l — 2&[2 — 30&[3)

where
I = / Ju, Xu) - X0) (Ma|Xa|*)™%/* dr,
:/ (JuP™ + | XulP~Y) | X G| (Mo| Xa|*) ™/ da,
BQEAO
13:/ ([P~ + [XuP~) @l (Mol Xal*)*/* dz.
B

Estimation of 1. Define sets

Dy = {x € 2B\B : (Mo|Xa|*)"/* < §(Myp|Xu|*)/*}
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and
Dy = {x € 2B\B : (Mq|Xa|*)"* > §(Map|Xu|*)*/*}.

Hence
Iy > / Az, u, Xu) - Xu(Mg|Xa|*)~%/% dz
BUDs
+/ A(x7u7Xu)(u_UQB)X¢(MQ|X’EL|S>_6/S dx
Dy
_a/ (|u‘p—1 + |Xu|p_1)|Xﬁ‘(MQ|Xﬁ‘S)_5/S da
D,
25/ | X ulP(Mg| Xa|*) ™% da
B
Cx

—— | (P [ Xu Y u = ugp| (Mo | X a|*) ™ da
r D>

_ a/ (ulP=2 + | XulP=Y) | Xa|(Mo| Xa[*)~*/* dz.
D,
Lemma 4.1 yields

I, > cﬁ/ (Mp|Xu|*)P/*(Mg| Xa|*)~%* da
B

St XY = up | (Mo X ) da
T D>

- a/ (JulP~ + [ Xu[P~ ") Xa|(Ma| Xa|*)™*/* do =: L1y = L2 — 3.
D,

We will estimate each integral Iy, for k =1,2,3.
If z € %B then we have

1/s 1/s
(Mol Xal) @) < sup (][ \Xms) o sw (f \Xms)
B'>xz, B'CB B’ B’>x, B'NOB#() B’

1/s
§(MB|Xu|S)1/S+c<][ |Xu|8dx)
2B

c 1/s
—l——<][ \u—u23|5dx)
" \J 2B

1/s
< (Mp|Xu|*)Y* + c<][ | X ul® dx) .
2B
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The second inequality comes from the doubling condition and the last one from
Poincaré’s inequality. Let G C %B be such that if z € G then

1/s
(MB\XU\S)USEC(][ |Xu|5d:1;) :
2B

Then we have

L1 > cﬂ/ (Mpg|Xul*)P/*(Mg|Xu|*)~%* da
a
(p—0)/s
= c/ (Mp|Xu|*)P=0)/ do — c<][ |Xu|5d:1;) / dx.
B/2 2B B/2\G
Hence

(p—0)/s
(4.30) I Zc/ |Xu|p_5dx—c|B|(][ |Xu|sdx) .
B/2 2B

By the definition of Dy, Theorem 2.5 and the properties of maximal function
we have

cad?

Iy < / (a4 | XuP~ ) — | (Mas | Xul*) %/ da
2B

< cad™’ [/ JulP = (Map| Xu|*) =0/ da
2B

r

1
—I——/ "U/_’U/QB‘(MQB|X'U/|S)(Z)_1_5)/Sdx:|.
2B

The first component of the right-hand side is estimated, by Lemma 4.2,

(Q+1)/Q
c/ [P0 d:1;+c<][ | X u|(P=9)Q/(Q+D) dw)
2B 2B

To the second component of the right-hand side we apply Holder’s inequality with

exponents
(p—0)Q p—d0 Q
——— and .
Q+1 p—1—-0Q+1
Next, by Poincaré’s inequality and the Hardy—Littlewood Theorem, we have

1
—/ lu — ugg|(Map| Xu|?) P10/ dg
T JoB

< 28] <][ 1t — tpp| P~/ (@) g
2B

(Q@+1)/(p—H)Q
r )

y <][ (Mo | Xul*)P-DQ/5@+1) gy
2B

)(Q+1)/Q

)(p—1—5)(Q+1)/(p—5)Q

< |2B| (][ | X u|(P=9Q/(Q+1)
2B
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Thus
(Q+1)/Q
(4.31) L2 < cad° [/ |u|p—5 dz + |2B] <][ |XU|(p—6)Q/(Q+1)) }
2B 2B

For the integral I; 3 we have
ha<a [ (a4 [XuP ) (Mol Xal*) 09/ da,
D,
and, using the definition of D1,
ha<ad™ [ (uP o Xl ) (o] Xul) 00 da
2B
< 04(51_5/ lu[P~Y (Mo | Xu|*) =978 dx
2B
+ gt / (M| Xul*)®=9/s da.
2B

To the first component of the right-hand side we apply Lemma 4.2. Because of
the coefficient § - 67 it will be consumed in the inequality (4.31). The second
component, by the Hardy-Littlewood Theorem, is estimated by

cadl™? / | XulP~ dz.
2B

Combining (4.30) and (4.31) with the estimation of I; 3, we obtain finally

I Zc/ |Xu|p_5dx—c/ |u|p_5dx—05/ | XulP~0 da
B/2 2B 2B

(4.32) (Q+1)/Q
— ¢|2B| <][ ‘XU‘(:D—(S)Q/(QH)) )
2B

Estimation of Is. We have
(4.33)

Iy S/ \UIp‘l(MQIXﬁIS)1‘5/de+/ | XulP~ X a| (M| Xd)*)~/* da.
2B 2BNEs,

Estimation of the first component follows from Lemma 4.2. We will work with the
second one. Fix a constant v > 0. Assume that y € 2BNEy,. If | Xu(y)| > Xo/7,
we have

/ | XulP~ | Xa| (M| Xa|*) =% doe < )\(1)_5/ | XulP~d
QBDEXO 2B

S’yl_‘S/ | XulP~ dz.
2B
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If | Xu(y)| < Ao/v then, since

1/s
Ao = C<][ |Xﬁ\5d:1:> and g < inf(MQ|Xﬁ\s)1/s?
B 2B
we obtain

/ | XulP~ X a|(Mg| Xal*) % de < Ag—lyl—mo—é/ | X @| da
2BNEs, 2B

p—1—6/s
< cy'"P12B| <][ |Xﬂ|sdaz) ][ | X | dx
2B 2B

p—34/s
< cvl—p|2B|(f |Xu|8dx) |
2B

where the last inequality follows from Poincaré’s inequality. Thus the second
component of the right-hand side in (4.33) is estimated by

p—34/s
71_5/ | XulP~? d:z;+c*yl_p\2B|(][ |Xu|5d:1;) .
2B 2B

Since s = (p — 90)Q/(Q + 1), the integral I satisfies

(Q@+1)/Q
I, < C/ |u[P=0 dz + (c +~*7P)|2B] <][ ‘XU‘(ZJ—5)Q/(Q+1))
(4.34) 2B 2B

—|—fyl_5/ | Xul|P~° da.
2B
Estimation of I3. For the integral I3 we have

I3 S/ |U|p_1|ﬂ|(MQ|Xﬂ|S)_5/sdx+/ | Xu|P~ @] (Mo| X al*) ¢ da.
2B 2B

By Corollary 4.3 the first component on the right-hand side gives the parts which
were considered earlier in the integral I; . We might estimate the second com-
ponent

/ \Xu\p_l\m(MQ\XﬂF)_é/sd:l;§/ | Xu|P~Yal | Xa| =0 de

2B 2B

(4.35) < / X ulP~ 1y — uyp| da
2B

-+ cr‘s][ | Xu|P~Hu — ugp|' d,
2B
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because | X | < |Xu|+(¢/r)|u—wu2p|. To the last two integrals we apply Holder’s
inequality choosing for the first integral

Q(p —0) o Q=9
@Q@+L)(p-1-6) 7 (Q+1)—(p-29)

and for the second integral

(p—0)Q by = (p—0)Q
(p—1(@Q+1) Ql—=0)—(p—1)
Then, by the Sobolev inequality, the right-hand side of (4.35) does not exceed

(Q+1)/Q
c|2B] (][ |XU|Q(p—5)/(Q+1) dx)
2B

Thus the integral Is can be estimated by the same expression as I o, i.e.

S1 =

t1 =

(Q@+1)/Q
(4.36) I3 < c/ |u|p—‘s dx + c|2B| (][ |Xu|(p—6)Q/(Q+1)) .
2B 2B

Combining (4.28), (4.29) with (4.32), (4.34) and (4.36) we obtain

1
—[c/ \Xu\p_‘S dw—c/ |u\p_‘S dx — (65—1—71_5)/ |Xu|p_‘S dx
d B/2 2B 2B

(Q+1)/Q
_ (c+71—p)‘23|<][ |Xu|(p—5)Q/(Q+1)> }
2B

< c/ | Xu|P~? da.
3B

Therefore u satisfies a reverse Holder inequality:

(@Q+1)/Q
][ |Xu|p_5dx§cvl_p{(][ |Xu|<P—‘”Q/<Q+”) +][ \U|p_5daz}
B/2 3B 3B

(4.37) +e(y1 0+ 6)][ | X ulP~ da.
3B

We can apply Theorem 3.3 with
g = |Xu|P=ORIQTY ¢ — |yy|(P=)Q/(Q+D)

and .
O=c(y'"°+08), b=cy"? q= QTJF

By Sobolev’s inequality the function f isin L™, where ro = (Q +1)/(Q —p+6) >
q. The constants v and ¢ can be chosen sufficiently small such that 8 < 6. Then
we obtain
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Lemma 4.4. If the function u is a very weak solution of (1.1) and |Xul| €
LP= | where § € (—0g,80) for some 8y > 0, then there exists g > 0 such that
| Xu| € LP—0+e0,

By iteration of the procedure we prove that |Xu| € LPT®, for some 5 >0,
say 0 = %50, where ¢¢ is given by Theorem 3.3. It is important to control the
constant b and thus the constant 5. They both depend on «, 8, Cy, constants in
Poincaré’s and Sobolev’s inequalities and in the Hardy-Littlewood Theorem. The
last one depends formally on the exponent p—4¢, but by the Riesz—Thorin Theorem
(Riesz Convexity Theorem, see e.g. [24]), if p € [2, po], then the Hardy-Littlewood
constant may be chosen independently of p.

Now we show that u € Lﬁ:gg. Assume that Q' is a compact subset of Q. Let
¢ € C§°(2) be a cut-off function, such that ¢ =1 onto Q. Let v = u-¢. Then

veWHP=9(R") and |Xv| € Lp+S(R”). By Poincaré’s inequality

~ 1/p+6 B} 1/p+6
(][ v — vpg|P*? dx) Scr(][ |Xv\p+5dx) :
B B

By ={x: (MQ‘XU|p+S($))1/p+S <A}

Define

Then
IR™\ E,| < c)\_p/ | XvPFo de.

n

For every A > 0 there exists a Lipschitz function vy on R™ such that v = v, for
a.e. x € . Then

/ |va|p+5dxg/ | X 0[P dz + eAPHOR™ \ B,| g/ | X 0[P dz,
n E)\ R”

and this implies that |Xwv,| are uniformly bounded. It follows from the same
argument as previously that there exists Ay such that for A > )¢ we have

suppvy = B D Q. Thus the set {v) P> Ao} is bounded in W()l’p+5(B).
Since vy — v for A — oo we have v € LP*9(B) and u € W1P+9(B). o

5. Compactness

In this section we additionally assume that for all v,w € R the following
inequalities hold:

Az, v, &) — Az, w, Q)] < alé — ¢[(1€] + [P~

and

(Ala,v,€) — Az, w, Q1€ = ¢) = BlE — CI(lg] + <P~
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Theorem 5.3 below is a classical compactness theorem for weak solutions. It
follows from Caccioppoli type estimates with the natural exponent p. Together
with Theorem 1.2 they imply Theorem 5.4; i.e., the compactness result where it is
enough to assume that very weak solutions are bounded in W)l(’r for some r < p.
In this way, for the nonlinear elliptic case, Theorem 5.4 was proved by Iwaniec
and Sbordone [15]. The alternative approach to prove the result is to use the
Caccioppoli type inequalities below the natural exponent.

Theorem 5.1. Let {u;}ien, u; € W)l(’ffoc(Q), be a family of weak local
solutions of the equation (1.1). Then for j, k € N we have

16X (uj — wn) |5 < ell(wy — un) XI5 - (19X sl + o X ur|52)

+esup ug[7L, - 1oty — )l
€N X

for every function ¢ € C§°(§2), where the constant ¢ depends only on p, «, [3.

Proof. Assume ¢ € C§°(2) and let n = ¢P(u; —uy) be a test function in the
equation (1.1). By conditions on A and B we obtain

638 8 [ oPIXu; — Xul(Xu)| + [Xul) 2 de <1+ 1
where

= pa [ X116y =l Xy = Xuul( X+ | X ~2 da
and

b= a/Q 1P|y — ] (Jus [P~ + | P~ + [ Xug P71 4 | XugP ) da,

Applying to I; Young’s inequality with exponents 2,2 we can estimate the
integral by sum of expressions:

(5.39) pa92/ 10|71 X uj — Xug|*(| X uj| + | Xug|)P~? do
Q
and
pac _ -
(5.40) Wll(uj — up) X 0|2 (loXus |52 + [[¢Xur|[52),

where the constant ¢ depends only on p (to obtain the second component we used
Holder’s inequality with exponents %p and p/(p —2)). We put the expression
(5.39) on the left-hand side of (5.38). The constant § > 0 is such that S—paf#? > 0.
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To estimate the integral I, we apply Holder’s inequality with exponents
p,p/(p — 1). We obtain the estimation of Is by

—1
(5.41) allp(uj — up)llp - sup sl

loc

Combining (5.38)—(5.41) we obtain an inequality

19X (s = w)l} < oz —u) X6} - (l6X w37 + X urllf )

et (O

(6%
+ 3= pat? 00 sup ”Uz”p v 1 P(us — ug)|lp,

and the proof is complete. o

Theorem 5.2. If a function u € W IOC(Q) is a weak local solution of the
equation (1.1), then it satisfies a C'acc1oppo]1 type inequality

[pXullp < clluX¢ll, + clluglly

for every function ¢ € C5°(2), where the constant c¢ depends only on constants
p, a and (3.

Proof. The procedure is similar to the previous one. As a test function we
take n = ¢Pu, where ¢ € C§°. By the conditions on A and B we obtain an
inequality

BloXullp < (palluXgll, + allugll,) - [luplp™"
+ (paluX ol + alluglly) - loXulf™,

which implies the theorem. o
The above theorems imply

Theorem 5.3. If a family of weak solutions {u;} C W IOC(Q) of the equation
(1.1) is bounded in LP(Q), then it is compact in WP (Q).

Combining the theorem on the higher integrability of very weak solutions and
the above compactness theorem we obtain the following result:

Theorem 5.4. Let F' be any compact subset of 2 and let 6 be the constant
from Theorem 1.2. Then if a family {u;};en of very weak solutions of the equation
(1.1), u; € Wy (), is bounded in W' (Q), where p—& < r < p, then this family

compact in WP (F).
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