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Abstract. We discuss necessary conditions for a Banach space to satisfy the property that
its bounded sets are bounding in its bidual space. Apart from the classic case of ¢g, we prove that,
among others, the direct sum c¢o(I5) is another example of spaces having such property.

A subset B of a complex Banach space X is said to be bounding if every
entire function defined on X is bounded on B. Such a set is also a limited set
(see below) and, of course, every relatively compact set is bounding. If X is such
that every bounding subset is relatively compact, then X is called a Gelfand-
Phillips space and there is some literature devoted to the topic. Gelfand—Phillips
spaces are characterized also as those whose sequences converging against entire
functions are norm convergent [7]. B. Josefson [12] and T. Schlumprecht [15] found
simultaneously and independently examples of complex Banach spaces containing
limited non-bounding (hence non-relatively compact) sets.

By H(X) we denote the space of entire functions defined on X, that is, func-
tions that are Fréchet differentiable at every point of X. H,(X) is the subspace
of all f € H(X) such that f is bounded on bounded sets; these are the so-called
entire functions of bounded type.

Bounding sets are related as well to the extension of holomorphic functions to
a larger space in the following way: Let E C F' be complex Banach spaces. Fvery
bounded subset of E is bounding in F if, and only if, every f € H(FE) having a
holomorphic continuation to F is of bounded type. In the particular instance of
F = E** it is known that every f € H,(FE) has a holomorphic extension to E**.
Therefore, in this case the only holomorphic functions which may be extended to
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the bidual are those of bounded type if, and only if, every bounded set in F is
bounding in E**.

As far as we know there is essentially one known case (E = ¢p) where the
above mentioned (equivalent) conditions hold. This was proved among other re-
sults by B. Josefson in his 1978 paper [11]. Clearly, no reflexive infinite-dimensional
Banach space satisfies those conditions and neither the conditions hold in general
for quasi-reflexive Banach spaces, i.e., spaces of finite codimension in its bidual,
the conditions may not hold: Consider, for instance, the Q-reflexive (see [1]) and
quasi-reflexive Tsirelson-James space 1'7. Its bidual space is separable and hence
there the bounding sets are relatively compact (see [5, 4.26]). So the bounded sets
in T are not bounding in (775)**.

Our aim is to study this situation and to provide further examples of Banach
spaces whose bounded sets are bounding in the bidual. So we consider the class
Z of Banach spaces

F = {F : every bounded set B C F'is a bounding set in F**}.

We show that such a class % is stable under products and quotients, but not
under closed subspaces; however the closed subspaces of ¢y do belong to the class.
In the second part of the article we prove that co(l3) the predual of C. Stegall’s
example of a Schur space whose dual lacks the Dunford—Pettis property [16] is a
Banach space whose bounded sets are bounding in the bidual. Our argument does
not rely on Josefson’s paper and so provides another proof of the fact that cg is
in the class we are dealing with.

1. Generalities

A subset B of a complex Banach space X is bounding if, and only if,
lim,,, ||Pm||]13/ "™ =0 for all entire functions f = Y P,,, where Y P, repre-
sents the Taylor series of f € H(X) at the origin ([6, Lemma 4.50]). We will use
this characterization in Section 2.

A subset A of a Banach space is called limited if weak™® null sequences in the
dual space converge uniformly on A. The unit ball of an infinite-dimensional Ba-
nach space is not a limited set by the Josefson—Nissenzwieg theorem. An operator
T: X — Y is said to be limited if it maps the unit ball of X onto a limited set
in Y. It turns out that 7' is limited if, and only if, T is weak*-to-norm sequen-
tially continuous. As we mentioned, each bounding set is a limited one, therefore
if £ € %, then the canonical inclusion ¥ — E** is a limited operator.

Recall that a Banach space X has the property (P) of Pelczynski if for every
K C X* that is not weakly relatively compact, there exists a weakly Cauchy series
> x, in X such that inf,, ||z,||x > 0. Every C(K) space has the (P) property
(see [17, II1.D.33]).

We refer to [5] for infinite-dimensional holomorphy background.
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Proposition 1.1. If the canonical inclusion E — E** is a limited operator,
then E* is a Schur space. Conversely, if E* is a Schur space and (i) E** is a
Grothendieck space or (ii) E has the (P) property, then the canonical embedding
of E into E** is limited.

Proof. If the canonical inclusion E — E** is a limited operator, then the
natural projection wg«: E*** — E* is weak™-to-norm sequentially continuous.
Therefore the identity on E* as a composition of the canonical embedding in
E*** and the natural projection is weak-to-norm sequentially continuous, i.e., E*
is a Schur space. For the converse statement (i), note that mg«: E*** — E* is
weak-weak sequentially continuous, hence weak*-to-norm sequentially continuous
by the assumptions on E* and E**. And for the (ii) case, mg~: E*** — E* is
weak*-to-weak sequentially continuous by [10, Proposition 3.6, p. 131]. o

Note. If the canonical inclusion E — FE** s a limited operator, then
Hy(E) = Hyu(E). This is so because then E* is a Schur space, hence E has
the Dunford—Pettis property and does not contain copies of ;.

In the sequel, we aim at studying whether important classes of Banach spaces
belong to the class % .

Firstly, we observe that for no (isomorphic) infinite-dimensional dual space
X*, the canonical inclusion X* — X*** can be limited, since otherwise by com-
posing it with the restriction to X operator, o: X*** — X* it would turn out
that the identity on X* would be a limited operator. Therefore, no dual space
belongs to % .

When does a C(K)-space belong to .% 7 The above proposition shows that in
this setting of Banach spaces of continuous functions the condition of E* being a
Schur space is equivalent to the bounded sets in E being bounding in the bidual:
Indeed, if C(K)* is a Schur space, then C(K) does not contain a copy of [,
hence by [13] its bidual is isomorphic to I (I) for some set I. But then C(K)**
is a Grothendieck space, so the bounded sets in C(K) are limited in C'(K)** and
furthermore bounding there because of [11, Theorem 1].

Since ¢y € % and it is an M-ideal in [*® one wonders whether there are any
connections between % and the class of Banach spaces F which are an M-ideal
in E**. We are to see that there is no a clear connection.

On one hand, for the Lorentz sequence space d(w, 1) ([10, p. 103]), its predual
E =d.(w,1) is known to be an M-ideal in its bidual ([10, III 1.4]). However, the
unit basis of d(w, 1) is weakly null, so d(w,1) is not a Schur space. Hence, it
turns out that the canonical inclusion £ — E** is not a limited operator. Thus,
not every bounded set in E is bounding in E**. Another (simpler) example is
the following: According to [10, III Examples 1.4(f) and (g)], for 1 < p < oo, the
space K (l,) of compact linear operators of [,,, is an M-ideal in its bidual. However
K(l,)* is not a Schur space since K (l,,) does not have the Dunford-Pettis property
since it contains a complemented copy of the reflexive space [,,.
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On the other hand, the condition of E being an M-ideal in E** is not neces-
sary for their bounded sets being bounding in £**. The Bourgain—-Delbaen Banach
space Y —introduced in [2]—is shown there to satisfy Y* ~ [; and not to contain
any copy of c¢g. Thus Y** = [, is a Grothendieck space and Proposition 1.1
applies. Further, again by Josefson’s result the limited sets in Y** are bounding
sets, so it turns out that the bounded sets in Y are bounding in Y **. However,
Y is not an M-ideal in its bidual, since if it were, then it would be isomorphic to
¢o as a consequence of [10, IIT Theorem 3.11]. We also mention in passing that Y
fails the (P) property.

Corollary 1.2. If the Banach space FE is an M-ideal in its bidual, then the
canonical inclusion E — E** is a limited operator if, and only if, E* is a Schur
space.

Proof. Since any Banach space which is an M-ideal in its bidual has the (P)
property ([10, IIT Theorem 3.4]), it suffices to apply Proposition 1.1. o

Is the class % stable by closed subspaces? The Bourgain—Delbaen space Y
also shows that .# is not stable by closed subspaces since, as Haydon [9] proved,
Y contains a subspace isomorphic to some [,,, which clearly does not belong to .% .

Recall ([10, III Theorem 1.6]) that every subspace M of K(l,) is also an
M-ideal in its bidual and those subspaces which embed into ¢y satisfy that M*
are Schur spaces ([14, p. 415]). Moreover, every closed subspace E of ¢ is also an
M-ideal in its bidual, has the Dunford—Pettis property and does not contain any
copy of l;, hence E has the (P) property and E* is a Schur space. Therefore,
the canonical inclusion £ — E** is a limited operator. So the arising question is:
Does every closed subspace of ¢y have its bounded sets bounding in the bidual?
Actually this question has a positive answer which reduces to Josefson’s result
that c¢g € % .

Proposition 1.3. The bounded sets in every closed subspace E of ¢y are
bounding in E**.

Proof.  To begin with, note that since E has the DP property and does
not contain any copy of 1y, Hy(F) = Hyy(F), the space of entire functions on
E which are weakly uniformly continuous on bounded sets. Moreover E* is a
separable space, hence by Corollary 12 in [3], Hyu(E) = Hysc(E), the space of
weakly sequentially continuous entire functions on FE'.

Let f be entire on E with extension, f, to E**. If f ¢ Hy(E), f is
not weakly sequentially continuous, thus there is a sequence (z,) C E weakly
convergent to a € F such that (f(xn)) does not converge to f(a). By considering
the function g(z) = f(z 4+ a) we may assume that a = 0. Clearly, (z,) cannot
be a norm null sequence, hence by the Bessaga—Pelczyniski selection principle (see
[4, Chapter V, p. 46]) there is a subsequence of (x,) which is a basic sequence
equivalent to a block basic sequence taken with respect to the unit vector basis
of ¢, and further such subsequence spans a Banach subspace X of E which is
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complemented in ¢y along a projection p (see [8, Proposition 249]). There is no
loss of generality assuming that the sequence (z,) is such a subsequence. Now
f|x+ is an extension to X of the function f|x, and therefore, f|y++ op** is an
extension of f|x op to I, . Further, since ¢y € %, it follows that f|x op belongs
to Hp(cp), so it has to be a weakly sequentially continuous function and this is
prevented by the choice of (z,) C X. o

We end this section with another positive result.

Proposition 1.4. % is stable by products and quotients.

Proof. (a)Let E,F € . Let f € H(E** x F**) and consider a bounded set
in E¥x F which we may suppose to be AxB with A C F and B C F both bounded
sets. We check that the collection {f(z,)}rca C H(F**) is 79 bounded: Indeed,
for any compact subset K of F**, the collection {f(-,y)}yex C (H(E*), 7o) is
bounded, hence is 75 bounded ([5, 2.44, 2.46]). In addition, since A is bounding
in E** || flla =sup{|f(z)| : z € A} defines a 75 continuous seminorm in H (E**)
by [5, 4.18], so we have

sup sup | f(w, y)| = sup sup | f(z, y)| = sup LFC-s9)lla < o0,

reAyeK yeK x€A
as we wanted. Now, since B is bounding in F**, we have that {f(x,-)}zeca is
bounded for the || - ||p seminorm, hence {|f(x,y)|}zcayep is bounded and so
A x B is shown to be bounding in E** x F**.

(b) If F' is a quotient of a Banach space E € .%, then F belongs to . as
well: Let ¢: E — F be the quotient mapping and f € H(F') with a holomorphic
extension g to F**. Then go ¢ is a holomorphic function in E** which extends
foq. Therefore, foq € Hy(E) and since any bounded subset A C F' is contained
in ¢(B) for some bounded set B, it follows that f is bounded in A. o

2. The example ¢y(l%)

In this section we consider X = ¢(l5). X* enjoys the Schur property, yet
its dual fails the Dunford—Pettis property, and it was the first example of a space
with the Dunford—Pettis property whose dual lacks it, a fact discovered by C.
Stegall [16]. Thus in view of Proposition 1.1 we found it suitable to explore whether
X belongs to & .

We now set some notation. Consider a partition of N by defining for each

n € N the interval
—1 1
I, = {%H@] N

Stegall’s example is

X = {( el Z(Z \xzﬁ) " < oo}.

n=1 “el,
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The canonical predual of X is the space

X = {(xi) €1 : lim SUp(Z \xiP)l/Q = 0}.

— 00
nzk \ier,

Observe that X coincides with the closed linear span in X  of the unit
vectors {ej = (Onj)neN, J € N}.
The dual of X can be represented by

X = {(m € 1™ : sup (Z |m¢|2)1/2 < oo}.

neN icl,

Let S be a subset of N. A sequence of complex numbers = = (z;) is said to
have support in S if x; = 0 for each i ¢ S. If, moreover, = belongs to a sequence
space F, then we write x € Eg.

B(E) denotes the closed unit ball of E whatever the normed space E be.

For f: E — C we denote | f|s =sup,cpgy) |f(2)].

Let (p;)ien be a strictly increasing sequence of natural numbers. For each

t € N, let ap,y1,...,0p,, be scalars at least one of which is nonzero, and let
_ Pi+1
u; =) ;2,11 aje; be ablock sequence taken from (ei)ien- The sequence (u;);en

is called totally disjoint with respect to (I,,)nen whenever p; € I, piy1 € Iy
and n; # n;. '

We remark that a block sequence (u;);en may be written as u; = ZjeUi aje;,
where U; = UjeFi I; and F; is a finite subset of N. Further, if p; € I, pit1 € I,
such that I, N Iy = () we can choose the subsets F; such that max F; < min F;,
and in this case (u;);en is a totally disjoint sequence.

In the sequel we consider a sequence (U, )n,en of subsets of N such that for
each n

(i) Un =U,er, I, where F, is a finite subset of N and

(ii) max F,, < min F, ;.

Condition (ii) implies U, N U,, = 0 for each m # n.

It is not difficult to show that if the sequence (u;)ien, w; = ZjeUi aje;,
is totally disjoint and sup;en ||ui]| < C for some positive constant C', then the
partial sums of the series ) 6,u; are bounded by C - sup, |#;| and so the formal
series Y O;u; defines an element in X o

To prove the next theorem we will make use of the following result which
extends a similar one from Dineen ([6, p. 299]) valid for I .

Lemma 2.1. Let Q be a continuous polynomial in X such that Q(0) = 0.
Let N’ C N be an infinite set. Then for each € > 0 there is an infinite subset
S C N’ such that

||Q||Un€SUn < €.
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Proof. First we consider a homogeneous polynomial P. Suppose that there
is an € > 0 such that for each infinite subset S C N’ we have

1Pllunest, > e

Let (S;); be a disjoint partition of N’ into an infinite number of infinite sets.
Then
|Pllu,es,v0, >¢€ forallieN.

Thus, given i € N thereis an x; in X, cs,U, With lzi|]| <1 suchthat |P(x;)| > ¢.
Now, by Lemma 1.9 of [6] we have that

l l
=1 =1

Since the sequence (x;) has pairwise disjoint Support it follows that for |0;| =

1,i=1,...,1 and any [ € N, the combination Z _,0;x; € B(X ). So, for all
leN we have

2

sup
|6;|=1

2 l

> |P(x)]? > 12,
=1

This leads to a contradiction when we let [ — oo.

Finally, let @ be an arbitrary continuous polynomial with Q(0) = 0. Then
there are homogeneous continuous polynomials P; such that @ = ZT:O P; and, by
the above, we may find inductively infinite subsets S; C S;_1 C N, j=1,...,m
such that [|Pjl|u,cs v, <¢&/m. Consequently, [|Q[lu,cs,, v, <€ 8

IPIP > sup |P (Ze )

[0;]=1

Theorem 2.2. Let (u;)ien be a totally disjoint sequence in B(X ) given
by wi =3 ey, aje; for each i. Then A = {u; :i € N} is a bounding set in X"

Proof.  Suppose the set A is not bounding in X . Then there exists an
entire function f = > P, € H(X ") such that f is not bounded in A. By
Lemma 4.50 in [6] this implies the existence of § > 0 and strictly increasing

subsequences (m,) C N, (v,) C N such that

Py, ()| > foralln € N.

We will show that this inequality cannot hold by using an inductive argument.

Given the polynomial y € X+ Py, (tm, +y) — Py, (tm,), Lemma 2.1 shows
that there is an infinite subset S; C Sy := {m,, : n € N} such that

4]

71
%‘) for allyEB(XU s, Un)-

Py (i, + ) — Py ()| < (
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Since 57 is an infinite subset of Sy there is m; € Sy with j > 1. Without
loss of generality we may suppose that j = 2. Thus u,,, € B(XU nes Un ). Put

01 = 1. Now, by Lemma 1.9(b) in [6], there is 62 € C with |f3] = 1 such that
‘p’Yz (elum1 + 02um2)|2 > ‘P’Yz (elum1)‘2 + ‘P’Yz (um2)|2 > 62%'

The next step is to consider the polynomial y € X Py, (01U, +02um, +1)
—P,,(01up,, + 02uy,,). Again Lemma 2.1 shows that there is an infinite subset
Sy C 51, such that

5 Y2
|P’Yz (Qluﬂh + 92um2 + y) - P’Yz (01Um1 + 02Um2>| < <7 )
2

for all y € B(XU nesyUn ). Hence for all y € B(XU nesyUn )5

) 2
|P’yz (Qluml + 02um2 + y)| > |P’Y2 (Qlum1 + 92Um2)| - (g)

Y2 V2
>mz_(i) ><§) .
N 72! —\2

Arguing by induction we obtain a decreasing sequence (S;) of infinite subsets
of N, and a sequence (6);, #; = 1, in the unit sphere of C such that

J Vi
6 J
P,yj<§ Qkumk-i—y)‘z <§) for all y € B(X_, nes; Un ).
k=1

We set a = (q;) € X" defined by a; = Oraze; if 1 € Up, for some k € N,
and a; = 0 otherwise. That is, a is the formal series 22021 Ok U, -

Since the sets Uy are disjoint, the vectors ux have disjoint supports, so a €
B(X"") and also a— Zk L Oktim, € B(X) nes,Un ). Then from the latter inequality

we conclude

1/
1P (a) [ =

|

(Z Optim, + (a — ; 0kumk))

Since {a} is a compact set in X, it follows that lim; . [Py, (a)|/% = 0. A
contradiction. o

To prove the next theorem we need the following lemma.

Lemma 2.3. Let (u;);en be a totally disjoint bounded sequence given by

u; = f““pl 1 aje; for each @ € N. Then there exists a projection Q: X —

span|u;] .
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Proof. Let (u});en be a sequence in X* such that ||u}| = 1,uju; = 1 for
each i € N and uj(e;) =0 for j ¢ {p; +1,...,pi+1}.

If we define Q(z) = > 2, uj(x)u; for each z = (z;) € X, since uj(z) =
wi (352 L1 wje;), we have that

Dit+1 [e'e] Pi41
i@ < || D wey| <2A|> D wjey|| <24,
Jj=pi+1 i=1 j=p;+1

where A is the basis constant for (e, ),en. Then

oo [ee) Pi+1

! /
> " uj(x)u; ) U< ) Wjej)ui
i=1

i=1 Jj=pi+1
So @ is a continuous projection. o

Pit1
_ i Y e )| <24l

J=pi+1

< sup
7

Theorem 2.4. Every bounded subset of X is bounding in X .

Proof. Notice that X is separable. So, by a result of [3], it is sufficient to
prove that every weakly compact subset of X is boundingin X . So by Eberlein’s
theorem, it suffices to show that every weakly convergent sequence (x;) C X is
a bounding set in X . We may assume that (z;) is weakly null since bounding
sets are also bounding after translation.

Suppose that (x;) is not a bounding subset in X . Then, there is an entire
function f = - Pn € H(X"") which is unbounded on the set {z; : i € N}.
Thus, by Lemma 4.50 in [6] there exist a subsequence of (x;) (which we are going
to denote in the same way), a subsequence (P,,), and § > 0 such that

Py ()| > 6

Since (z;) is a weakly null non null sequence, we find by the Bessaga—
Pelczynski selection principle, a subsequence (zp,) equivalent to a basic block
sequence taken from (e;). That is, there is a strictly increasing sequence (p;) C N
such that (z,) = (u;), where u; = Y 5™ | aje; for i € N. Since (p;) is strictly
increasing we may assume, passing to subsequences if necessary, that (u;) is totally
disjoint, and henceforth a bounding set in X .

Since (zy,) is equivalent to (u;), there exists an isomorphism 7" from [u;, i €
N] onto [zy,, ¢ € NJ such that T'(u;) = xy, for each i € N. Let T**: [u;, © €
N|** — [z}, i € N]** be the double transpose of T and let Q**: X —
[u;, © € N]** be the double transpose of the projection defined in Lemma 2.3.
Since f € H(X ") we have that foT** o Q™ € H(X ) and foT* o Q"
coincides with foT o Q.

Finally, since {u; : i € N} is a bounding subset in X** by Theorem 2.2, we
get that lim; [Py, oT"" o Q**(u;)|Y/ ™ = 0 for each i € N, but lim; [Py, o
T o Q**(u;)|"/ " = lim, \Pwi o T o Q(u;)|Y/ ™ = lim, \Pwi (zx,)]Y/ . So,
lim; [P, (zx, )|/ = 0. This contradicts our assumption and completes the
proof. o
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