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Abstract. In this paper we discuss the problems on the fixed points of meromorphic solu-
tions of higher order linear differential equations with meromorphic coefficients and their deriva-
tives. Because of the restriction of differential equations, we obtain that the properties of fixed
points of meromorphic solutions of higher order linear differential equations with meromorphic
coefficients and their derivatives are more interesting than those of general transcendental mero-
morphic functions. Some estimates of the exponent of convergence of fixed points of solutions and
their derivatives are obtained.

1. Introduction and main results

Many important results have been obtained on the fixed points of general
transcendental meromorphic functions for almost four decades (see [14]). How-
ever, there are few studies on the fixed points of solutions of differential equations.
In [3], Chen Zong-Xuan at first studied the problems on the fixed points and
hyper-order of solutions of second order linear differential equations with entire
coefficients. In [11], Wang and Yi studied the problems on the fixed points and hy-
per order of differential polynomials generated by solutions of second order linear
differential equations with meromorphic coefficients. In [9], I. Laine and J. Rieppo
had given an extension and improvement of the results in [11]; they studied the
problems on the fixed points and iterated order of differential polynomials gener-
ated by solutions of second order linear differential equations with meromorphic
coefficients. In [10], Wang and Lii studied the problems on the fixed points and
hyper-order of solutions of second order linear differential equations with mero-
morphic coefficients and their derivatives. The main purpose of this paper is to
extend some results in [10] to the case of higher order linear differential equations
with meromorphic coefficients.

In this paper, we shall assume that the reader is familiar with the fundamen-
tal results and the standard notation of R. Nevanlinna’s theory of meromorphic
functions (see [4], [13], [12], [8]). In addition, let o(f) denote the order of growth
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of the meromorphic function f(z), A(f) denote the exponent of convergence of
the sequence of distinct zeros of f, v¢(r) denote the central index of f(z). In
order to give some estimates of fixed points, we recall the following definitions (see

31, [7], [9])

Definition 1.1. Let 21, 22,..., |2;] =7;, 0 <r; <ry <---, be the sequence
of distinct fixed points of a transcendental meromorphic function f. Then 7(f),
the exponent of convergence of the sequence of distinct fixed points of f, is defined

by
7(f) = inf{T >0 ’ Z\Zj\_T < —l—oo}.
j=1

It is evident that

Definition 1.2. Suppose that f(z) be a meromorphic function of infinite
order. Then the hyper-order oo(f) of f(z) is defined by

oo(f) = Tom 08108 T )

r—00 logr

Definition 1.3. Let f be a meromorphic function. Then Ay(f), the hyper-
exponent of convergence of the sequence of distinct zeros of f, is defined by

loglog N <r, l)
%olf) = T !

r—00 logr

)

and T5(f), the hyper-exponent of convergence of the sequence of distinct fixed
points of f, is defined by

loglogN(r, 1 )
7o(f) = Tm f=z)

r—00 logr

Definition 1.4 ([2], [6]). Let P(z) be rational and of the form P;(z)/Ps(2),
where P;(z) and P5(z) are two polynomials. We denote by di( P), the “degree at
infinity” of P, defined by

(1.1) di(P) = deg P1(z) — deg Ps(2).

In [10], Wang and Lii obtained the following results.
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Theorem A. Suppose that P(z) = Pi(z)/P2(z) # 0 be a rational func-
tion with n = di(P). Then every transcendental meromorphic solution f of the
equation

(1.2) '+ P()f =0
satisfies that f and f’, f” all have infinitely many fixed points and

7(f) =7(f") =7(f") = o(f) = max{3(n +2),0}.

Theorem B. Suppose that A(z) be a transcendental meromorphic function
satisfying 0(co, A) > 0, 0(A) = 0 < +o0o0. Then every meromorphic solution
f #Z 0 of the equation

(1.3) f"+AR)f=0
satisfies that f and f’, f" all have infinitely many fixed points and

T(f)=7(f") =7(f") = o(f) = +o0, Ta(f) =Ta2(f") =T2(f") = 02(f) = 0.

Remark 1.1. In [10], Wang and Lii did not give the detailed proof of The-
orem A, they only proved that o(f) = max{i(n+2),0}, and omit the proof of
7(f) =7(f") = 7(f") = o(f). In fact, when n = —2, we cannot prove that
7(f") = 7(f") = o(f) by using the similar method as the proof of Theorem B
in [10]; please look at Remark 3.1 in Section 3.

In this paper, we shall prove the following two theorems.

Theorem 1.1. Suppose that P(z) = Py(z)/P2(z) Z 0 be a rational function
with n = di(P), and k be an integer with k > 2. Then:

(1) Every transcendental meromorphic solution f of the equation
(1.4) F® + P(z)f =0

satisfies o(f) = max{(n+ k)/k,0}.
(2) If n # —k, then every meromorphic solution f # 0 of the equation (1.4)
satisfies that f and f’,f"”,..., f%) all have infinitely many fixed points and

() =7(f)=-=7(f¥) = max{n Z k,o}.

(3) If n = —k, then every transcendental meromorphic solution f of the
equation (1.4) satisfies that f and f’, f",..., f*=2) all have infinitely many fixed
points and

() =T = =) =0
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Remark 1.2. Setting k£ = 2 in Theorem 1.1, we get Theorem 1 of [10] or
Theorem A, which contains the related results in [1]. From Theorem 1.1, we know
that every transcendental meromorphic solution f of equation (1.4) has infinitely
many fixed points. In addition, if n = —k, there exists some equations of the form
(1.4) that may have solutions with finite fixed points. For example, the equation

6
z2(z—=2)(z—5)

f///_ f:O

has a family of polynomial solutions { f. = cz(z—2)(2—5); ¢ is a constant } , which
have at most three fixed points.

Theorem 1.2. Suppose that k > 2 and A(z) be a transcendental mero-
morphic function satisfying 6(co, A) = 6 > 0, 0(A) = 0 < +oo. Then every
meromorphic solution f # 0 of the equation

(1.5) f® 4 A(z)f =0
satisfies that f and f', f",..., f%) all have infinitely many fixed points and

(1.6)  F(H=7() =0a(f) =400, Tao(f) =T2(fP)) =02(f) =0,

for j=1,...,k.

Remark 1.3. Setting k£ = 2 in Theorem 1.2, we get Theorem 2 of [10] or
Theorem B.

2. Some lemmas

Lemma 2.1 ([11]). Suppose that f(z) = g(z)/d(z) is a meromorphic function
with o(f) = o, where g(z) is an entire function and d(z) is a polynomial. Then
there exists a sequence {r;}, r; — oo, such that for all z satisfying |z| = rj,
lg(2)| = M(r;,g), when j sufficiently large, we have

(n) (4 ve(ri)\ "
T = (M) ez

1 :
o(f)= lim 7ogvg(r]).
j—oo  logr;

Lemma 2.2. Suppose that k > 2 and A(z) is a transcendental meromorphic
function with §(co, A) = > 0 and o0(A) = 0 < +oo. Then every meromorphic
solution f # 0 of equation (1.5) satisfies o(f) = +oc and o2(f) =0.
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Proof. Suppose that f # 0 is a meromorphic solution of (1.5). Rewrite (1.5)
as

f(k)
_T.

By the lemma of logarithmic derivatives, there exists a set ¥ with finite linear
measure such that m(r, A) < clog(rT(r, f)) for r ¢ E, where c is a positive
constant.

It follows from the definition of deficiency that for sufficiently large r, we have
m(r,A) > 16T (r, A). So when r ¢ E sufficiently large, we have

(2.1) A=

(2.2) T(r,A) < %log(rT(r, f))-

Hence by the definition of hyper-order, we obtain that o(f) = +o0, and

(2.3) oo(f) = im M

>o0(A) =o0.
r—+400 log?" _J( ) “

On the other hand, we know that the poles of f can only occur at the poles of
A,s0 AN(1/f) < o(A). According to the Hadamard factorization theorem, we can
write f as f(z) = g(2)/d(z), where d(z) and g(z) are entire functions satisfying
ANd) =0(d) = XN1/f) <o < 02(9) = o2(f). Substituting f(z) = g(z)/d(z) into
(1.5), by Theorem 2.1 in [7], we get

(2.4) a2(f) = oa(g) < o

Hence o5(f) = 0. This completes the proof.

Lemma 2.3. Suppose that k be a positive integer and f(z) be a nonzero
solution of equation (1.5). Let wg = f —z, w1 = f' — 2z, wy = f"”" — z. Then wy,
wy and wsy satisfy the following equations:

(2.5) — w(()k) — Awg = zA, ifk > 2;
(2.6) — Aw%k) + A'wgk_l) — A%wy = 2A%, ifk > 3;
(2.7) — A% 244" wF Y 4 (447 — 2(A)2)wFP — ABw,
= 2A3, ifk > 4;
. — Aw] + A'w — A*wy = 2A? — A, ifk = 2;
(2.9) — A%wY + 2AA W + (AA” — 2(A)? — A3 )w,

= 2A3 —2AA" +22(A)? — 2AA" ifk=2;
(2.10) — A%wY + 2AA"wY + (AA” — 24wl — APw,
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=2A% — AA" +2A7, ifk = 3;
(2.11) — APwy +3A2A'wY +3A(AA" — 2(A")?)w)
+ (A%A" —6AA'A” +6A" — AYws
= 2A* —3A(AA" —2A")
— 2(A%A" —6AA'A" +6A%), ifk = 3.

Proof. From f = wg + z, we have that f(*) = w(()k) for k£ > 2. Substituting
it into (1.5), we get f = —wék)/A, that is, wo + 2z = —w(()k)/A. From this, we
obtain (2.5).

According to the equality f' = w; + z, we obtain that f*) = wgk_l)
for k& > 3. Substituting it into (1.5), we get f = —w%k_l)/A, so that f' =
(—wgk)A + wgk_l)A’)/AQ, that is, wy +2z = (—wgk)A + wgk_l)A’)/AQ. From this,
we obtain (2.6).

By the equality f” = ws + z, we get that f*) = wék_m for k > 4. Substi-
tuting it into (1.5), we get f = —wék_z)/A, so that

f// _ (f/)/ _ (_wék_l)A + wék_Z)A/ ) /
— (') = —
A28 424w Y (A4 - 242wy

A3 ’
that is,

— A0S 240w Y + (447 — 242w
A3 '

Wy + 2 =

From this, we obtain (2.7).
We may prove equations (2.9)—(2.11) similarly. Hence the proof of Lemma 2.3
is complete.

Let ¢, j are two non-negative integers. Now we define the notation H,;(A)
as follows.

(1) For any non-negative integer i, we define H;o(A) = —A?;

(2) For any non-negative integer i, Hy;(A) and H;;_1)(A) are defined by the
following recurrence formula:

Hit1)(i+1)(A)
Hi12)(i+1)(A)

[Hii(A)) = (i +1)A" - Hii(A),
[H(it1)i(A)] = (i +2)A" - H(i11),(A)

+ A Hiipyiv1)(4),
Hyo(A) = -1, Hyg(A) = —A;

—A.
—A.
(2.12)
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(3) For i > 3 and 1 < j <i—2, H;j(A) are defined as a sum of a finite
number of terms of the type

(2.13) B = bAoA ... (Al

where b is a constant, lg,l1,...,[;11 are non-negative integers such that [y +[; +
oot lipr=dand Iy +2lp+ -+ (i + 1)1 = j. It is obvious that H;;(A) is a
differential polynomial of A. Moreover, this notation H;;(A), 1 <j <i—2, may
represent a different differential polynomial of A in different occurrences, even
within one single formula.

By the definition of H;;(A), simple computation yields

Hyo(A) 1,
Hyp(A) = —A,
Hi1(A) = A%
Hyo(A) = — A2
Hy (A) =2AA,
(2.14) Hyy(A) = AA" — 247,
Hsp(A) = 3A%A" —6AA"
Hs3(A) = A2A" —6AA' A" + 6A",
A (Hyj(A) = Hiyaygi(A) for 0 < j <i—2;
A" Hij(A) = Hipryj1)(A) for 0 < j <i—2;
A-Hij(A) = Hq11);(A) for 0 <j<i—1.

Lemma 2.4. Suppose that f(z) is a nonzero solution of equation (1.5) and
k>2. Let w, = f% —2, i=0,1,...,k —2. Then w; satisfy the following
equations:

(2.15) ST H (Aw ) — At = 2T i =0,1,. k-2,

(2

where H;;(A) are defined by (2.12)—(2.14).

Proof. When k =2 or 3, 4, by Lemma 2.3 and (2.12)—(2.14), it is evident that
(2.15) hold. In the following, we suppose that k > 5. We shall use an inductive
method to prove it.

At first, by Lemma 2.3 and (2.14), we get that (2.15) hold for ¢ = 0,1, 2.

Next, suppose that w;, 2 < i < k — 3, satisfy (2.15). Now we verify that
w;4+1 also satisfies (2.15).
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From w; + z = f(i) and w;y1 + 2= f(iH), we know that
w7 = ™I =01, 0, i<k -3,

Since w; satisfies (2.15), we have

k—
S o Hig(A)yw*™
Az—l—l ’

fO =w; + 2=

so by (2.14) and (2.12), we obtain

; by _ ((Limo His (A"
f<+1>:(f<>):( =0 e )

. Z;:OHU(A) z(LJ Y
- Aitl

71 Z / (k 1) (k—3) 141
~ A20+1) { [Z (Hij(A)) wH_lj + g Hij(A)w; 7| A
j=0

Ay mﬂA)wﬁ?‘”}

§=0
1 i—2
k—j—1 I (k—i
- Ai+2{ZH(i+1)(j+1)(A)wz(+1j )+A(Hi(i—1)(A)) ’L(+1)
j=0
+ A(H;i(A)) /wz(_’ill 2 -I—ZAH” Z(_k;lj)
o (Z + 1)A/ ZHZJ( E_’T_lj 1)}
§=0
1 i—1
- Ai+1+1{ZH(i+1)j(A) 'E—|—1 )+H(z+1)z<A) EHZ)
j=1
k—i—
+H(i+1)(i+1)(A) §+1 Y
k
ZH@H w7 4+ Hip(A) - Aw®)

1—1
DS Hgy (A 5.";1”}

j=1
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1+1
1 i+1, (k) (k—3)
= ALt {_A " Wiy + ZH(Z‘H)J z+1j

i+1
1 i
- Ait1+1 E :H(i+1)j(A)w§+1j) = w;+1 + 2.
Jj=0

From the above equality, we obtain that w;;; also satisfies (2.15). This
completes the proof.

Lemma 2.5. Suppose that f(z) # 0 is a solution of equation (1.5) and
k>2. Let wy_1 = f* 1 — 2. Then wy_, satisfies

(216) Z H(k—l)j(A)wlgk__lj) — Akwk_l = ZAk — H(k—l)(k—l) (A),

where H;; are defined by (2.12)(2.14).

Proof. When k =2 or 3, by (2.8), (2.10) and (2.14), it is evident that (2.16)
holds. When %k > 4, from wy_o = f*=2) — 2 and wy_1 = f*~Y — 2, we obtain

Wk — ™Y 01,2, k=3, wf_, =l +1.

Since wy_o satisfies (2.15), rewrite it as

k
E] OH(k Q)J(A)wl(@ QJ)

fO =wp g+ 2=

AR—1 )
so by (2.14) and (2.12), we have
f(k: 1) (f(k: 2)
e
Z H(k 2) (A>wl(€_2j) /
Ak—1
E—j—1
S Hiomoyi (A)wit ™ 4 Hiy oy (A) (W) +1)
AR—1
1 k—3 )
k—j—1) k
- A2(k—1){[Z(H(k—2)j(A w,(c 1‘7 +ZH(k 2); (A)w, -’
§=0

+ (H(k—Q)(k—Z)(A»/(w;c—l +1) + H(k—Q)(k—Z)(A)w;c/—l} AFL
— k—j—1
- {Z Hpz; (A)wy Y

+ H—2)(k—2) (A) (wy,_; + 1)] (k — 1)Ak_2A/}
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k=3

k—4
1 k—j—1 -
- E{ZA(Hw—z)j(A)) Wl T Y AH g (A
§=0 j=0

+ A(H (—2) (e—3)(A)) iy — (k = 1) A" H a3y (Aw
+ AH (1) (-2 (A)wil_; + A(H(k—2yk-2)(A)) (w},_; + 1)
— (k= 1)A"H(_2y(5—2)(A)(wp,_; + 1)

2

—4
- (k- 1)A'H(k_2>j(A)w,g I 1>}

= O

j:

1 (%= N
j (k

:A_{ Hk—1)(j+1)(A) wk: 1‘7 +ZH(’€ 1); (A wk: Py

<.
o

+ AH(k—Q)O(A)w](c—)l + H(k—l)(k—Q) (A)wi—y
+ Hip—1yre—1) (A) (wp_y +1)

k—4
- (k- 1) H 1) (1) (A)wf 7™ 1)}

7=0
1 k—3
— k k
= ﬂ{—Ak 1QUIE:_)1 + ZH(k_l)J(A)wIE: 1‘7)
=1

+ Hj—1)(h—2) (A)wy 1 + Hg—1y(e—1) (A) (wp_q + 1)}

k—1
1 »
T AR {Z Hieony (A + H(k—l)(k—n(A)} = wp_1 + 2.
=0

From the above equality we get (2.16). This completes the proof.

Lemma 2.6. Suppose that f(z) # 0 is a solution of equation (1.5) and
k>2. Let wy = f(k) — z. Then w;, satisfies

(2.17) ZH’W J)-I—(H (A)— ARy, = 2 AN — Hy 1y (A) —2Hp (A),

where Hij are defined by (2.12)—-(2.14).
Proof. When k =2, by (2.9) and (2.14), it is evident that (2.17) holds.
When k > 3, we obtain from wy_; = f*~Y — 2 and wy, = f*) — 2,

w7 =" 01, k-3,

12 /
Wy 1 = Wy, + 17

Wy, =wg + 2 — 1.
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Since wy_1 satisfies (2.16), rewrite it as

-
Z] -0 H(k 1)](A)w](c—1j) + H—1y—1)(A)
Ak ’

FEY =+ 2=
so by (2.14) and (2.12), we have

£ = (4=0y
<Z] “o Hiie 1)J(A)wl(ck—_1j)+H(k—1)(k—1)(A>)/

Ak
S Hmn)g (Al 4 Hgoop) oy (A) (w), + 1)
Ak
n Hiy— -y (A)(we + 2 - 1) + H(k—l)(k—l)(A))/
Ak
S Hiemny (A)wl ™7 Hgo_py oz (A) (w), +1)
Ak
H—1)h—1)(A) (wr, + 2) '
+ Ak

k—3
1
:ﬁ{[z(ﬂw—l)ﬂfl w7 1)+Zﬂ(k by (Al

=0
+ (H(k—1)(k—2)(A)) (wp +1) + H(k—1)(k—2)(f4)w;cl

+ (H(p—1)(k—1)(A)) (wr + 2) + H(p—1) (k-1 (A) (w}, + 1) | A*
N {Z ey (Al ™ 4+ Hi 1) (A) (wf + 1)

+ H(k—l)(k—l)(A)(wk + Z):| kAk—lA/}

k—3
1 i1
:Ak+1{ZHk(j+1)(A)wl(c 7=
=0

+ AHg_1yo(A)wy” + 3 Hig(A)ywp ™

j_
12

+ A(H(k—l)(k—Q)(A)) (wi + 1) + AH (k1) (k—2)(A)wy
+ A(Hge-1y(r-1)(A)) (wr + 2)
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+ AH g 1y(k-1) (A) (W), + 1) = KA Hg 1y (1—2) (A) (w}, + 1)

k—3
— kA/H(k—l)(k—l)(A) (wk + Z) — Z ka(j—H)(A)w](j_]_l)}
7=0

k—2
1 .
S {Z Hi(A)yw™? — ARl + iy (A) (w), + 1)

j=1

+ Hy—2) (A)wy + Hir(A) (wy, + 2)}

k
1 B
= ARt {Z Hij(A)w™ + Hyeo1y(A) + ZHkk(A>} = wi + 2.
=0

From the above equality we obtain (2.17). This completes the proof.

Lemma 2.7. Suppose that k > 2 and P(z) is a rational function with
n = di(P) < —k < —2. Then there exist two nonzero constants ¢; and cy such
that

c1+o(1)
(218) H(k—l)(k—l) (p) = m as z — 0Q,
and
co + o1
(2.19) Hyr—1)(P) + 2Hyi(P) = 2+ o(1) as z — oo.

Z—n(k—i—l)—l—i—k—l—n

Proof. At first, we prove (2.18) by means of induction.
Since P(z) is a rational function with n = di(P) < —k < —2, we have

(2.20) P(z) = co +o(l) as z — 00,

Z—n
where ¢o # 0 is a constant. From this and (2.14), simple computation yields

nco + o(1)

_ pl _
Hin(P) = P = 202

as z — 00,
where ncy # 0. Hence (2.18) holds, when k = 2.

Furthermore, if (2.18) is assumed to be valid when k = m (> 2), that is,
there exists a constant ¢ # 0 such that

cf +o(1)
H(m—l)(m—l) (p) = Z_nl’rn_m as z — 0Q,
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it must also hold when k = m + 1, since, by (2.12),
Hmm(p) =P [H(m—l)(m—l)(P)]/ —mP’- H(m—l)(m—l)(P)

_co+o(l) & +o(1) 7 nco + o(1) cf +o(1)
- s ’ Z—nm—l—l—m—‘,—n - ’ Z—n—l—l ’ Z—nm—l—l—m—‘,—n

(1 —m —n)eocy +o(1)
z—n(m+1)—1+(m+1)+n
c1+o(1)

= —
»—n(m+1)—1+(m+1)+n as 2 0,

where ¢; = (1 —m —n)cocf # 0. Hence (2.18) holds.
Next, we prove (2.19) by means of induction. By (2.20) and (2.14), simple
computation yields

n(l —n)c3 + o(1)
S —2nt1

Hy1(P) 4 zHye(P) = 2PP’ + 2(PP" — 2P?) =

_ ch+o(1)
T ,—4n+43
where ¢ = n(1—n)c3 # 0. Hence (2.19) holds, when k = 2.
Furthermore, if (2.19) is assumed to be valid when k& = m (> 2), that is,
there exists a constant ¢ # 0 such that

as z — 090,

5 +o(1)
Z—n(m+1)—1+m+n

as z — 00,

it must also hold when k =m + 1, since, by (2.12),

Himi1ym(P) + 2H i1y (my1) (P) = PlHpm—1)(P)]" = (m + 1) P Hppy (1) (P)
+ PHyp(P) + 2P - [Hym (P)]
— (m+1)2P" - Hyon(P)
= P[H . (m—1)(P) + 2H o (P)]
— (m + 1)[Hpy(m-1)(P) + 2Hpm (P)]

/

_co+o(l) ¢y +o(1)
o =N ' z—n(m+1)—1+m+n
nco + o(1) ¢y +o(1)
- (m + 1) ' »—n+1 ' »—n(m+1l)—1+m+n

(I =m —n)cocy +0o(1)
y—n(m+2)—1+(m+1)+n
co +0o(1)

= —
»—n(m+2)—1+(m+1)+n as 2 0,

where co = (1 —m —n)cocy # 0. Hence (2.19) holds, and the proof is complete.
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3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.2. Suppose that f # 0 is a meromorphic solution of (1.5).
Then, by Lemma 2.2, we obtain that

o(f) =00, osf) =0

Set w; = fW — 2z, i =0,1,...,k. Then for every i, a point z, is a fixed
points of f(® if and only if zo is a zero of w;, and

(3.1) o(w;) = o(f) = o(f) = +o0, 7(fP)=A(wi),
and
(3.2) o2 (w;) :0'2<f(i)) = oa(f) =0, ?2(f(i)) :)\_2<wi)'

By Lemmas 2.4-2.6, we know that w;, ¢ = 0,1,...,k, satisfy the following
equations:

(3.3) Z Hij(A)w,gk_j) — ATy, = 2ATY i =0,1,...,k—2;
§=0
k—1 ‘

(34) Z H(k—l)j(A>w](ck__1j) - Akwk_l = ZAk - H(k—l)(k—l)(A>;
§=0
k—1 .

(85) Y Hi(Auw 7 4 (Hi(4) = Ay
§=0

= 2AFY — Hyo1y(A) — zHe (A).

Since A is a transcendental meromorphic function, A1z £ 0, i =0,1,..
k — 2. We claim that

°)

2AY — Hy_py—1y(A) £ 0 and  2AM — Hy 1) (A) — 2Hpi(A) # 0.
In fact, if zAF — H—1)(—1)(A) = 0, rewrite it as

_ He—ye-1n(4)

A 2 Ak—1

From this, we obtain that m(r, A) = S(r, A), which contradicts d(co, A) > 0. If
ZARTY — Hio—1)(A) — 2zHp, (A) = 0, rewrite it as

_ ey (A) N Hy(A)

A
z Ak Ak
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Similarly, we may obtain that m(r, A) = S(r, A), which contradicts §(co, A) > 0;
hence the claims hold.
Rewrite (3.3), (3.4) and (3.5) as

1 : w7 i1
(36) m(ZHU(A) Zw‘ —AZ+ ) :E, ZZO,l,...,k—Z,
=0 % 7

1 = wy k 1
3.7 Hoyp (A=l k) = 2
S H—1yk-1)(4) (Z (=13 (4) W1 )

=0 Wg—1
(3.8) :
' AR — Hy o1y (A) — zHyi(A)
k—1 w](ﬁk:—j) -~ 1
X Hyi (A + Hi(A)— A ) = —
<]§:0: k(A= ki (A) or

Hence there exists a set E with finite linear measure such that for r ¢ E | we
have

(3.9) m(r, wi) < 0<m<r, %)) + C(logrT(r,w;)), i=0,1,...,k.

(2

On the other hand, since H;;(A) are differential polynomials of A, according
to their definition, it is easy to get that if zo is a pole of order I (> 1) of A, then
2o is a pole of order li+ j of H;;(A). In the following, we split it into three cases
to discuss the poles of w;:

Case (1): i = 0,1,...,k — 2. Since the coefficients of wgk_j) are H;;(A),
j=0,1,...,i, and the right-hand sides of the equations (3.3) are A1z, by (3.3),
all zeros (except for z = 0) of w;, whose order is larger than k, are zeros of A(z)
(each is not the pole of A, if not, it will lead to a contradiction as follows). Hence

1 — 1 1

Case (2): i = k—1. Suppose that wy_; has a zero of order k; (> k?—k+2)
at point 27, and z; is also the pole of order [ of A(z). We claim that 0 <1 < k—1.
In fact, if { > k, then z; is a pole of order kl of zA* — H—1yk-1)(A4), and 2z
is also a pole of order Iy, Iy < kl — k1 < ki, of the left-hand side in equality
(3.4); this is a contradiction; hence 0 <! < k — 1. At this time, z; is a pole of
order [(k—1)+j of H_1);(A)) for j =0,1,...,k—1. Therefore, by (3.4), direct
computation yields that z; is a zero of order k1 —k(l+1)+1 of the left-hand side of
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equality (3.4), so z1 is also a zero of order ki —k(I+1)+1 of zA* —H,_1y—1)(A).
Especially, ki —k(l+1)+1=k; — (k* —k+1) for = k — 1. Hence

— 1 1
3.11) N|(r, < (K*—k+2 N(r, )-I—N(r, )
i ( ) ( ) We-1 2AP = Ho1) (k1) (4)

Case (3): i = k. Suppose that wy, has a zero of order ko (> k?+k+1) at point
z9, and 2o is also the pole of order t of A(z). We claim that 0 <t < k. In fact,
if t > k+1, then 25 is a pole of order (k+1)t of zA* — Hy,_1)(A) — 2Hpi(A),
and zo is also a pole of order (k+ 1)t — ko of the left-hand side in equality (3.5);
this is a contradiction. Hence 0 <t < k. At this time, 25 is a pole of order tk+ j
of Hy;(A) for 5 =0,1,...,k. Therefore, by (3.5), direct computation yields that
29 is a zero of order ko — k(t + 1) of the left-hand side of equality (3.5), so z3 is
also a zero of order kg — k(t +1) of zA* — Hy 1) (A) — zHy,(A). Especially,
ki —k(t+1) =k — (k> +k) for t = k. Hence
(3.12)

1 — 1 1
Nlir,— | < k2+k+1N<r,—)+N<r, )
< wk) ( ) Wy, ZAR+L — Hk:(k—l)(A) — ZHkk(A)

Note that for sufficiently large r, C'log (rT(r, wl)) < %T(r, w;),1=0,1,...,k.
Because w;, i = 0,1,...,k, are transcendental meromorphic functions and o(A) =
o < 400, so for any given £ > 0, it follows from (3.10)—(3.12) and (3.9) that

Wk—1

— 1
(3.13) T(r,w;) <2(k*+k+1)N (r, —) +0(r’te), i=0,1,...,k,
for r ¢ E5 sufficiently large, where F5 has finite linear measure.
By Definition 1.2, (3.1), (3.2) and (3.13), we obtain that for ¢« = 0,1,...,k,
we have

(3.14)  F(fD) = Nw;) = o(wi) = +o0, Ta(fD) = Xa(wi) = o2(w;) = 0.

That is, each meromorphic solution f # 0 of (1.5) and its f/,..., f(®) all
have infinitely many fixed points and satisfy (1.6). This completes the proof.

Proof of Theorem 1.1. (1) Suppose that f(z) is a transcendental meromorphic
solution of (1.4). Then we know that the poles of f can only occur at the poles
of P(z), so f has only finite poles. According to the Hadamard factorization
theorem, we can write f as f(z) = g(z)/d(z), where g(z) is an entire function
satisfying o(g) = o(f) and d(z) is a polynomial. By Lemma 2.1, for any € > 0,
there exists a sequence {r;}, r; — oo, such that for all z satisfying |z| = 7,
lg(2)] = M (r;,g), when j is large enough, we have

@) _ (),
(3.15) ) —< . )(1+ (1)),

. logu,(rj)
3.16 = lim =>4+ J7
(3.16) o(f) = Jim =S
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Substituting (3.15) into (1.4), we have

] k
(3.17) (ﬁﬁﬁ)(1+mn>=rﬂa+mn%

T

where a is a nonzero constant. From (3.16) and (3.17), we obtain that o(f) =
max{(n + k)/k,0}.

(2): di(P) =n # —k. Suppose that f # 0 is a meromorphic solution of (1.4).
Then f must be a transcendental meromorphic function. In fact, if not, then f
is a rational function. We conclude that f*)(z)/f(2) = (b+0(1))/z" as z — oo
(refer to p. 62 in [4]). On the other hand, since di(P) = n # —k and P(z) # 0,
we have that —P(z) = (bp + 0o(1))/2™™ as z — oo, where by # 0; this contradicts
f®)(2)/f(2) = =P(z) and —n # k. Hence f(z) is a transcendental meromorphic
function. From part (1), we have

(3.18) J(f):max{n_]:k,D}.

Set w; = fW —z,i=0,1,..., k. Then for every i, a point z is a fixed point
of f® if and only if zy is a zero of w;, and

319)  olw) =o(/) =olf) =max{ “TE DY, () = Kwi)

According to Lemmas 2.4-2.6, we know that w;, ¢ = 0,1,...,k, satisfy the
following equations:

(3.20) ST HG(P)w ) — P = 2P =01, k-2
j=0
k—1
k—j :
(3.21) Z H(k—l)j(P)w](c_lj) — Pkwk_l = Zpk — H(k—l)(k—l) (P), if k > 3;
§=0

k—1
(322) Z H].U(p)’wl(j_ﬁ—l— (Hkk(P)—Pk+1)wk = ZPIH_I _Hk(k—l) (p)—ZHkk(P)
j=0
Since P # 0, we conclude that Pitlz £0 for i =0,1,...,k —2. We claim
that
2PY — Hp1ye-1(P) £0 and 2P — Hyg1)(P) — 2Hp,(P) £ 0.

We discuss three subcases below.
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Subcase I: di(P) = n > 0. If zP¥ — H—1y—1)(P) = 0, rewrite it as
P = H,_1y(—1)(P)/P*~*z. Notice that P(z) is a rational function. We have that
PU)(2)/P(z) — 0 as z — co. From this we obtain that H(j—1y(k—1)(P) /2P —
0 as z — oo, which contradicts that P(z) — oo or a nonzero constant. If
2P*H — Hy,1)(P) — zHpi(P) = 0, rewrite it as

Hy.—1\ (P
p_ Hr 1) )+Hkk(P).

2Pk Pk
Similarly, we may obtain that
Hy .1 (P Hy, (P
k(i;}i( ) . k]l;i ) 0 ass— oo

which contradicts that P(z) — oo or a nonzero constant; hence the claims hold.

Subcase II: When —k < di(P) = n < —1, we have P(z) = (co +0(1))/z™"
as z — oo, where ¢y is a nonzero constant. From this, we have

b+ o(1) Pl _ gt +0(1)

k _
(3.23) P = (k1)1

as 2 — OQ.

On the other hand, by (2.12)—(2.14), using a similar argument as in the proof
of Lemma 2.7, we have

di + 0(1)
(324) H(k—l)(k—l) (p) = m as z — 0OQ,
and
do + o(1
(3.25) Hy(p—1)(P) + zHy(P) = 2 +o(l) as z — 00,

Z—n(k—i—l)—l—i—k—l—n

where dy, do are two constants (note that d; or do may be zero). Hence it follows

from (3.23)—(3.25) and k+n > 0 that
2PY — Hp1ye-1(P) 20 and 2P*T' — Hy 1) (P) — 2H,(P) £ 0,

that is, the claims hold.

Subcase III: n = di(P) < —k. By Lemma 2.7, there exist two nonzero
constants ¢y, co such that

c1 4 o(1)

Z—nk—l—l—k—i—n as z — 00,
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and

co +0o(1)

(3.27) Hy(k—1)(P) + zHpr(P) = —n(kt+1)—1+k+n

as 2z — OQ.

Hence it follows from (3.23), (3.26), (3.27) and k + n < 0 that
2P¥ — Hi_1y(—1)(P) 20 and  zP"" — Hy 1) (P) — 2Hpe(P) # 0,

that is, the claims hold.
Rewrite (3.20), (3.21) and (3.22) as

(k 7)
, 1
41 _ = . .
(3.28) Pz—l—l (ZH” W -P ) = o 1=0,1,...,k—2,
k-1 (k—3)
1 wk—l k) 1
3.29 Hio v (P -p — 7
( ) zP* = Hg—1) (k- 1)(P) (]_ZO (k 1)‘7( )wk—l W1
(3.30)
(k 7)

1 1
H H..(P)— Pk} = —.
2P — Hy 1) (P) — 2Hp (P <Z k(P + Hiw(P) ) W

Hence there exists a set E with finite linear measure such that for r ¢ F,
and we have

(3.31) m(r, i) < O(m(r, %)) + C(logrT(r,w;)), i=0,1,...,k.

w;

Applying similar arguments as in the proof of Theorem 1.2, we obtain that

1 — 1 1 .
(332) N(T,E)SkN<T,E)+N<T,W), 22071,,]{3—2,
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Note that for sufficiently large r, C'log (rT(r, wl)) < %T(r, w;),1=0,1,... k.
Because w;, i = 0,1,...,k, are transcendental meromorphic functions and P is
a rational function, so for any given £ > 0, from (3.31)—(3.34), we have

— 1
T(r,w;) <2k*+k+1)N (r, —) +O(logr), i=0,1,...,k,

(2

for r ¢ F3 sufficiently large, where E3 has finite linear measure.
By (3.19), we obtain that for i = 0,1,...,%k, f®(z) all have infinitely many
fixed points and

, - k
(3.35) F(FD) = Awi) = o(w;) = max{ “‘]'; ,0}.
That is, each meromorphic solution f # 0 of (1.4) and its f/,..., (%) all
have infinitely many fixed points and satisfy (3.35).

Case (3): di(P) =n = —k. Suppose that f(z) is a transcendental meromor-
phic solution of (1.4). Set w;(z) = fM(2)—z,i=0,1,...,k—2, since P72 #0
for i =0,1,...,k — 2. Using similar arguments as in part (2), we may prove that
for any given € > 0,

— 1
(3.36) T(r,w;) <2kN (r, —) +O(logr), i=0,1,....,k—2,
for r ¢ E, sufficiently large, where E4 has finite linear measure.

Note that w;, ¢ =0,1,...,k — 2, are transcendental meromorphic functions.
It follows from (3.36) that f and f’, f”,..., f(*~2) all have infinitely many fixed
points and

() =7(f)=-= ?(f(k_Q)) =o(w;) = max{nT—i_k,O} =0.

Hence the proof of Theorem 1.1 is complete.

Remark 3.1. When n = —k in Theorem 1.1, we cannot prove that 7(f*~1)
= 7(f®) = o(f) by using similar arguments as in part (2) of the proof of The-
orem 1.1. Since we cannot prove that zP¥ — H—1y(k—1)(P) # 0 and ZPkH1 —
Hy(p—1)(P) — zHpp(P) # 0 in (3.21) and (3.22), respectively. In fact, if n = —k,
there exist some equations of the form (1.4) such that zP* —H(j—1)(k—1)(P) =0 or
2P* — Hy 1y (P) — 2Hgi(P) = 0. For example, when k = 2, by (2.12)—(2.14),
simple computation yields
2P? — H||(P)=2P?>—-P' =0 for P(z) = ;—22,

and
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2P® — Hyy (P) — 2Hpo(P) = 2P? — 2PP' +22(P')* — 2PP" =0 for P(z) = —.
z
When k = 3, simple computation yields zP? — Hos(P) = 2P3— PP" +2P"? =
0 for P(z) = —6/23, and for P(z) = —24/2, we have
2P* — H3y(P) — zH33(P) = zP* — 3P(PP" — 2P"?)
+6zPP'P" — 2zP*P" — 62P" = 0.
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