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Abstract. Let f be a nonconstant entire function, a a finite complex number, k£ and m
two distinct positive integers, and (k,m) the greatest common divisor of & and m. If f, f®*)
and f(™) share a CM, then

c—1 I "
f(z)= - GJ+ZC]'€/\J )
j=1

where ¢ is a positive integer with ¢ < (k,m), ¢ and C; for 1 < j < ¢ are nonzero constants, and
A\; for 1 < j < g, are distinct nonzero constants satisfying (A\;)¥ = (A\;)™ = ¢, for a # 0, and
(A\)F=c, (\j)™ =d, for a =0, where d is a nonzero constant. This answers a question of Yang
and Yi [14] for entire functions, and extends a result of Csillag [2].

1. Introduction and main results

Let f and g be two nonconstant meromorphic functions in the complex plane,
and let a be a finite complex number. If f(z) —a and g(z) — a have the same
zeros with the same multiplicities, then we say that f and g share a CM.

In 1986, Jank—Mues—Volkmann [8] proved

Theorem A. Let f be a nonconstant meromorphic function and a a nonzero
finite complex number. If f, f' and f” share a CM, then f = f’.

By Theorem A, the following question was posed.

Question 1 (see [6], [7], [13], [14]). Let f be a nonconstant meromorphic
function, a a nonzero finite complex number, and k, m two distinct positive
integers. Suppose that f, f*) and f(") share a CM. Can we get f = f(#)?

The following example [12] shows that the answer to Question 1 is, in general,
negative.
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Example 1. Let k, m be positive integers satisfying m > k+1, b a nonzero
constant such that b¥ = b™ # 1 and a = bF. Set

f(z) =e*+a—1.

Then f, f® and f(™ share @ CM. But f # f*).

In Example 1, f is an entire function, and f, f*) and f™ share a CM.
Although f # f*), we have fF) = f(m),

Naturally, we pose the following question.

Question 2. Let f be a nonconstant meromorphic function, a a nonzero
finite complex number and k, m two distinct positive integers. Suppose that f,
f*®) and (") share a CM. Can we get f¥) = f(m)?

In this paper, we give an affirmative answer to Question 2 for entire functions.
In fact, we have proved the following more general result.

Theorem 1. Let f be a nonconstant entire function, a a finite complex
number, k and m two distinct positive integers, and (k,m) the greatest common

divisor of k and m. If f, f*) and f(™) share a CM, then
1 q

1.1 =(1-= E CjeM*

(1.1) f(2) ( C)a+j_1CJe ,

where q is a positive integer with ¢ < (k,m), c and C;, 1 < j < g, are nonzero
constants, and \j, 1 < j < q, are distinct nonzero constants satisfying

(1.2) M\)EF=\)™=¢, forad0;
and
(1.3) M\)=ec, (\)™=d, fora=0,

where d is a nonzero constant.
By Theorem 1, we can easily obtain the following results.

Corollary 2. Let f be a nonconstant entire function, a a nonzero finite
complex number, and k, m two distinct positive integers. Suppose that f, f*)
and f(") share @ CM. Then f) = f(m),

Corollary 2 gives an affirmative answer to Question 2 for entire functions.

Corollary 3 ([10, Theorem 1]). Let f be a nonconstant entire function, a

a nonzero finite complex number and k a positive integer. If f, f*) and f*+b
share a CM, then f = f’.
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Corollary 4 ([10, Theorem 2]). Let f be a nonconstant entire function, a
a nonzero finite complex number and k > 2 a positive integer. If f, f’ and f*)
share a CM, then

(1.4) f(z) = (1 - l)a + Ce*,

1
where C' and ¢ are nonzero constants with ¢~ = 1.

Corollary 5 (Csillag [2], cf. [4, p. 67]). Let f be a nonconstant entire
function, and k and m two distinct positive integers. If ffF) f(m) £ 0, then
f=e4TB where A (#0) and B are constants.

Let f be a nonconstant meromorphic function in the complex plane. Through-
out this paper, we use the basic results and notations of Nevanlinna theory (cf. [3],
[4], [11], [14]). In particular, S(r, f) denotes any function satisfying

S(r, f) = ofT(r, )},

as r — 400, possibly outside of a set of finite linear measure, where T'(r, f) is
Nevanlinna’s characteristic function.
As usual, the order o(f) of f is defined as

log T
o(f) = limsup L(T’f).
r—00 logr
2. Some lemmas
We will use Py4[f] to denote a differential polynomial in f of degree < d with

constant coefficients which may be different at different occurrence. We denote
the set of differential polynomials in f with constant coefficients by Z[f].

Lemma 1 (Clunie [1], cf. [4, p. 68]). Let f be a nonconstant meromorphic
function, n be a positive integer, P|f] and Q[f] two differential polynomials in f
with constant coefficients, and P[f] # 0. If the degree of P[f] is at most n and

el = Plfl,
then
m(r, Q[f]) = S(r, f).
Lemma 2 (cf. [9, p. 29-34]). Let f be a nonconstant entire function, n be a

positive integer and a;, 0 < j < n, meromorphic functions with a, # 0. Suppose
that

(2.1) nf" 4+ an1f" 4+ 4+ a1f+ag=0.

Then

(2.2) T(r, f) < 0(1 +) T(r, an)>.
j=0

The following result is an instant corollary of Lemma 2.
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Lemma 3. Let f be a nonconstant entire function, n a positive integer and
a;, 0 < j <n, meromorphic functions satisfying T'(r,a;) = S(r, f). If

nf"+ an 1 f" P4 Farf+ag =0,

then a; =0 for j =0,1,...,n.
Lemma 4 ([3, Lemma 3.12]). Let f;(2) (#0), j =1,2,...,n, be n mero-

morphic functions which are linearly independent such that

(2.3) i(2) + fal2) -+ fulz) = 1.

Then for every j, 1 < j<mn,
- 1
(2.4) T(r, f;) <Y N(r, f_) + N(r, fj) + N(r, D) + S(r),
k
k=1

where D = W(f1, fa,..., fn) is the Wronskian, and S(r) is a function which
satisfies

S(r) = o max T( f1))
as r — 00, possibly outside a set of finite linear measure.

Lemma 5 ([3, Lemma 5.1]). Let a;(z), j =0,1,...,n, be entire and of finite
order < p (< o0). Let g;(z), j =1,...,n, be also entire such that each of the
functions g; — gj, © # j, is a transcendental function or a polynomial of degree
greater than o. If

(2.5) Zaj(z)egj(z) = ap(2),
j=1

then

(2.6) a;j(z) =0, j=0,1,...,n.

Lemma 6. Let f and o be nonconstant entire functions, a a finite complex
number and k a positive integer. Suppose that

(2.7) fH =a+ef.
Then for any positive integer j, 1 < 7 <k — 1, we have

(2.8) FERD =y i f oy f e+ f9,
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and -, j are entire functions satisfying

0,5 Ao1,5€”
(2.9) =l

V). Aja,e”
where

o JY e a6
Ainy = me (e”)
(2.10) i
= W((a/)]_l + Pi_i1[a']), 0<i<j,

are differential polynomials in o with constant coefficients. In particular, A;; ; =
1 for 1 <j<k—1. Here Pj[a/] =0 for d <0.

Proof. We prove this lemma by mathematical induction on j. By (2.7), we
have fFHD) = /e f + e f’, so that (2.8)—(2.10) are true for j = 1. Now suppose
that (2.8)—(2.10) are true for j < k — 2. Thus by (2.8), we get

(2.11) + 505 f i1 fD 4y, fOFD
= voj01f + v f v fY v fUTY,

where
(2.12) Y0,j+1 = ’Y(’),Jw
Y141 = V1.5 + V0.4
(2.13) Vig+1 = Vij + V-1,
Vg4l = Vi + Vie1,j>
(2.14) Vi+1,5+1 = Vjj-

By (2.11)—(2.14), we know that (2.8)—(2.10) are true for j + 1. Thus (2.8)-(2.10)
are true for j =1,2,...,k — 1. Lemma 6 is proved.

Lemma 7. Let f and a be nonconstant entire functions, a a finite complex
number and k a positive integer. Suppose that

(2.15) fH =a4ef.
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Then for any positive integer j (> k) j=sk+1,s>1,0<[1<k—1, we have

(2.16) FOD =y s yosf g f o+ e fE,

and -, j are entire functions satisfying

’y_lﬁj aA_1717jea + a Zi;Ql A_17t7j<ea)t + aA_lasvj(ea)S
0,5 Ao e + 3070 Aot (€)' + Ao sia,j(e®)
(2.17) V1, = Al’Ljea + 2522 Al’tvj(ea)t + Al75+17j(6a)5+1 ,
.l
Yi+1,5 Al_|_1717j6a + Z::Q Al_|_17t7j(6a>t + AH_LSJ(GO‘)S
Vh—1,j Ap11,5€% + 21 Ap15(e%)! + A1 s (e)°

where A;:; (€ P[d']) satisfy

A 15 C_1,s5(a) + P[]

Ao,s+1,5 Co,s41,5(e) + P[]
(2.18) A | 2 Ciota+1,50" + Polo] ,

Al,s—f—l,j 1

Al—|—1,s,j Cl+1,s,j(0/)k_1 + Pp_2[]

Ap_1s,j Ci—1,5,; (/) + P o]

and C; s41j, —1 <1 <Il—1,and C;,;, | +1<i<k—1, are positive integers,
and

) L J' —« a('—i)_ J' INT—1 /
(219) Az,l,j = m@ (6 ) J = m((& )] —+ Pj—i—l[a ])

Here P[] =0 for d <0.

Proof. We prove this lemma by mathematical induction on j. First we prove
that (2.16)—(2.19) are true for j = k. By Lemma 6, we have

(2.20) O =g e f+ i f 4 e g fETY.
This together with (2.15) yields
FER) — (pR=D)y
= ’Y(/),k—1f + '7{,k—1f/ +-F 71/@—1,k—1f(k_1)
Y0 k1 f A A Yok fEY F a1 g1+ e b1k f
=71k F0kf Fyef 4+ ’Yk—l,kf(k_l)-

(2.21)
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By Lemma 6, we get

(2.22)

(2.23)

(2.24)

Y—1,k = Vk—1,k—1 = ae“,
Y0,k = ’Y(/),k—l +eMYr—1,k—1
= () + ()
Vik = Vig—1 T Vie1,k-1
B ey DU e
T AR A Fa sy TG
k!

:m(ea)(k_i), 221,,]{?—1

Thus (2.16)—(2.19) are true for j = k.

Now we assume that this lemma is true for a given j = sk+1 with s > 1 and
0 <1< k—1. Next we show that this lemma is true for j 4+ 1. First by (2.15)
and (2.16), we get

FERTD — 7/_1,]‘ + ’Y(/),jf + ’Yi,jf/ + -+ 71/@—1,jf(k_1)
05 f 2 Y daveo1 e eo1 i f

It follows that (2.16) is true for j 4+ 1 with

(2.25)
(2.26)
(2.27)

/
V=141 = V=1, T @Vk-1,5,
/
Y0,5+1 = Yo,; T € Vk—15
/ .
’W,j-l—l :71,j+7i—1,j7 Z:1,2,...,k—1.

Thus for [ < k — 2, by the assumptions,

s—1 /
V—1,j4+1 = (aA_l’l’jeo‘ +a Z A_l’t’j(ea)t + CLA_LSJ(BO‘)S)

(2.28)

t=2

s—1
+ CL(Ak:—l,l,jea + Z A1) + Ak—l,s,j(ea)s)

t=2

_ / / . RPN

= CL(A—1,1,j +a’Ayq+ Ak—11,5)e
s—1

+a) (AL, +ta A+ Ap1) () +ad (e,
t=2
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/ /
where A_q 511 = A_l,s,j +sa’A_ 55+ Ap_1,s5,

S /
V0,541 = (Ao,l,jea + ) Ag (™) + Aoy (e )S“)

(2.20) +6a(z4k—1 1,5€" +2Ak 165 () + Ag—1.5,4(e )S)

= Ao,1j41€" + Z( 0.0, 1 Ao+ Ap—1-1,5)(€)

+ Ao,s+1,j+1(€a)s+1,

where Ao i1 = Apy; + Aoy Aosirgrn = Ay + (s + 1o’y +
Ap_1,s,5,and for 1 < <1,

/
Vij+1 = Vi T Vi—1,j

/
:< 1,1,]8 +ZA7,75,] +A7,8—|—1,j( )8+1)

(2.30) +Aic1,5¢" + Z Aimr,(€)" + Aiy g ()

t=2
:A'Ll,j—|—16 +Z th+taAzt]+A’L 1t7.7)( a)t

1
+Ai,s—|—1,j—|—1(€ )S+ ;
where Aiy g1 = A+ Ainj+ A1, Aisrrgin = Aj gyt (D) A s
+Ai—1,s+1,j7 and for ¢ =1 + 1,

/
Vi1+1 = Vg1, T Vg

s—1 /
= (Ao + X Arsre) + Avsr (e’

t=2

(2.31) + Ap,je” +ZAl,t,j )' + Asirg (€)™

= App1,1,541€% + Z( 1ty 0 Ay + Apg ) (e®)!
t=2

+ Al+1,s+1,j+1(ea)s+1

)

where Ajp11 541 = A @ Aipiy + Ay, Airserj1 = Ais4,5, and for
l4+2<i<k—1,

/
Vig+1 = Vi T Vi-1,j
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/
:( 1,1,]8 +ZA1,t,j +A7,8,j( )S)

s—1

(2.32) +Ai11,5€% + Z Ais14(€) + Aiq5,5(e%)?

t=2

= Aijre” + Z Gy Tt A+ A ) (€)' A g (e)?,

where A; 1 j11 = A}, j+a/ A j+Aiiay, Aisjn = Aj g j+sa’Ai s j+Ai 165

By (2.28)—(2.32), we know that (2.16)—(2.19) are true for j+1 when j = sk-+I
with 0 <1 < k — 2. Similarly, we can prove (2.16)—(2.19) are true for j + 1 when
J =8k +k —1. We omit the details here. Thus Lemma 7 is proved.

Lemma 8. Let

70,5 Y0,5+1 s Y0,5+k—1
V1,5 V1,5+1 ce V1,j+k—1
(2.33) A; = . . . )
] . . ° . .
Ye—1,5 Yk—1,+1 " Yk—1j+k—1

where v; ; are entire functions defined in Lemmas 6-7 (for 1 < j <k—1 and i > j
set 7v;; = 0). Denote the determinant of A; by det(A;). Then for j = sk +1
(>1) with s >0, 0<1<k—1, we have

det(A;) = (( ")k + Pyj1]a /])(ea)k
(234) (s+1)k+1-1

* Z At j(e ) +(—1)l(k_l)(ea)(s+1)k+l,
t=k+1

where A; j € Z[d].
Proof. Obviously, by Lemmas 6-7, we have

(2.35) det(A Z Ay j(e®

with v > k and A;; € Z[a’]. Thus we need only to show that
(2.36) v=_(s+Dk+1, A,,;=(—1)""D,
and

(2.37) Apj = (@) + Py 1]a].
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First we prove (2.36). By Lemmas 6-7, we have

70,j Vo541 V0 +k—1-1
7,5 Yg+1 0 Vg+k—1-1

M1 — . . .

N=15 Vi—1+1 0 N=1+k=1-17 [x(k—1)

= (polynomials in e® of degrees < s+ 1);x(k—1),

Y0,5+k—1 Y0,j4+k—14+1 o Y0,54+k—1
1,54kl M1,5+k—1+1 ML, k-1

V—1,j4+k—1  Vi—1,j+k—14+1 " VI—-1,j+k—1
1 Aost2,j4k—141 - Aost2,jik-1

_ 0 1 T A173+2:j+k_1 (ea)8+2

0 0 o 1 .
+ (polynomials in e® of degrees < s+ 1);x;

= A1 (e*)*T2 + (polynomials in e® of degrees < s+ 1)1,

Vi,5 Vi,i+1 tet Yi,j+k—1—1
V+1,5  Vi+1,54+1 0 Vi1, 54+k—1—1

3 =

V=15 Vk=1,44+1 *° Vk=1,j4+k=1-17 (k—1)x(k—1)

1 Apsyij+1 - Alsg1jrk—1-1
0 1 s A s k=11

— ) . . . (ea)s—i—l
0 0 e 1 (k—1)x (k—1)
+ (polynomials in e® of degrees < 's)(—_1)x (k—1)
= B(k_l)x(k_l)(eo‘)sH + (polynomials in e® of degrees < s)_i)x(k—1),

V,j+k—1 Vi, j4+k—1+1 o Mj+k-1
Vi+1,j+k—1  Vi+1j+k—1+1  *°° Vi+1,j+k—1

Ve—1j+k—l  Ve—1j+k—l+1 " Vk=1,j+k=17 (k—1)xi
Al s+1,j+k—1 Al st jth—t41 0 Alst1jrk—1

Al s41,j4k—1 At o1, j4k—i+1 - Alpt, s k-1 .
— (ea)s—|—

Ap—1,s41j4k—1 Ak—1s414+h—141 Ar—1s41546-17 (kp)x
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+ (polynomials in e® of degrees < s)_1)x:
- C’(k_l)xl(eo‘)sJrl + (polynomials in e® of degrees < s)—_1)xi»

where  Ajxi, Bk—i)x (k—1), C(k—1)x1 are matrices whose elements are differential
polynomials in «’. In particular, A;y; and B(k—1)x(k—1) are upper triangular
matrices whose principal diagonal elements equal 1. Thus by (2.33) we get

My M,
det(A5) = |y g
= 0 A e®)(sHDEH 4 (terms of degree < (s+ 1)k+1—1
B C

= (=1)"*=D det(A) det(B)(e*) 5TV H 4 (terms of degree < (s+ 1)k +1—1)
= (—1)!F=0 () (HDEH 1 (terms of degree < (s 4 1)k +1—1),

where 0 = 0;y (x—;) is the zero matrix, A = Ajx;, B = B—iyx(k-1)> C = Cii—yx1 -
This proves (2.36).
Next we prove (2.37). By Lemmas 6-7, we have

Ao.1,j Aoij+1 - Ao j+k—1
(2.38) A A At1j+1 - Al jvk—
. kj = . .
A1 Ar—1141 0 Ap—11j4+k—1
1 1 1
. . L
G I G0 BT CAR
=l @) iy ey | @)Y+ Pyl
(A 1 1
L) GR) - O
where

(7 —1)

are the binomial coefficients. Since

(x) w@—1)-(z—i+1)

l i!

is a polynomial in x of degree ¢, by the calculating properties of determinant
and the well-known Vandermonde’s determinant, we see that Ay ; = C(a/)% +
Pyj_1]c/], where C is a nonzero constant which is equal to

H H (t—1)

T 1<i<t<k

This proves (2.37). Thus Lemma 8 is proved.
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3. Proof of Theorem 1

By the assumptions, there exist two entire functions «(z) and (z) such that

(F)(2) —
f (Z> a — ea(z)7

(3.1) 7o) —a
f(m)<2) —a _ eﬁ(z)
(3.2) o La =Y.

Next we consider two cases.

Case 1. Either a or 3 is a constant. Without loss of generality, we assume
that « is a constant. Set e® = c¢. Then by (3.1), we get

(3.3) f®) —¢cf =(1-c)a.

Solving (3.3), we get

(3.4) flz) = (1 — %)a-p icﬂ.e)\jz,

where ¢ (< k) is a positive integer, and C;, A, are nonzero constants satisfying
(M) =cand \; # \;, i # j. By (3.4) and (3.2), it follows that o(e®) < 1, where
o (€P) is the order of e?, so that e® = de#*, where d (# 0) and pu are constants.
Thus by (3.2) and (3.4), we get

q q
(3.5) —a + jz_:l()\j) CjeM* = —?e“ + Z CjdeNitmz,

j=1

Applying Lemma 5 to (3.5), we deduce that y = 0 and (\;)™ = d. Further, if
a# 0, then ¢ =d.

By (A\;)* = ¢, (\})™ = d and the fact that \;, 1 < j < ¢, are distinct, we
know that ¢ < (k,m), where (k,m) is the greatest common divisor of k and m.
In fact, by Euclidean division algorithm, there exist integers kg and mg such that
(k,m) = kok +mom. Thus (X;)F™ = [(A;)*]ko[(A;)™]™ = ckod™o. Hence by
the fact that A\;, 1 < j < ¢, are distinct, it follows that ¢ < (k,m).

Case 2. Both a and ( are not constants.
We will prove that this case cannot occur. Without loss of generality, we
assume k < m. Let

(3.6) F(z) = f(z) —a.
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Then by (3.1) and (3.2), we have

. F®) = g4 ¢“F,
(3.8) F™ — g+ PF.
Set

- rm) _ pk)
(39) Sf A= A
Then by (3.7) and (3.8), we get
(3.10) ¢ =e’ — e

Next we consider two subcases.
Case 2.1: ¢ =0. Then by (3.10), we get

(3.11) el = e
Thus by (3.1), (3.2) and (3.11), we get
(3.12) fim — pk) — .

Solving (3.12), we get

(3.13) f(z) =b(2) + Z Cjei*,

277

where b is a polynomial with degb < k —1, s <m — k is a positive integer, and
Cj, \j are nonzero constants with (\;)™ % =1 and \; # \;, i # j. By (3.1)
and (3.13), we know that p(e®) < 1. This together with that « is nonconstant
yields that e* = Ce®*, where C' and c¢ are nonzero constants. Thus by (3.1) and

(3.13), we get

(314)  —a+ > Ci(0)FeMT = Cb(z) — ale + Y CCiet),
7j=1

j=1

Applying Lemma 5 to (3.14), we get that ¢ = 0, a contradiction.

Case 2.2: ¢ # 0. Then by the logarithmic derivative lemma, it follows from

(3.9) that

(3.15) m(r, ¢) = S(r, F).
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By (3.10), ¢ is an entire function. Thus by (3.15), we get
(3.16) T(r,¢) = S(r, F).

Since ¢ # 0, by (3.10), we get

eP e®
. — =14+ —.
(3.17) 3 + 3

Thus by (3.16), (3.17) and the second fundamental theorem we deduce that

eP [ P — 10) — 1 e’
T(ﬁg) §N<T,g) +N(T’e_ﬁ) +N<r, 7 ) +S(r,5)

’ 1
¢
B _ _ B
(3.18) g]V(r, %) +N(r, ;%) +N (7’, %) + S(r, %)
¢
< S(r F)—l—S(r {)
— ) b ¢

This together with (3.16) yields that T'(r,e?) = S(r, F). It follows from (3.10)
and (3.16) that T(r,e®) = T(r,e® — ¢) = S(r, F). Thus we get

(3.19) T(r,e®) +T(r,e’) = S(r, F).
Now, for 0 < j <k —1, set
(3.20) Dij = Yim—k+j, =—1,0,1,.. . k—1,
where v; ; are defined as in Lemmas 6-8. Then by Lemmas 6-7, we have

p(m+i) — plktm—k+j)
(3.21) =p_1j+po;F+pF' + - +pp jFED =01, k1.
On the other hand, by (3.8) and Lemma 6, for 1 < j <k — 1, we have
(3.22) Fntd) = g0 2P F + qu ;e F' + -+ q; j’ FD,
where ¢; ;, i < j, are differential polynomials in 3’ with constant coefficients. In
particular, ¢; ; =1 for j =1,2,...,k — 1. Thus by (3.8), (3.21) and (3.22), we
get

(3.23) (F,F',...,F=1D)Y(PQ — P) =T,
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where
Do,o Po,1 o Pok—1
P10 P11 o Prk—1
(3.24) P = ) ) ] ,
Pk—1,0 Pk-11 - Pk—1,k—1
1 qo1 -+ Qok—1
0 1 o 41k-1
0 O 1
(3.26) I'=(p_1,0—= D115, P—1,k—1) -

By (3.23) and the theory of linear equations, we get
(3.27) det(e’Q — P)F = det(T),
where T’ is a matrix whose first line is I' and the other lines are the same as those
of e’Q — P.
Thus by (3.19) and (3.27), we know that
(3.28) det(e’Q — P) = 0.
This yields that
(3.29) det(e’I — R) =0,
where I = Iy is the kth unit matrix, R = Q7 'P and Q! is the inverse
matrix of Q. Obviously, the matrix Q! is also an upper triangular matrix whose
elements are differential polynomial in . By (3.29), we get

(3.30) (e —ar () L+ (=D la (Pt -+ (=D Fap =0,

where a; is the sum of all the principle minors of order ¢ of R. In particular,
ay, = det(R) = det(P). Here, for a matrix

a1 ai2 - Qi
az1 Q22 -+ Q2p

A=(aij) =] . S N

n1 Gnpn2 - Apn
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and t integers 1 < iy < ip < --- < i < n, we call

Qiq,ip Gigdo 00 Qg iy
Qigiy  Qig,ig 7 Qigdy
Qiy,iy Qiggy 00 Qi

a principle minor of order ¢ of A.

Obviously, by (3.24), (3.25) and the definition of a;, a;, 1 < t < k, are
polynomials in e® whose coefficients are differential polynomials in o’ and 3
with constant coefficients.

Next we consider the degrees of these polynomials a;. Since m > k, there
exist integers s > 1 and 0 <[ < k — 1 such that

(3.31) m = sk + 1.

It is obvious that if [ =0 then s > 1. We claim that for [ > 1,

(3.32) deg(ay) <ts+1—1, t=1,2,....,k—1,
and for [ =0,

(3.33) deg(a;) <ts, t=1,2,...,k—1.
and

(3.34) deg(ar) =m = ks +1.

In order to prove (3.32)—(3.34), we first consider the degree of the elements of
R = (r; ;) which are polynomials in e®. By (3.20), we see that for 0 < j < k—1-1,
Pij = Yi,(s—1)k+j+1> while for k —1 < j < k- 1, Di,j = Yi,sk+j+l—k- Thus by
Lemmas 6-7, for 0 <4, <k—1,

s f0<j<k—1-1,0<i<j+1,

s—1 f0<j<k—-1-0j+l+1<i<k-—1,
s+1 ifk—1<j<k-1,0<i<j+l—Fk

s ifh—1<j<k—-1,j+l—k+1<i<k-—1.

(3.35) deg(pi ;) <

By (3.25), we may assume that

(3.36) o=
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where ¢;;, 0 <14 < j <k —1, are differential polynomials in B with constant
coefficients. Thus by (r; ;) = R = Q'P, we get

(3.37) Tij = Pij t Qi i41Pi+1,5 T Qi itaPit2,j T+ G _1Pk—1,5-
Thus by (3.35) and (3.37), we see that for 0 <i,j <k —1,
s H0<j<k-1-1,0<i<j+l,

s—1 f0<j<k—1-1j+l+1<i<k-—1,

(3.38)  deg(rij) < (11 ik l<j<k-10<i<j+i—Fk

s ifk—1<j<k—-1j+l—k+1<i<k—L
Now let
Tivir Tiggio Ty iy
Tig,in Tisyio KPR
Li iy, iy =
Tivir  Tigdo 0 Tigiy

be a principle minor of order ¢t < k—1 of R, where 0 < iy <ip < --- <1 <k—1.
By (3.38), for the case of | = 0, the degrees of all r; ; are at most s, so
that the degree of L;, i, .., is at most ts. It follows that the degree of a; is at
most ts. This proves (3.33).
Next we consider the case of 1 <[ < k—1. By the definition of determinant,
we have

Li, ig,... i :E Oy areorje Tinsja Tizja " Tie g

where the sum takes over all the permutations of (i1,42,...,4), and d;, j,, . j, =
+1 according to the permutation (j1,jo,...,Jt) of (i1,i2,...,4;) is even or odd.
Let

Ly = Tiy,g1Tig,52 ° " Tig,ge-

For t <l—1, by (3.38), the degree of L; is at most ¢(s+ 1) <ts+1—1.

For ¢t > [, if there exist x <[ —1 polynomials in 74, j,,7is,jos---» 7,5, With
degree s+1, then by (3.38), the degree of L; is at most x(s+1)+(t—x)s = ts+z <
ts+1—1. If there exist | polynomials in r;, j,,7i, jo,-- -, 7,5, With degree s+1,
then by (3.38), {0,1,...,1—1} C {iy,d2,...,i:}. It follows that there exists at least
one of 7y, i, iy jos---+Ti,;, Whose degree is s — 1 (for otherwise, we must have
{l,...,k—1} C {i1,142,...,49:}. This together with {0,1,...,1—1} C {i1,d2,...,4:}
yields that t > k, which contradicts ¢ < k—1). Hence the degree of L; is at most
l(s+1)+(s—1)+(t—1—1)s =ts+I—1. It follows that deg(Li, 4,,..i,) < ts+1—1.
Thus (3.32) is proved.

Next we prove (3.34). In fact, it can be seen from (3.20), (3.24) and Lemma 8
that

ap = det(P) = det(A,,—k)

= ((O/)k(m_k) + Pk:(m—k)—l[a/])(ea)k

+ Z At,m_k(ea)t—F(—1)l(k_l)(€a)m-
t=k+1

(3.39)
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Thus we get (3.34).
By (3.32)—(3.34), we see that for 1 <t <k —1, deg(a¢) < deg(ax). Thus by
(3.30) and Lemma 2, it follows that

T(r, eﬁ) = O(T(r, eo‘)) + S(r, 65),
T(r,e*) = O(T(r, 65)) + S(r,e®).

Hence we get
(3.40) S(r,e®) = S(r,e’) = S(r) (say).

Next we prove the following claims.

Claim I. For any rational number § = v/u with v € Z and p € N,
(3.41) T(r,eP=9%) £ S(r).

Suppose on the contrary that there exists a rational number 6 = v/u such that

(3.42) T(r, e~ = S(r).
Let
(3.43) b(z) = ef~0,

Then b(z) # 0 is entire and T'(r,b) = S(r). By (3.43),

(3.44) e = b(2)e?™ = b(z)(e/H)".

On the other hand, by (3.20), (3.24) and Lemmas 6-7, we have

(3.45) P = (e*)™ Py + (e*)*Py + -+ + (e*) P,

where P; are k x k matrices whose elements are differential polynomials in o’.
In particular, det(Ps) = Ak m—r, where Ay ,,,— is defined by (2.38). By (3.28),
(3.44) and (3.45), we get

(3.46) det (b(e®/*)¥Q — (™) Py — (e)* Py — -+ — (e¥)Ps) = 0.

If v > p, then by (3.46), we get

(3.47) det (b(e®/ M) HQ — (/M) Py — - — (e*/M)FP,_; — Py) =0,

Since the left side of (3.47) is a polynomial in e®/# whose “constant” term is
det(—Ps) = (=1)*Ag m_r, by Lemma 3, we get Agm—r = 0. Thus by (2.10),
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.19) and the fact that « is nonconstant, o’ is nonconstant. For otherwise, let
= c. Then ¢ # 0, and by (2.10), (2.19), we have

Ai,l,j = (‘Z) (c)j_i,

so that by (2.38), it follows that Ay, x = (¢)*™~%) = 0, which contradicts
A m—1r = 0. Hence o is nonconstant. Thus by (2.37) and Lemma 1, we deduce
that T'(r,a’) = m(r,a’) = S(r,a’), a contradiction.

If v < p, then by (3.46), we get

(2

det(bQ _ (ea/u>(8+1)u—VpO _ (ea/u>su—vP1 — . (eo‘/“)“_”PS) —0.

Using the same argument as that in case v > u, we deduce that det(bQ) =
Thus by det(Q) =1, we get that b =0, a contradiction.

If v=p, then e’ = b(2)e*. Thus by (3.32)—(3.34), we see that the left side
of (3.30) is a polynomial in e* whose leading term is e(e®)™, where ¢ = +1 is a
constant. Thus applying Lemma 2 to (3.30), we get a contradiction: T'(r,e®) =
S(r).

Hence Claim I is proved.

Claim II. We have

N

(3.48) H=S (—=1)tas(e®)F?

0.

&~
I

Suppose that H # 0. Then by the fact that a; are polynomials in e®, we can
rewrite H as

(3.49) H = Z ay se(F—tB+ic
(t,)eTxI

where T" C {1,...,k — 1} and I are finite index sets, a;; # 0 are differential
polynomials in o/ and ' such that all the functions a;;e*=98+i (¢4) e T x I
are linearly independent.

By (3.39), we rewrite aj as

(3.50) (—DFar = axie™,
iceJ

where J D {m} is a finite index set, and aj; (# 0), i € J, are differential
polynomials in «o’.
Hence by (3.30), (3.48)—(3.50), we get

(3.51) ekl 4 Z ay jeFOB i Zak e’
(t,i)ET XTI icJ
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By (3.51), we get

(3.52) D (mar)e T4 (—ap)e T =1,

(t,i)eT x T icJ

If the functions (—ay;)e T (t,i) € T x I and (—ag;)e *P+i@ i € J are
linearly independent, then by Lemma 4 and the fact that m € J, we get

T(r, (—ak,m)e_kBerO‘) =5(r),

so that
T(r,e_kﬁ+mo‘) = S(r),

which contradicts Claim 1.

Hence the functions (—ay;)e 7% (i) € T x I and (—ay;)e *Ptie e J
are linearly dependent. That is, there exist constants Cy;, (t,7) € T x I and Cy,
i € J, at least one of them is not equal to 0, such that

Z Cyiap e P 4 ch,iak,ie_kﬁ+ia =0,

(t,))eTxI icJ
so that
3.53 Chiay;e DA LN O g €' = 0.
( 9 9 Py N
(t,0)eTxI ieJ

By Lemma 3, at least one of C;;,(¢,i) € T x I is not equal to 0. Set 11 x I} =
{(t,i) e Tx1:Cy; #0}. Then Ty x I # () (empty set). By the assumption that
az e KA (¢ §) € T x I are linearly independent, at least one of Cy,,i € J
is not equal to 0. Set J; = {2 €J:Ck # 0}. Then J; # 0. Let i; € J;. Then
by (3.53), we get

Z —Cy iy (h—t)8+(—in)a | Z _Ck,iak,ie(i_il)a _q

Chyir Ok,i Chyir Ok,i
(ti)eTix, ~FHhTki ie I\ {i} itk
If the functions

Me(k—t)ﬁ—f—(i—il)a, (t,i) € Ty x I; and
Ck,ila‘k,il
(3.54)

—Ch,ihksi (i—iy)a
_RaTR

Ch.ir Q. i,

yie i\ {1}
are linearly independent, then by Lemma 4, we get for (tg,i9) € Th X I,

7(, Cto,ioatoaio e(k—to),@+(io—i1)o¢ _ S(T)
" Chiy Ok iy ’
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so that
T(n e(k—to)ﬁ-l—(io—h)a) = S(r),

which again contradicts Claim I. Thus the functions showed in (3.54) are linearly
dependent. Thus there exist constants Dy ;, (t,9) € Th x Iy and Dy ;i € Ji \ {i1},
at least one of them is not equal to 0, such that

Diiati  (o—t)g+(i—ir)a Dii@hi (i—in)or _
g e + E e =0,
Chriy Ok iy Chriy Ok iy

(t,i)eTy x I i€Ji\{ir}
so that
(3.55) Z Dt,iame(k_t)m'm + Z Dk,iak,iem = 0.
(t,5)€T1 xI1 i€Ji\{i1}

By Lemma 3, we see that at least one of Dy ;, (¢,7) € T'x [ is not equal to 0, so that
To x Iy = {(t,i) €Ty x1Iy:Dy; # 0} # (). By the assumption that at’ie(k_tm“a,
(t,i) € T'x I are linearly independent, at least one of Dy, ;,7 € J\ {i1} is not equal
to 0, so that Jy = {2 e Ji\{i1} : Dy, # O} # (. Let i3 € Jy. Then using an
argument similar to that in the above step, there exist constants Ey ;, (t,7) € To x Io
and Fy,,i € Ja \ {i2}, at least one of them is not equal to 0, such that

Z Et’iat’ie(k_tw—HO‘ + Z Ekyiak’iem =0.
(t,0)ET2 x I i€J2\{iz}

Step by step, it follows that J is an infinite set. It is impossible. Hence we have
proved Claim II.

Next we continue to prove Theorem 1. By (3.30), (3.50) and Claim II, we get

"B 4+ Zak,iem =0,

i€J
so that
(3.56) > (—apg)e M =1,
i€J
If the functions (—akyi)em_kﬁ , 1 € J, are linearly independent, then by Lemma 3,
we get
T(r, agme™ %) = S(r),
so that

T(r,e™> %) = S(r).
This contradicts Claim 1.
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Hence the functions (—ay;)e’® %5 i € J, are linearly dependent. Thus there

exist constants C;, ¢ € J, at least one of them is not equal to 0, such that

Z Ciakﬂ'em_kﬁ =0,

iedJ

Z C’iak,iem =0.

icJ

so that

This contradicts Lemma 3.
The proof of Theorem 1 is complete.
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