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Abstract. In the metric space setting, our aim in this paper is to deal with the boundedness
of Hardy-Littlewood maximal functions in generalized Lebesgue spaces LP(*) when p( -) satisfies
a log-Holder condition. As an application of the boundedness of maximal functions, we study
Sobolev’s embedding theorem for variable exponent Riesz potentials on metric space.

1. Introduction

Let X be a metric space with a metric d. Write d(z,y) = |z—y| for simplicity.
We denote by B(x,r) the open ball centered at x € X of radius r > 0. Let u
be a Borel measure on X . Assume that 0 < p(B) < oo and there exist constants
C >0 and s > 1 such that

1) wB) C(T’_')S

r

for all balls B = B(z,r) and B’ = B(z/,r") with 2’ € B and 0 < ' < r. Note
that u is a doubling measure on X, that is, there exists a constant C’ > 0 such
that

(1.2) p(B(z,2r)) < C'u(B(z,r))

for all x € X and r > 0.
We define the Riesz potential of order « for a locally integrable function f

on X defined by
o) — [z —y|*/(y)
Vot le) /x a(Bla. | — ) *Y)
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Here a > 0. Following Orlicz [26] and Kovacik and Rékosnik [19], we consider a
positive continuous function p(-) on X and a function f satisfying

/X F@)PY du(y) < oo.

In this paper we treat p(-) such that p > 1 on X and p satisfies a log-Holder
condition:

a1 log(log(1/]z — yl)) ay
log(1/]x —yl) log(1/]z — yl)

Ip(z) —p(y)| <

1
4
then we can not expect the usual boundedness of maximal functions in LP(),

whenever |z — y| < where a; and as are nonnegative constants. If a; > 0,

according to the recent works by Diening [3], [4], Pick and Ruzicka [27] and Cruz-
Uribe, Fiorenza and Neugebauer [2]. Our typical example is a variable exponent
p(-) on X such that

a1 log(log(1/ok(x))) as
log(l/gK(a;)) log(l/QK(x))

p(z) = po +

when gk (z) is small, where pg > 1, a3 > 0, az > 0 and pg(z) denotes the
distance of x from a compact subset K of X.

Our first task is then to establish the boundedness of Hardy—Littlewood max-
imal functions from LP(") to some Orlicz classes, as an extension of Harjulehto—
Hésto—Pere [13] with a3 = 0 in metric setting and the authors’ [11, Theorem 2.4]
in Euclidean setting. As an application of the boundedness of maximal functions,
we establish Sobolev’s embedding theorem for variable exponent Riesz potentials
on metric space; in the case a; = 0, see also Diening [4] and Kokilashvili-Samko
17], [18],

In the borderline case of Sobolev’s theorem, we are concerned with exponential
integrabilities of Trudinger type, which extend the results by Edmunds—-Gurka—
Opic [5], [6], Edmunds—Krbec [7] and the authors’ [9], [22]. We also discuss the
pointwise continuity of Riesz potentials defined in the n-dimensional FEuclidean
space, as an extension of the authors [9], [23], [24].

For related results, see Adams—Hedberg [1], Heinonen [16], Musielak [25] and

Ruzicka [28].
2. Variable exponents

Throughout this paper, let C' denote various constants independent of the
variables in question.
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Let G be a bounded open set in X . In this section let us assume that p(-)
is a positive continuous function on G satisfying:

(pl) 1 <p_(G) =infep(z) < supgp(z) = p+(G) < oo;

ay log(log(1/|a: - y|)) a2
p2) |p(z) —py)| < :
(P2 W) =P = a1 =) Toa1/e —v)
whenever |z —y| < 7, z € G and y € G, for some constants a; > 0 and

a9 Z 0.
Example 2.1. Let F' be a closed subset of G. For a > 0 and b > 0, consider
p(x) = po + wap(0r(z)),

where 1 < pg < 00, pr(x) denotes the distance of z from F' and
alog(log(1/t b
() leallos(1/0)
log(1/t) " log(1/0)

for 0 <t <ry (< %); set wq b(t) = wqp(ro) when t > rg and w, (0) = 0. Then
we can find r¢o > 0 sufficiently small that p satisfies (pl) and (p2).

For a proof, we prepare the following result.

Lemma 2.2. Let w be a nonnegative continuous function on the interval
[0, 7] such that
(i) w(0) =0;
(ii) W'(t) >0 for 0 <t < rp;
(iii) w”(t) <0 for 0 <t <ry.

Then

(2.1) w(s+1t) <w(s)+w(t) for s,t >0 and s+t <ry.
It is easy to find rg € (0, 1) such that w, satisfies (i)—(iii) on [0, 7).
Let

1/p'(z) = 1-1/p().
Then, noting that

(2.2)

1)(
p(@) —ply)  _ {p(z) —p(y)}*
D7 (o) = 1) (p(y) — 1)
we have the following result.

Lemma 2.3. There exists a positive constant ¢ such that

Ip' () —p'(y)| < wac(lx —y|) whenever x € G and y € G,
where a = a(x) = a1 (p(z) — 1)_2.
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3. Boundedness of maximal functions
Define the LP(*)(G) norm by

p(y)

f(y)

A

1l = 1.0 :inf{A -0 /G dyly) < 1}

and denote by LP()(G) the space of all measurable functions f on G with

1 llpgy < o0
By the decay condition (1.1), we have

(3.1) w(B(z,r)) > Cr®
for all + € G and 0 < r < dg, where dg denotes the diameter of G. For
f € LPC)(G), define the maximal function

1
Vi@ = s [ 1)

1
a 0<S:l<pdc,~ 1(B(z,r)) /GﬂB(x,r) 7 (w)l dpu(y):

Our first aim is to discuss the boundedness of the maximal functions.
Theorem 3.1. Let a > a; when a; > 0 and ¢ = 0 when a; = 0. Set
A(z) = as/p(x)®. If || fllp.) < 1, then

/G{Mf(m) (log(e + Mf(a:)))_A(m)}p(x) du(z) < C.

When a; = 0, Theorem 3.1 was proved by Harjulehto-Héast6—Pere [13], which
is an extension of Diening [3]. For the boundedness of maximal functions in general
domains, see Cruz-Uribe, Fiorenza and Neugebauer [2].

Remark 3.2. Set ®(r,z) = {r(log(e + r))_A(w)}p(w) for » >0 and x € G.
Then Theorem 3.1 assures the existence of C' > 0 such that

/ ®(Mf(z)/C,z)du(z) <1 whenever ||f]l,.) < 1.
G

As in Edmunds and Rékosnik [8], we define

1lle = lfllo.c = inf{A 50 /G<I>(|f(ac)|//\,x) du(z) < 1};

then it follows that
IMflle < Clfllpc.y for feLPC)(G).

Theorem 3.1 is proved along the same lines as in the authors’ [11, Theorem
2.4], but we give a proof of Theorem 3.1 for the readers’ convenience.

To complete the proof, we prepare the following lemma.
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Lemma 3.3. Let f be a nonnegative measurable function on G' with || f||,.)
< 1. Then

Al(il?)

Mf(x) < C{Mg(x)l/p(gﬂ)(log(e+Mg(:v))) +1},

where g(y) = f(y)p(y) and Ai(x) = ays/p(z)?.

Proof. Let f be a nonnegative measurable function on G with [|f|[,.) < 1.
First note that

(3.2) /G F)P du(y) < 1.

Then, if r > rg, then

; ; p(y)
u(B(z,r)) /B(x,r)f(y) duly) < u(B(z,r)) /B(w){“rf(y) Ydu(y) < C

by our assumption.
For 0 < k<1 and r > 0, we have by Lemma 2.3

(3.3)

I
u(B(m,r))
1 1

W(B(z. ) P'() —_— p(y)
: k{u(B(ﬂf,r)) /B(:c,r)(l/k) dly) + u(B(z, 7)) /Bw) f() dﬂ(y)}
< k{(1/k)?' @te) 4

/ f(y)du(y)
B(z,r)

where F' = (,u(B(x,r)))_l fB(w’r) F()PW du(y) and w(r) = w,.o(r) as in Exam-
ple 2.1. Here, considering

k= U @4} — p-1/p (2)+6(x)
with B(z) = w(r)/{p'(z)(p'(z) + w(r))} when F > 1, we have

o
u(B(x,r))

if FF <1, then we can take £ =1 to obtain

/ Fly) du(y) < 2FY/P@ po)/v'(@)?,
B(z,r)

1

#(B(a.r)) /B(m Fw) du(y) < 2.
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Hence it follows that

1

(3.4) B

[ i@ ante) <2 ooy,
B(z,r)

If » < F~! then we see from (3.4) that

1

1/p(x Ay (x)
ey o S dnt) < O ot + 1) 1),

If 7o > r > F~!, then we have by the lower bound (3.1)

FY/p@ /Y@ < oy (B(a, T))—l/P@)T—sw(r)/p'(w)?

1/p(@)+u(r) /7 (@)?
X { / fy)r® du(y)} :
B(z,r)

In view of (3.2), we find

Fl/p(@)+w(r)/p (x)?

}1/1)(96)+w(7“)/10’(w)2

< Cp(B(a,r) /" <log<1/r>>“”{ /B S0 duty)

1/p(x)
<Cu (B(x, r))_l/p(i) (log(l/r))Al(m) {/B f(y)p(y) du(y)}

(z,r)

1/p(z)
< (Bl "o [ au) |

= CFYP@) (Jog )41 (),

(z,r)

Now we have established

1

(3.5) 7;;(B(x,r))

/( )f(y) du(y) < C{FY?@ (log(e + F)) ™™ 41}
B(z,r

for all » > 0 and = € G, which completes the proof.

Proof of Theorem 3.1. Let pi(xz) = p(x)/p1 for 1 < p1 < p_(G). Then
Lemma 3.3 yields

(Mf(z)}@ < C{Mg(z)(log(e + Mg(x))) ™" 41}
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for x € G, where g(y) = f(y)**¥) and @; = a1 /p1. Letting a > a; when a; > 0
and a = 0 when a; = 0, we set A(z) = as/p(z)?. Then we can choose p; so that
a1p1 < a and

{Mf(x)}p(f”) < C’{Mg(a;) (log(e + Mg(x)))A(w)p(w)/pl i 1}:01,

which yields

(M f(x)(log(e+ Mf(x))) "V < ofMg(x) + 137

Now Theorem 3.1 follows from the boundedness of maximal functions in LP! (in
the case of constant exponent).

Remark 3.4. Let p(-) be a positive continuous function on G such that
1 < p(z) < pi(G) < co. Then, as in Harjulehto-Hasto—Pere [13], we can prove
the following weak type result for maximal functions:

p(y)
@ du(y)

Ep(t)| < C /G

whenever ¢ > 0 and f € LP()(G), where E;(t) = {x € G : M f(x) > t}; see also
Cruz-Uribe, Fiorenza and Neugebauer [2, Theorem 1.8].

To prove this, we may assume that ¢t = 1. We have for k£ > 1

BT /B W)
1 1

— =T P (y) - p(y)
= k{,u(B(x,r)) /B(w’r)(l/k) W)+ B /B(x,@ ()] du(y)}
< k{(1/k)®)" + F},

where F = (u(B(2,7))) " [0 [f@)P® du(y). Here, considering k = F~1/ ¥+’
when F' < 1, we find
1< 2F1/p+,

so that
(%)er < M(\f\p('))(:p) for x € Ef(1),

which proves the required assertion.

Remark 3.5. For 0 <r < %, let

G={z=(r1,22):0< 21 <1, =1 <z < 1}.
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Define

_ S po+ ai(log(log(1/22)))/log(1/xz2) when 0 < x5 < rg,
p(mlva) - .
Do when x5 < 0;

and p(z1,22) = p(x1,70) when xa > r¢. Setting
G(r)={rz=(z1,22): 0 <21 <7, —=r < 2 <0},

we consider
fr(y) = XG(r) (y)

and set g, = f./||frllp(.),c, Where xg denotes the characteristic function of a
measurable set E/. Then we claim for 0 < r < %ro:

@) Nfellpe )6 =727
(i) M(g,)(x) > Cir=2/Po for 0 < 1 <7 and r < x5 < 2r;

(iii) /G{M(gr)(;z;)(log(e+M(gr)(x)))—A(w)}p(w) dz > Cg(log(l/r))Q(al_a)/pO for
A(z) = 2a/p(z)?,

so that the conclusion of Theorem 3.1 does not hold for 0 < a < ay.

4. Sobolev’s inequality

For 0 < a < s, we consider the Riesz potential U, f of f € LP()(G) defined

by
o) — [z —y*f(y) ,
)= [ - ) O

recall that s is the decay constant in (1.1). In this section, suppose p(-) satisfies
(p1), (p2) and

(p3) p.(G) < s/a.

Let

1/pH(z) = 1/p(x) — afs.

In what follows we establish Sobolev’s inequality for a-potentials on G, as
an extension of the case of constant exponent which was discussed by Hajtasz
and Koskela [12] and Heinonen [16]; for the Euclidean case, see the books by
Adams and Hedberg [1] and the second author [21]. In the next two sections,
we are concerned with the exponential integrability, which extends the results by
Edmunds, Gurka and Opic [5], [6], and the authors [22].

Now we show our result, which gives an extension of Diening [4]; for further
investigations we also refer the reader to the results by Kokilashvili-Samko [17],
[18], where the index « is a variable exponent.
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Theorem 4.1. Letting a > ay when a; > 0 and a = 0 when a; = 0, we
set A(x) = as/p(z)%. Suppose p,(G) < s/a. Let f be a nonnegative measurable
function on G with || f|,(.y < 1. Then

/G{Uaf(x) (log(e + Uaf(z))) ~Ale) }pﬁ(x) du(z) < C.

In spite of the fact that the proof of Theorem 4.1 is quite similar to that of
Theorem 3.4 in [11], we give a proof of Theorem 4.1 for the readers’ convenience.
For this purpose, we prepare the following two lemmas.

Lemma 4.2. Let f be a nonnegative measurable function on G with || f||,.)
< 1. Then

\B(z,0) (B, | —yl))

for x € G and 0 < § < 1, where Ay(z) = ays/p(x)? as before.

Proof. Let f be a nonnegative measurable function on G with || f{/,.) < 1.
Then, for k£ > 1, we have

[z~ y|*f(y)
/C?\B(x,s) p(B(z, |z —yl)) dp(y)
|z —y|® P () B
) k{/G\B(“”"” <k“(3(% |z — yl))) )+ /G\B(x,é) f(y) du(y)}

: k{/G\B(x,é) <ku(;lei|i yl)) )p/(y) aly) + 1}'

Consider the set

E={yeG:|z—y|*/(kp(B(z,|z—y|)) > 1}.

Note here that by (1.2), (3.1) and Lemma 2.3
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T — yle p'(v)
[E\B(M) (ku (B|(g;, |Z|_ y‘))) du(y)

B |z — y|® )p'(w)+w(|fc—y|)

- /JE‘\B(JE,(S) <ku(3(% |z —yl))

du(y)

9i 5\ p'(@)+w(275)
(275) ) du(y)

<c / ( .
; B(2,20 )\ B(x,20-15) \ kpu(B(x,276))

< Ok P ()—w(3) Z(Zjé)a(P'(w)-l-w(ths)) (,u(B(CL‘, 2j5)) —(p'(x)+w(276))+1
J
< Ck—P (@)—w(d) Z(ng)(a—s)(p'(w)‘Fw(Qj5))"'8

J

< kP @—w() /oo Hla=s)(0 (@)+w(t)+sp—1 gy
1
< O~ (@)=w(8) sla=s)(p' (2)+w(8))+s

S C’k_p’ (IE)_UJ((S) 6p’(:(:)(o¢—s/p(x)) (log(l/é))(S_a)al/(p(m)_1)2
= Ok @=w(0) 52 @s/5" @) (10g(1 /5)) <~/ @D

where w(r) = wq (). Now, letting k = 5—s/p* (@) (log(l/é))Al(w), we see that

du(y) < C.
/E‘\B(:C,(S)(k,u(B($7 [z —yl)) i

Further we find

x —y|* P’ (y)
/G\E (ku(B|(g;, |i/;|_ y,))) du(y) < C.

Consequently it follows that

‘.T - y|0‘f(y) d Cé_s/pﬁ(m) 1 5 A (z)
/c:\chw(B(x, 7)) HW = (log(1/9))

for x € G and 0 <6 < %, as required.
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Lemma 4.3. Let f be a nonnegative measurable function on G' with || f||,.)
< 1. Then

Uaf(fl') S C{Mf(x)p(w)/pu(x) (log(e + Mf(.’l,’)))ala/p(m) + 1}

Proof. To give the required estimate, we borrow the idea of Hedberg [15]. In
fact, for 2 € G and 0 < § < § we have by Lemma 4.1

. vy f(y) =y ()
Vaf(e) Lm3<x,5) (Bl |z —y)) P /G\B@,s) (B, |7 —y)))

< CéaMf(:Ij) + Cé_S/Pn(CU) (IOg(l/(S))Al(w)

dp(y)

Considering § = M f(z) " P®)/%(log(e + Mf(a:)))al/p(x) when M f(z) is large
enough, we obtain the required inequality.

Proof of Theorem 4.1. Let a > a3 > 0 or @ = a1 = 0, and set A(z) =
as/p(z)?. Then Lemma 4.3 yields

p'(z)

{Uaf(x) (log(e+Uaf(a:)))_A(w)} < C’[{Mf(a:) (log(e+Mf(gg)))_A(x)}p(f‘)Jrl],

which together with Theorem 3.1 completes the proof.
Remark 4.4. In Remark 3.5, we see that

Uagr(z) > Cgr‘z/pu(w) (log(l/r))Al(w)

for 0 <y <7 and r < x5 < 2r, where A;(x) = 2a;/p(x)?. Hence we have

/G {Unge(@) (108 (e + Unge())) OV da > €4 (1og(1/r)) 2@/,

where A(x) = 2a/p(x)?. This implies that the conclusion of Theorem 4.1 does
not hold when a < ay.

Remark 4.5. By Theorem 4.1 we see that U, f € LP()(G) whenever f €
L*()(G). Then, as was pointed out by Lerner [20], the inequality

/ Uaf ()P du(a) < C / F@) P du(y)
G G

holds whenever f € Lp(')(G) if and only if p is constant, under the additional
assumption that

w(E) =sup{u(K) | K C E, K : compact}
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for every measurable set £ C X . In fact, the if part is clear. We here assume that p
is not constant. Then we can find numbers p; and ps such that 1 < p; < py < 00,
and both F1 = {x € G : p(x) < p1} and Ey = {z € G : p(x) > p2} have positive
@ measure. Further by our assumption, there exist compact sets K;, 1 = 1,2,
such that K; C E;. If f = kxx, with £ > 1, then

Unf(x) > Cku(Ky) for x € Ko,

so that
/ Ua f (@)@ du(z) > CkP* ().
G

On the other hand,
L 1#@P du@) < i)
If the inequality holds, then we should have
kP2 < CkPY,

which gives a contradiction by letting £ — oo.
In the same manner, we see that the inequality

[ @y autw) <€ [ 176 duty)
G G

holds whenever f € LP(*)(G) if and only if p is constant.

Remark 4.6. Let w(r) be a continuous function on (0, c0) such that
a1 log(log(1/r)) as

log(1/r) log(1/r)
for 0 <r <rg< i

7, With a1 > 0 and az > 0; set w(r) = w(rg) for r > 7g.
Consider a variable exponent p(-) on the unit ball B in R™ defined by

w(r) =

p(z) = po + w(o()),

where 1 < pg < n/a and o(x) = 1—|z|. Take rg so small that p(z) < n/« for all
x € B. In view of Theorem 4.1, we see that if a > a; and A(z) = an/p(x)?, then

p(x)

[ {vas@oste + vas@)) YV ar <0

whenever f is a nonnegative measurable function on B with || f||,.) < 1.
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5. Exponential integrability

For fixed zy € G, let us assume that an exponent p(x) is a continuous function
on G satisfying

(5.1) p(x) > po when x # xg

and

alog(log(l/]xo—w\))})gl ( b
og

(5.2) )p(@ B {po + log(1/|zo — =|) 1/|zo — xl)

for z € B(wo,r0), where 0 <79 < %, po =s/a, 0 <a < (s—a)/a? and b > 0.

Our aim in this section is to give an exponential integrability of Trudinger
type. Before doing so, we prepare several lemmas. In view of (2.2) and (5.2), we
have the following result.

Lemma 5.1. There exist C' >0 and 0 < rg < i such that

(5.3) P'(y) < po — w(|zo — yl)

for all y € By = B(xg,r0), where p, = po/(po — 1) = s/(s — a) and w is a
nonnegative nondecreasing function on (0, 00) such that

aa? log(log(l/r)) _C
(s —a)* log(1/r) log(1/7)

w(r) =

when 0 < r < rg; set w(r) =w(ro) when r > rq as before.

Lemma 5.2. If 0 < a < (s — a)/a?, then

! p'(y) ,
Ty l—aa®/(s—«
/B \B(z,5) <,u(B|(x ‘a; |_ y‘))) dﬂ(y) < C'(log(l/é)) /( )

and if a = (s — a)/a?, then

|.CC —y‘o‘ »'(y) e
/BQ\B(x,(S) (M(B(x, |z — y|))) du(y) < C1 g(l g(l/é))

for x € By and0<6<50,WhereO<50<%.



508 T. Futamura, Y. Mizuta and T. Shimomura

Proof. First consider the case 0 < a < (s —a)/a?. Let E = {y € By :
|z — y|*/u(B(z, |z —y|)) > 1} for fixed 2 € By. Let jo be the smallest integer
such that 2706 > 2ry. Since |z —y| < 3|zg —y| for y € By \ B(xo, |zo — x|/2), we
have by (1.2), (3.1) and (5.3)

|z — y|® )p'(y)
I :/ ( dp(y)
E\{B(z0,|z0—z|/2)UB(z,0)} \&(B(@, |z — y]))

S (216) pPo—w(2716/3)
5 oo

j:zl B(2,206)\B(x,2-15) \1(B(2,279))
jo

: j—1 . ’ G-
< O3 (@5 0h @) (B, 27g))) TR

J=1

dp(y)

Jo
<Y (@)@ 8/ s

j=1
Jjo 5
<Y (log1/(295)) /7

J=1

<C /5 o (log(1/1)) /==L gt < ¢ (10g(1/9))

1—aa?/(s—a)

for 0 < < &g, since 1 —aa?/(s — a) > 0.
Next we give an estimate for

v —y|*

I, — / (
B(zo,e—ol /2)\B(x,5) \1(B(, |z — y]

P’ (v)
))) dp(y).

We may assume that 2|x — 29| > 6. Then we see from Lemma 5.1 that if y €
B(xo, |z — x0]/2), then p'(y) < p{, + n, where n = C/log(1/|zo — z|). Hence we
obtain by (1.1) and (3.1)

|z — 20|

P’ (y)
I < C/ ( ) du(y)
B(zo.Jz—xo)/2) \(B(, |T0 — [ /2))

= C/B(xo,m—xovz){ <M(B(«‘;» |;:3‘C;|/2)) )pHn " 1} iat)

< Cp(B(xo, o — x|/2)){ (H(B(Z |;omi|c;|/2)) )pw " 1}

< O{ |z — 2| @+ pu(B(xo, [0 — 21/2)) P 1) <
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Thus it follows that

o p'(y) ,
Ty l—aa®/(s—«
/B \B(z,5) (M(B‘(x ‘a; |_ y‘))) dﬂ(y) < C'(log(l/é)) /( )

for 0 <6 < %, which proves the first case.

The second case a = (s — a)/a? is similarly proved.

Lemma 5.3. Let f be a nonnegative measurable function on By with
1fllp(y S 1. IF B> B=(1—ac?/(s— @) /py = (s — a—aa?)/s > 0, then

|z —y|*f(y)
(5:4) /BO\B@,@ (B, 7 —y)

for x € By and0<6<50,WhereO<50<%.

7 dily) < C(log(1/5))”

Proof. Take p; such that 1 < p; < py and 1 > v = (1—ac?/(s—a))/p1 > B.
We may assume that p'(y) > p; for y € By.

Let f be a nonnegative measurable function on By with || f||,.y < 1. For
E>1and 0<§ < i, we have by Lemma 5.2

& —y[*f(y)
/BO\B(:C,[S) ,lL(B(x7 |$ _ y|)) d,u(y)

|z —y|* )p’(y) " }
k d P g
= {/BO\B<x,5)<ku(B<x,|x—y|>> uly) + /BO\B(xjé)f(y) u(y)
< k{Ck™P (1og(1/5))1—aaz/(s—a) L1

Now, considering k£ such that k=Pt (log(l/(;))l_aa [lome) _ 1, we have

[z —yl*f(y) . y ) 5
/BO\B(:C,(S) M(B(x, |z — y|)) dp(y) < C(l g(1/5)) < C(l g(l/é)) ,

as required.

In what follows we show that (5.4) remains true with (; replaced by § =
(s —a—aa?)/s.

Lemma 5.4. Let f be a nonnegative measurable function on By with
1fllpy <1.If B=(s—a—aa?)/s> 0, then

|z —y|*f(y) ) 5
/BO\B(x,(S) w(B(z, |z —yl)) du(y) < C(log(1/9))

for x € By and0<6<50,WhereO<50<%.
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Proof. Let f be a nonnegative measurable function on By with || f[[,.) < 1.

Let n = (log(l/é))_loglog(l/(s) for small 6, say 0 < § < 8y < 7. Then note from
Lemma 5.3 that

|z —y[*f(y) B s
55 [ o B ) < Clog(1/m)” < Clog(1/9))”

Letting k = (log(l/é))ﬁ and B(x) = B(xg, |xo — x|/2), we find

ke(/3) < C,

so that we obtain from Lemmas 5.1 and 5.2 that
|z —y[®

»'(y)
dp(y)
/B(x,n)\{B(gc,(S)UB(ac)} <’€M(B(90, 2z —yl)) )

/ {( |z — y|© )pé—w(lw—y|/3) W)
< + 1} dp(y
Blem)\{B(z.5)UB()} L \kp(B(z, |z —y]))

)pB—UJ(Iw—yI/S)

< Ok / ( z —y]
Bo\B(z,5) \K(B(z, |z — yl))
< Ck P (log(1/8)) "/ Lo <o
Hence it follows from the proof of Lemma 5.3 that
/ [z —y|*f(y)
Blen\{B(,6)UB@)} H(B(z, |z —y)

Next we show that

du(y) +C

(5.6)

) du(y) < C(log(1/96))".

/ |z —y|*f ()
B(2)\B(z,0) 1(B(z, |z —yl)
Since a > 0, we have by the latter half of the proof of Lemma 5.2

|z —y|*f(y)
/B(x)\B(x,a) ,u(B(g;, |z — y!)) du(y)

(5.7) j dily) < C(log(1/5))".

|:L,_y|oz ' () o(u)
< dp(y) + F)PY du(y)
B(z)\B(z,6) N(B(l’, |z — y!)) B(z)\B(,8)

<C.
Now we claim from (5.5), (5.6) and (5.7) that

|z —y[*f ) . 5
/BO\B@&) n(Blo, |z — ) W) = Cllosl/0))

Thus the proof is completed.
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Lemma 5.5. Let f be a nonnegative measurable function on By with
1fllpy <1.If = (s —a—aa?)/s >0, then

Uaf(z) < C(log(e + Mf(x)))ﬁ for x € By.

Proof. We see from Lemma 5.4 that

. lz — y|*f(y) |z —y|*f(y)
Uaf( ) /B(w,é) M(B(;p, |IL‘ — y|)) d“(y) * LO\B(w,ﬁ) M(B(xv |$ - y|)) dlu(y)

< C5*M f(x) + C (log(1/5))”.

Here, letting
-1/ B/
5= (Mf) " (log(e + Mf(x)))”
when M f(x) is large enough, we have

Uy f(x) < C(log(e + Mf(2)))’,

as required.

It follows from Lemma 5.5 that
exp(C ™! (Uaf(x))l/ﬁ) <e+ Mf(x)

whenever f is a nonnegative measurable function on By with || f||,.) < 1. By
the classical fact that Mf € LP-(By), we establish the following exponential
inequality of Trudinger type.

Theorem 5.6. Let 0 < a < (s —a)/a?. If = (s— a—aa?)/s, then there
exist positive constants ¢, and co such that

/B exp(c1 (Uaf(2))7?) dula) < e

for all nonnegative measurable functions f on By with || f||,.) < 1.

Remark 5.7. Let By be a ball in the n-dimensional space R™. If f is a
nonnegative measurable function on By such that

Fy)PW dy < oo,
By

then we claim by applying an idea by Hasto [14] that

(5.8) Fy)"*(log(e + ()™ dy < oc.

Bo
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In fact, if y € E = {z € By : f(z) > |z — 2|~ (log(e + |zo — x|_1))_1}, then

F)P® = Cf(y)"*(log(e + f(y)))*"
so that

/E F(y)™* (log (e + £(1)))™ dy < oo,

which proves (5.8), since 0 < a < (n — a)/a?. With the aid of Edmunds—Krbec
[7] and the authors [22] we also obtain Theorem 5.6 in the Euclidean case.

Finally we are concerned with the case a = (s — a)/a?.

Lemma 5.8. Let f be a nonnegative measurable function on By with
Hf||p(~) <1l.Ifa= (s —a)/aQ, then

Uaf(z) < C(log(e + log(e + Mf(gc))))p6 for x € By.
Proof. Let f be a nonnegative measurable function on By with || f[[,.) < 1.

For k> 1 and 0 < § < dp < i, we have by applications of the arguments in the
proof of Lemma 5.4

[z —yl*f () 1/p;
du(y) < C(log(log(1/4))) .

/BO\B(:cﬁ) p(B(z, |z —yl)) (o )
Consequently it follows that

. lz —y|*f(y) lz —y|*f(y)
Uaf(z) /B(M) w(B(z, |z —y))) du(y) + /BO\B(:E,J) pu(B(z, |z —y])) R

< 06 M f(z) + C (log(log(1/8))) /™.

Here let |
§ = Mf(x)""/(log(e + log(e + M f(x))))"/ 127}

when M f(z) is large enough. Then we have
Uaf(x) < C(log(e + log(e + Mf(fc))))l/po,
as required.

By Lemma 5.8 and the fact that M f € LP°(By), we establish the following
double exponential inequality for f € LP(*)(By).

Theorem 5.9. If a = (s — a)/a?, then there exist positive constants ¢, and
co such that

| elesp(er @) ) duta) < o

for all nonnegative measurable functions f on By with || f||,.) < 1.

Remark 5.10. In case f belongs to more general variable exponent Lebesgue
spaces, we will be expected to discuss the corresponding exponential integrability
as in Edmunds, Gurka and Opic [5], [6]. But we do not go into details any more.
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6. Exponential integrability, I1
In this section, let B = B(0, 1) be the unit ball in R™. We consider a variable
exponent p(-) on B which is a continuous function on B satisfying

(6.1) p(x) >pyg on B

and

alog(log(1/0(z))) b
(6.2) ‘p(w) - {Po + <
log(l/g(:c)) log(l/g(:c))
when o(z) < ro, where 0 <rg <1, a>0, b>0, po =n/a and o(z) =1 — |z
denotes the distance of x from the boundary 0B.
For f € LP(")(B), the Riesz potential of order a, 0 < a < n, is defined by

Uaf(@) = [ o= 4l* ") dy.
B
If a > (n—a)/a?, then we see from Theorem 7.7 below that

Uaf(x) — Uaf(2)] < C(log(1/]z — 2[)) "o/

whenever z,z € B and |z — z| < 5; for this fact, see also [10, Theorem 4.3].

In what follows, when 0 < a < (n—a)/a?, we discuss exponential inequalities
of U,f as in Section 5.

As in Lemma 5.1, we have the following result.

Lemma 6.1. There exist positive constants tg < i and C' such that

for x € B, where w(t) = (aa?/(n — a)?) log(log(1/t))/log(1/t) — C/log(1/t) for
0<t<tyand w(t) =w(ty) for t > tg.

Lemma 6.2. If 0 < a < (n — a)/a?, then
I = / |l — y|(o‘_")p/(y) dy < C’(log(l/fr’))7
B\ B(z,r)

forallz € Band 0 <r < %

5, where vy =1 —aa?/(n — ).
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Proof. First consider the case 1o(z) <r < 1. Letting Ey = {y € B\B(x,r):
lo(z) — o(y)| > 2r}, we find by polar coordinates,

I, = / |z — y|(a—n)p'(y) dy
Eq

< C/ It — o(x)|(@~MWo—w®)tn=1 g
{t:lt—e(z)[>2r}

< C/ t(n—a)w(t)—l dt
B {t:t>2r}

1/2 )
<C (log(1/t)) " et g 4 0 < C(log(1/7))".

2r
Letting E> = {y € B\ B(z,7) : |o(z) — o(y)| < 2r}, we find by polar coordinates,

I, = / |z — y|(a—n)p’(y) dy
Eo

4r
< C/ pla=mpotn—1 g < C’r_1/ dt < C.

{t:|t—o(x)|<2r} 0

Hence it follows that
[ el dy < Clog/m)’

B\ B(z,r)
when 1o(z) <r < 1. In particular, we obtain
(6.3) / |z — y| =P @) gy < C(log(1/0(2)))”.

B\B(z,0(x)/2)

Next consider the case 0 < r < %Q(x) Let F3 = B(CL’, %g(m)) \ B(z,r). In
view of Lemma 6.1, we find

P'(y) < pp —w(e(@) +C/log(1/e(x)) < pfp — willz —yl)
for y € E5, where wy(t) = w(t) — C/log(1/t) for small ¢ > 0. Hence, we see that

I E/ |z — y|(e=mP' W) gy
E;
§/ o — y|@=HPe—w1 (a=3D} gy
Es
‘Q(CC)/Q _aa2/(n_a)
< C/ (log(1/t)) t~tdt < C(log(1/r))".
In view of (6.3), we establish
[ el dy < Cfiog1/n)
B\ B(z,r)

when 0 < r < %g(x) Thus the required result is proved.
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As in the proof of Lemma 5.4, we can prove the following result.

Lemma 6.3. Let f be a nonnegative function on B such that || f||,.) < 1.
If0<a<(n—a)/a? and 8 =v/p) = (n —a —aa?)/n, then

/ 2 — 5" f(y) dy < C(log(1/r))”
B\ B(z,r)

whenever 0 < r < %

We see from Lemma 6.3 that
Uaf@) = [ o=yt i@y [ el ) dy
B(x,6) B\ B(x,6)

< C5*M f(x) + C (log(1/5))”.
Here, letting
§= (Mf(aj))_l/a (log(e + Mf(x)))'g/a
when M f(x) is large enough, we have

Uy f(x) < C(log(e + Mf(2)))’,

so that 18
exp(CH (Uaf(x)) ") < e+ Mf(x)

whenever f is a nonnegative measurable function on By with || f||,.) < 1. By the
classical fact that M f € LP°(B), we establish the following exponential inequality
of Trudinger type.

Theorem 6.4. Let 0 < a < (n—a)/a?. If 3= (n—a—aa?)/n, then there
exist positive constants ¢, and co such that

/Bexp(01 (Uaf(x))l/ﬁ) dr < co

for all nonnegative measurable functions f on B with || f|[,.) < 1.

Finally we are concerned with the case a = (n—a)/a?. The following can be
proved in the same way as Lemma 5.4.

Lemma 6.5. Let f be a nonnegative function on B such that | f|[,.) <1.
If a = (n—a)/a?, then

[ o=l 0 s dy < C(loglog(1/)) "
B\B(z,r)

for small r > 0.
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As in the proof of Theorem 6.4, we establish the following double exponential
inequality for f € LP(C)(B).

Theorem 6.6. If a = (n—a)/a?, then there exist positive constants ¢; and
co such that

/ exp (exp (01 (Uaf(x))n/(n_a))) dr < co
B
for all nonnegative measurable functions f on B with || f|[,.) < 1.

7. Continuity

Let G be a bounded open set in the n-dimensional space R"™, and fix x¢ € G.
In this section, we deduce the continuity at xg of Riesz potentials U,f when
f € LPC)(G) with p(-) satisfying

) {5+ lf(;(lg;rl:c/‘x— ) . B

where a > (n — a)/a?, b >0 and x runs over the small ball By = B(xq, o).
Consider a positive continuous nonincreasing function ¢ on the interval (0, co)
such that

(¢) (log(1/t)) ¢(t) is nondecreasing on (0, 7] for some go > 0 and ro > 0;

set o(r) = p(rg) for r > rg. We see from condition (¢) that ¢ satisfies the
doubling condition.

Set
r ) (n—a)/n
d(r) = ( / oty /(nma)y—l dt) .
0

Our final goal is to establish the following result, which deals with the conti-
nuity of a-potentials in R™.

Theorem 7.1. Let p(-) satisfy

1 —
p(z) = n + o8 llzo — | for x € By = B(zo,70)

a  log(1/|xe — z|)

and f € LPC)(By). If ®(1) < oo, then U,f is continuous at xq; in this case,
Uaf () = Uaf(2)| < CO(|x — z[)
whenever x,z € B(xo, %ro) .

Remark 7.2. Let ¢(r) = (log(e + 1/7))". Then ®(1) < oo if and only if
a > (n—a)/a?, so that Theorem 7.1 gives an extension of the authors’ [9].

For a proof of Theorem 7.1, we may assume that z¢o = 0 without loss of
generality. Before the proof we prepare the following two results.
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Lemma 7.3. For x € B(O, %ro) and small § > 0,

é
/ 2 — [ @) gy < C/ ()0 (=) =1 g
B(z,9) 0

Proof. First note from (2.2) and (¢) that
p'(y) <py—w(lyl) for y € Bo,
where pj =n/(n—a) and w(r) = (a?/(n—a)?)(log¢(r))/log(1/r) — C/log(1/r)

for 0 <r <rg; set w(r) =w(rg) for r >ry. If 0 < § < 3|z|, then we have

/ o — yP W) gy < Z/ 1z — P D) gy
B(z,9) 5 JB(2,279H16)\B(x,276)

< 2(2—35)(a—n)(pé—w(2’j5))an (277t15)m

J

< CY eI e

J
é
< C/ p(r)= /et dr,
0

where o,, denotes the volume of the unit ball. Similarly, if %|x| <6< %ro, we
have

|z — y|P W) gy < C/ |y[P" @) e=n) gy

/B(x,6)\B(m,|cc|/2) B(0,34)

35 )
< C’/ o(r)~ /(==L gy
0

Therefore it follows from the doubling property that

)
/ o — P =) gy < C/ o(r) 0%/ (=1 gy
B(xz,6) 0

when 0 < § < %ro. Now the proof is completed.

Lemma 7.4. Let f be a nonnegative measurable function on By with
Hf”p(.) <1. Then

—n— — —a?/n
/ = y|* " f () dy < CoLip(8)
Bo\{B(0,6)UB(x,d)}

for x € B(O, %ro) and small § > 0.
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Proof. Let f be a nonnegative measurable function on By with || f[[,.) < 1.
For k > 1 we have

/ o= 3l ) dy
Bo\{B(0,6)UB(x,6)}

< k:{ / (e =yl /'@ dy
Bo\{B(x,S)UB(O,6)}

+ / Fly)r® dy}
BQ\{B(x,é)UB(O,5)}

Sk{/ (| =yl k) @) dy"'l}'
Bo\{B(x,6)UB(0,6)}

In view of the assumption of ¢, we obtain

/ (e — g k)P @ ay
BQ\{B(:C,5)UB(O,5)}

: C{/ (o =yl )o@ dy + 1}
Bo\{B(z,6)uB(0,6)}

< C{k—ps+w<6> /°° plomn—1)(ph—w(@)tny—1 gy 4 1}
1)

< Ok~ Potw(d) sla—n—1)(po—w(d))+n
Considering k such that k—Potw(®)gla—n—1@;—w@)+n — 1 we see that

/ & — o () dy < C6 N (8) M,
BO\{B(O,S)UB(x,é)}

as required.

Proof of Theorem 7.1. Let f be a nonnegative measurable function on By
with [|f|lp.y < 1. For 0 <k <1, we have by Lemma 7.3

[ ey
B(xz,6)

< k/ {(|x . y|a—n/k)p/(y) + f(y)p(y)} dy
B(z,5)

< k{k—n/(n—a) / |z — y|(a—n)p’(y) dy + 1}
B(z,6)

< k{Ck—n/(n—a)@((;)n/(n—a) + 1}
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whenever x € B(O, %To) and 0 < < %TO. Now, considering k = ®(4), we find

(r.1) [ i@y < oo,
BQﬁB(CE,(S)
Hence, if x,z € B(O, %To) and |r — z| < iro, then we have

(7.2 [ ey < oo — )
B(z,2|z—=z])
On the other hand we have

/ |z —y|*" — [z = y|*7"| f(y) dy
Bo\B(z,2|z—z])

< Clx — 2| lz—y|* " f(y) dy
Bo\B(z,2|z—z])

~clo—al{ | o~y ) dy
Bo\{B(z,2|x—z|)UB(0,2|x—z|)}

+ ool )y
{BoNB(0,2|z—z|) }\B(z,2|z—z|)
It follows from Lemma 7.4 that

—n— — —a?/n
/ o=yl () dy < Cla = 2l — o)
Bo\{B(z,2[z—z|)UB(0,2|z—=[)}

Moreover we see from (7.1) that

/ o=yl () dy
{BoNB(0,2|z—z|)}\B(z,2|x—z|)

<Cla-2" [ 41" (g) dy < Cli — 2| (2.
BonB(0,2|z—z|)
Since go('r*)_o‘z/" < CP(r) by the doubling property of ¢, we obtain
/ e =l = |z = ol 7 ) dy < C(Je ).
Bo\B(z,2|z—z])
Further we obtain by (7.2)

/ 2 — g F(y) dy < CB(| — ).
B(z,2|z—=z|)

Now, we establish
Uaf(z) = Uaf(2)] < CO(|z — 2),

as required.
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Remark 7.5. If ®(1) = oo, then we can find f € LP(')(By) such that
Ua f(0) = oo, which means that U, f is not continuous at 0.
For this purpose set

1
vir) = [ et

and
Fy) = Lyl @O Dy(|y )~
Take 7y so small that ¢(r) > e when 0 < r < ry. Note that
p—(n—a)p/(p=1)+n _ —(n—ap)/(p—1) _ gp(r)_o‘/(p_l)

for r = |y| and p = p(y). By () we have
o(r)~/ =D > Cp(r) =/ (=),

so that
U f(0) = /B [y ) /P g )
0

> C/OTO (1)~ ()Lt /t = oo

since 1(0) = co by our assumption.
On the other hand, taking a number § such that 1 < § < n/a and noting by
(¢) that

¢(T)—a/(p—1) < Co(r)™® /(n—a),

we have

/ F)P® dy = / |- =)W/ B~y ) P gy
By

< C’/ )=t (=) (10 dt Jt < oo

since 1 <0 <n/a < p(y) and 1(0) = oo, as required.
Finally, we consider a variable exponent p(-) on the unit ball B such that

log ¢ (o())
" log(e/o(x))

for € B, where pg = n/«a; assume as above that

(7.3) p(z) =

p(x) >po on B.
Theorem 7.6. If ®(1) < co and f € LP(")(B), then
Uaf () = Uaf(2)| < C®(|x — z[)

whenever x,z € B.



Sobolev embeddings for variable exponent Riesz potentials 521

For a proof of Theorem 7.6, it suffices to show that

)
/ o — P =) gy < C/ o(r) 0%/ (=1 gy
B(xz,6) 0

for x € B and small § > 0, as in Lemma 7.3. We obtain, in fact, this inequality
in the same way as in Lemmas 6.2 and 7.3.

Remark 7.7. We do not know the best condition which assures the continuity
of Riesz potentials in the metric space setting.
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